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CHAPTEE I. 

DEFINITIONS. SIGNS, &c 

1. — In Abithmetio, nmnbers are represented by means 
of figures, each figure having always one particular value ; 
but in Algebra, they are also represented by means of 
oth^r symbols, generally letters, and each letter, while it 
has the same meaning throughout any one operation, may 
be considered to represent any number whatever. 

Thus, the figure 5 always denotes the particular number 
five; but the letter a may be understood to have any as- 
signed value, or it may be regarded as a short expression 
for " any number." 

2. — Operations to be performed on numbers, or with 
them, are indicated by symbols (i. e. signs), or by symbolical 
arrangements. 

The simple arithmetical operations are indicated as 
follows :— 

Addition by the sign + , which is named plus ; thus a -\-b 
indicates the result when h has been added to u. 

Subtraction by — , which is named minus, and indicates 
that the first number is to have the second subtracted from 
it; thus a — b is the result when b has been subtracted 
from a. 

The excess of the greater over the less of two numbers, 
when it is not known which is the greater, is indicated 
by ^; thus x^y means a?— y or y—x, according as a; or y 
may be found to be the greater. 

MuUiplication is represented either by x ,or b^ , , at \s>j 

-ft 



2 DefinUions, SignSy de. 

writing the letters consecutively ; thus a x h, a . b, ab, bM 
represent the product of a and b. 

In employing figures the first method is generally pre- 
ferable^ on account of * being used as a decimal point ; and 
because confusion would arise, in using the third method, 
between this and the ordinary arithmetical meaning as- 
signed to two or more figures written together. 

Division is represented by-r-, or by a fractional form, in 
which the dividend is placed in the numerator, and the 

divisor in the denominator; thus a-^b and?. both repre- 
sent the quotient obtained by dividing a by 5. 

= is xised to indicate the equality of two numbers be- 
tween which it is placed. 

> means is greater than ; < is less than, 
' . • means becaiise, . • . therefore, 

3. — The signs + and — , besides being placed before the 
second of two numbers, to indicate that it is to be added to 
the first or subtracted from it, are also placed before a 
single number to indicate whether it is additive or subtrac- 
tive; i. e. whether, if it were combined with another, it 
vxyvAd be added to it or subtracted from it. 

Instead of additive and subtractive, it is usual to desig- 
nate a number as positive or negative. 

Thus if X be equal to +3, a? taken with another nnmber, 
as 5, will make 8 ; but if x= —3, it will, when taken with 
5, make 3. 

If a number have no sign placed before it, it is to be 
considered positive. 

A negative number has therefore, when combined in 
this manner with another number, an effect opposite to 
that of a positive number, and may be regarded as the re- 
verse of a positive number. This meaning of a negative 
may be illustrated by its application to concrete quantities. 
For instance, if a line measured from a given point in one 
direction be considered to have a positive length, a negative 
length Of the same line will be a length measured from 
that point in the opposite direction. Negative time from 
a given instant will mean time measured backwards from 
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that instant, i. e. before it. A man who is £ioo in debt 
might be said to be worth — £ioo, &c. 

4. — ^When several of the same letters are taken together, 
their sum is indicated by writing the number of them 
before the letter. Thus 6a means six a's added together, 
or 6 times a. This number is called a coefficient. 

The positive or negative sign of a quantity will be 
written before the coefficient, as —4a;. 

A letter with no coefficient expressed will be understood 
to be taken once, i. e. to have i for its coefficient ; thus a 
and I a have the same meaning. 

A figure may be written before a product as its co- 
efficient; as sab, which means not 3a x 36, but 3 times ah. 

Coefficients were introduced about a.d. 1600 : before that 
time the letter was i;epeated several times ; as x+x+x, in- 
stead of 3x. 

A letter may be used before another letter or before a 
product as its coefficient ; thus ax may mean x taken a 
times, a being therefore the coefficient of x, 

5. — ^When several of the same letters are multiplied to- 
gether, their product is indicated by writing the number of 
them above the letter to the right. Thus a^ means that 
three a's are to be multiplied together. This figure is 
called the Index or Exponent of the letter, 

A letter with no index expressed will be understood to 
have the index i, for a and a^ have the same meaning. 

Before indices were introduced, the letter was repeated; as 
a X a X a X a, or aaaa, instead of a*. 

The product of several of the same numbers is called a 
power of that number ; thus a*, a*, are caUed the second 
and fifth powers of a. The second and third powers of a 
number are also called its sqiuire and cube. 

An index (unless a bracket is used) belongs only to the 
letter over which it is placed ; thus ab^c indicates the pro- 
duct of a, 6*, and c, the b only being squared. 

A letter may be used as an index ; thus sf means r x's 
multiplied together. 
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6.— An algebraical quantity made np of seyeral letters is 
called an expression. 

A letter or product in an expression connected with the 
rest by the sign + or — is called a term. Thus in the ex- 
pression aa— 36' + 4a*6, aa, 36^^ ^a*b are the terms. 

An expression consisting of one term is called a simple 
expression. 

If it consist of more terms than one, it is called a com- 
pound expression. 

A compound expressicm consisting of two terms is said 
to be binomial ; of three^ trinomial ; of several, multinomial. 

Similarly, a simple expression is sometimes called a 
mononomicd expression. 

7. — Since a term is the product of the letters composing 
it, those letters may be called its /actors. 

The sum of the indices of the letters in a term is often 
called the number of dimensions of the term. Thus ^al^c^, 
in which i, 2, 3 are the indices, is of six dimensions. 

It is sometimes called the ordei' or degree of the term : 
the above would be said to be of the sixth order, or of the 
sixth degree. 

If all the terms of an expression are of the same di- 
mensions, the expression is said to be homogeneous; as 
aa*— 3a'6 + a6'— aoJc*. 

Terms are said to be like when they consist of the same 
letters raised severally to the same powers ; as la^xy^ and 
— sc^Qcy^, But 2a*a;t/^ and sd^x^y are unlike, since, although 
their letters are the same, the powers to which they are 
severally raised are different. 

8. — The arrangement of the letters composing a tenu 
will not affect the numerical value of the term; thus 
2a^xy^ and aa^V have the same value. But it is generally 
best to write them in the alphabetical order, 2a*xy^ being 
preferable to 2xy^o? or aasay, &c. 

Similarly, the terms of an expression may be arranged ic 
any order without affecting its value, provided that each 
term has its proper sign prefixed: thus a— 36 + 20—80^ is 
the same as 0+20—36— 8c?, or as — 36+a— 8c?+2c. But 
an alphabetical arrangement is generally to be preferred. 
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Terms in which the same letter recurs in different 
powers should be arranged according to those powers, 
either in an ascending or descending order. 

Thus, instead of ax^ — 2a'a; — ^a^x^ + as* + 7a*, 

it will be better to write ac* + 00^—40^— aa'jc + 7a*, 
or else 7a*— 2a'aj—4a*ic* +005^+05*; 

the former according to the descending powers of x, the 
latter according to its ascending powers. 

Exercise 1. 

(1) Write down the coefficients of the terms of the ex- 
pression 2a+36+c+4(i+c; and the indices of sa?h<?d and 

of — 05^2*. 

(2) Write down the snm of 205 and zy ; and their differ- 
ence (the latter being taken from the former). 

If a= I, &= 2, c= 6, d= 3, c= o, find the values of 

(3) 5a, 3c, 46, 2&C, ^ad, ahc, —bed, ahe, —$acd, 

(4) a-^-b-j-c, ^b'\-c-\-^d, 5(1—26+0—26, 3a + 4C— 9</. 

(5) 2ah-^ad-\-^bc—2cd,6ac-^2bd—yad-\-Sbe. 

(6) 2ai?, loa^, 2afc^c«, a*m, 2ac«-6(i», 2a^6^-a»i^. 

(7) ab<?—Wcd-\-ahd~-Vde, 3a*cd— 2a5*c— 9ac*c+3a*6d. 

(8) Which are the like terms in the expression — 

2tt^y — ^a^bx — 2aa5*y + aVxc + sasc^j^* — 2 bxhf ? 

(9) Of how many dimensions are 2a%Vy*, 306*^, 
— 4.ahxy, 5a', — a^x^? 

(10) Which terms are homogeneous in the expression — 
5a"xy — 2&xy — a'j^ + aVyy'- ^a^hh) + Jx* ? 

If a= 3, &= 2, 05= 4, y= I, find the yalnes of 



(11) 



2a— ft a+2X lox o+J— oj- y 
JB— 23/' 3'^— ^+4y 73/' aa— 5y 

(12) o^. o-Jr, ,ox», 2a'- 105-. g;, ^. 

(13) Write down the product of the square of a and the 
cube of b ; and twice the product of a, the cube of x, and 
the square of y, 

(14) Write down, in a fractional form, the c^xjicAAfeTiX* Q>i w. 
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divided by 36 ; of 3a: divided by yy ; and of aa + 5X divided 
by 36— 2y. 

(15) Write down all the products of three dimensions 
which can be formed of x and y and their powers. 

(16) Find the sum of all the terms of two dimensions, 
which can be formed of a, b, c, and their powers, when 
a= 3, 6=2, c=i. 

(17) Determine the value of a'^^l^ when a = 8, 6 = 6, 

(18) Find the value of 300?— afty+ajy, when a= 3, 6= 2, 

(19) Find the value of ^5a;V+2^V+3^y'+9y*» when 

(20) What will be the quotient when the sum of the cubes 
of a, b,x,yiB divided by the sum of the simple powers, 
ifa=a,6=i,a?=5,y=t? 



( 7 ) 



CHAPTER IL 

ADDITION, SUBTBAOTION, MULTIPLICATION, 

DIVISION. 

ADDITION. 

9.— (a) Unlike terms can only be added by being written 
down separately, and connected by the sign + or — . Thus 
the sum of la and ib can be written only as aa + ib, or 
36 + 2a. The sum of 405 and — sy will be 4a; — sy, or, 

— 5y + 435. The sum of — aa*^ and — 4a6* will be 

— 20^h — ^ah^f or — ^ai^ — 2a^h. 

It will be noticed that adiHtion has in Algebra a sense 
rather more extended than in Arithmetic, and includes, if 
one of the quantities is negative, what is really subtraction. 

(/3) Like terms, if they have the same sign, wiU have 
for their sum a like term having also the same sign, and 
whose coefficient is the sum of their coefficients. 
Thus the sum of 5a and aa is 7a ; 

the sum of — 3a'&, — aa*&, and — aH is — 6a*6. 

(y) Two like terms, having different signs, will have 
for their sum a like term, whose coefficient is the difference 
between their coefficients, and whose sign is that of the 
greater. 
Thus the sum of sscy* and — 2xy^ is 30?^^ ; 
the sum of ^al^c and —906*0 is ~2al^c, 

(fi) The sum of several like terms, whose signs are 
different, will be. obtained by finding (by /3) the sums of 
the positive and negative terms, and adding these (by y). 
Thus the sum of zax, — ^ax, — ax, and i aax, is 9003 ; 
the sum of aaft^, — 506*, aft*, and — vi^>^ — ^\^% 
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(c) Two or more compound expressions wilt be added 
together by adding their separate terms. The simplest 
arrangement will be made by placing them one under the 
other, so that their like terq^s may f&U in columns ; each 
column will then be- added in the manner stated above. 

Ex. (1) aa8 - 3a2 6 + 40^* + ¥ 

a* + 4a* b — yoJ* — a J* 

— 3a' + a* 6 — 306* — 46* 

aa» + aa^ 6 + 6alf^ - 36» 



Ex. (2) 



aa' + 4a*6 

— a;* — aa;*y 

— 3a;» — 4x2y + 

— 4a;8 + 6x'y 

«^y 


+ 6y»-i 

aajy' + 5 

+ a 

-5 



— 8«?— iB*y + aojy* + 5y*+ I 

Exercise 2. 

Find the sums of— 

(1) I'^t 4<»> 5^* ^^^ 7«; of ax, 5x, 7a;, and — 6«; of 
-sy, lay, y, and 3y. 

(2) sa'^ft, — aa*6, 5©^, and —ya^b; of 4a:y", — iaa;y*, 
axy*, and a:y*; of ^a^bc, ^a^bc, -^ja^c, and —50^. 

(3) aa + 6+3C, 3a + 46— 5c, a— 26 + 6c, aa— 6+c. 

(4) x-\-y-\-z, aa;— 3y+az, — 4a;+2y— 5Z, ax— ay+az. 
(6) aa«6-3a62-6», 5a«6-a6»+a&», -oZ>2+2^, a^fe - aoft^, 

aa*6-6». 

(6) 5a* — 3a'x — aaV+yax'+x*, — a*— 3a*a^ — x*, 
— 4a* + 3a^ — ax*. 

(7) c*— 3c8+ac"— 4c + 7, ac* + 30*+ ac^+ 5C+6, 
—4C*— 40^-5. 

(8) 3^5^-4!/** 3aj« — 5xV, 7X«y — 7xy*, — x«— y«, 
— 5x*y+7xy*+4y«. 

(9) 3X*— xy+x2— 3y"— 4y2— 2", — 5x«— xy— xz+syz, 
6x*— 6y2— 62^ 4x2— 5y2+32«, — 4x'+y*+3y2+32*. 

(10) aa*- 4a^— X*, 3a'x— aaa^- 7X*, 

— a* — 5a*x + 6a V -I- ax*, — ^aV — sax' + 6x*, 
— a* + 1 aa'x + 6a^x*, aa*x — 3act' + ax*. 

(11) m* — im*n — 6rtM, —5711% + m'»' + nM, 
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ft 

jm'/i* + ^rri^n^^ 3mw*, — amW— imn^ + 471*, amn^ + aw" + ym^, 
— n* + am*' + 7m*n. 

(12) a*J5* — zahosy + oa; + ac^, — 3 6V — lahxy — 46^ — 3c", 
^aV^j^l^i^^ 2ax + sfty; — 4a'x' + oa; + c^, it^-^^abxy'^hy. 



SUBTBACTION. 

10. — SuBTBAonoN is the reverse of Addition^ i.e. a nega- 
tive Addition^ and is to be performed by changing the 
signs of the subtractive terms, and adding. 

Thns the result when aa is subtracted from 5a is 

5a ^ aa, i. e. 3a. 

When — aa is subtracted from 5a, the result is 

5a + aa, i. e, ^a, 

When one compound expression is to be subtracted from 
another, its terms may be put under the like terms of the 
other, as in Addition. The signs of the lower line may 
then, before adding, be either actually changed, or (as is 
more convenient in application afterwards) they may be 
considered as cJianged, 

Ex. (1) From 4x' — ^x^y — scy* + ajr* 
take aos*— a^ + 5 ry^— 32/*. 
Changing the signs of the latter expression, 
4X* — 335^ — xy^ + 2y^ 

-- ag^ + {g^ — 5^2/' -H Zy^ 

27? — aas^ — dxt^ + 5^^ Ans, 

Ex. (2) From 3a*-aa?J-6* take a*-aa«6+4a=%«-d!>». 
3a* — aa*6 — 6* 

- a* + aa86 - a^I? + a6» 

a a* — 4a^6* +, oft* — 6* Ans, 

Ex. (3) From aV+aa^aj^ - 400^ 

take a* + 4a'a5* — 3aV— 4aa;*. 
Considering the signs to be changed before adding. 



o^x^ + aa^a;' — 403;* 
a* + 4a^x* — 3a^x' — 4aa;* 

— a* — 3aV + 5a^ -47ia. 
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Exercise 3. 

(1) Take 3a from 5a; 6a from 3a; —2a from 4a; —8a 
from a; 4a from —2a; and a from —a. 

(2) From 20—36+0 takea— 46— c; and from 406— 26c 
take 506+360— 4ac. ^ 

(3) From £c*—5a:«/ + a;2J— 3/* + 7^2+22^ 

take a;^ — ajy — 052 + 2^2 + 32^. 

(4) From 200:*+ 3060:— 46^^^ + 126^ 

take 005*— 4060; + 62^-56*05-0:;'. 

(5) Take Sx^ — ^x^y + a;y*— ^^+905*— o;y + 6y*— 4 
from 6x'— 705^y + 405y*— 2^'- 505* + xy — 4^ + 2. 

(6) From o*— 6* take 4a'6— 60262+406*; and from the 
result take 20*— 40*6 + 6o26*+ 406'— 26*. 

(7) From o::'^- 305V +43^^*—^ take — a.^ + 205*y — 40:^* 
—42/^ ; add the same two expressions together^ and subtract 
the former result from the latter. 

(8) Take 2o*6c- 5o6*c+ 2060*- 562c« from 

a262-o^c- 8o62c-aV + a6c*- 66*0*. 

(9) Take 100-6 + 40— 3c? from 120+36- 5c— 2(?; and 
show that the result is numerically correct, when a= 6, 
6 = 4, c = i, rf=5. 

(10) What number must be added to o to make 6 ; and 
what number must be taken from 20'— 60*6 + 606*- 26* to 
leave o^— 70*6— 36* ? 



MULTIPLICATION. 

11. — In multiplying together two simple expressions, 
four rules must be attended to : 

(i) Unlike letters must be written consecutively; 
o X 6 = 06. 

(ii) Numerical coefficients must be multiplied to- 
gether arithmetically ; 30 x 46 = 1 206. 

(iii) Indices of like letters must be added ; o' x 0*= o*. 

(iv) Like signs wiU produce +, tinlike signs — , in 
the result ; o x 6 = 06, o x -r 6= — 06, — o x 6 = —06, 
—ox —6=06. 
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Of these, (i) is the symbolical anangement already men- 
tioned in (2) ; 

(ii) will be obyions, for 3 a when mnltipHed by h will be 
3 times as mnch as a multiplied by h, i. e. zah \ and if the 
multiplier be increased to ^h, the product will be 

4 times 3a&, i.e. i2ah. 

In (iii), a' is a X a X a, and a* is a x a ; 

. • . a' X a^=a xaxaxaxa=a^. 

Expressed generally, 
a^xa*=ay.axa . . . (m factors', xaxa . . . . (n factors) 
=axaxaxa . . . (m+n) factors 
=a .'*+" 

In (iv), it is obvious that a quantity, whether positive 
or negative, when multiplied by a positive factor, will re- 
tain its sign unchanged ; thus +4x3 means 4 (additive) 
taken three times, which will be 1 2, still additive ; — 4 x 3 
means 4 (subtractive) taken 3 times, which will be 12 
subtractive. Multiplication by a negative factor com- 
bines multipKcation and subtraction; thus + 4 x — 3 
means 4 taken three times and made subtractive, i. c. — 1 2 ; 
—4 X — 3 means —12 made subtractive, i e. + 1 2. 

Hence follow these rules for the signs : — 

+ into + produces + 

""^ • • ' I • • ^^ 

1* • • ""^ • • ^"^ 

^^ •• ^^* •• "^ 

wliich are identical with those above stated. 

Ex. (1) 2ahx^ X 6a*6xy = 1 2a?Wx^y^, 

Ex. (2) sm'ic*^ X ^^mnxyH = — 2om}n7?yh. 

A compound expression will be multipHed by a simple 
factor by multiplying its several terms by that factor. 

Ex. (3) (aV- 3a6jtV + 4i2jc2rO X 2a«&C2/» = 



12 Multiplication, 

Exercise 4. 

Multiply — 

(1) 3a*6 by aoft*; 5a'« by ^<ia?y\ ya^bxy by ft^-cy*; and 
loxt^ by fic*2*. 

(2) — AoJ by 3&c; aa'&^c by — y&c*; — oJc by — Jc'd'; and 

— 3a*6cby— 6. 

(3) 12 by — ya^y; — 4a'6a;y by — afecy^; ja^ by — 4y*a; 
and —iWi^d by — loaWrf*. 

(4) 2^2— 3aJ + 55* by ^ah ; 3X*— 20^y^^xy^ + y* by — 5cc^. 

(5) cAb— 5a^+ax' t-2a*byaflc^; - 9a''+3a*i^— 4a^— 6* 
by — 3a6*. 

When the mtdtiplier is a componnd expression, its terms 
mnst be nsed saccessively as mnltipliers, and the results 
added. 

Ex. (4) Multiply 2a*— 306 by 3a— 46 

aa-— 30^ 
3a —4 h 

6a'— 1 7a% + 1 2a6" Ans. 
Ex. (5) (2a— 5)x(a+2c)=2a*— a&+4a<;— 2Jc. 

Exercise 4 — (eon^mued). 

Multiply — 

(6) 2a + 6 bya+26; aaft— sft^by 3a*— 406; — a*+2a^— 5* 
by 4a^+8a6. 

(7)a2 + a6 + i^ by a^-aJ+i^; a'-3a^+3a62-5» by 
a^-iab + h^. 

(8) ic^— 205^+405^*— 8y*by a;+2y; 27a;*— i8«"y"+3y< by 

335V +y*- 

(9) 4ar^2*+4a;y%+2/*by 605^2— 3a!Jy'; S^s^+y^by 3ar*— sy*. 

(10) 5a*- 3a«6 + 2a^ + ofts by 5a«6 + 3a262- jajs ^ j4 

(11) 4a'y— 8a*y*+ i6aV— S^ay* by aV+4aV+4«V- 

(12) 3m' + 9771^ + gmn^ + 3/1^^ by 2m*/i -^ 6m'n* + 6m*n^ 

— 2mn^, 

(13) a2+2a5+i^ by 36-20; 4a36-2a68-&4 by 5a*-6a&» 
+ 6^. 

(14) 6a«6 + 3a«&*- aa&« + 6« by 4a*- 2a&»- 36*. 
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Multiply together — 

(15) x^+ajy+y*, a^— scy+y^, and »*— a^y"+y*. 

(16) 4a8-4a2& + a&2, 4a2+3a6+&2, and aa^ft + ft*. 

(17) cc + a, JB + aa, sc— 3a, jc— 4^, and jc + sa. 

(18) 9a»+6*, aya'-?'', 27a*+2>', and 81 a* -90^6* +6*. 

(19) From the product of 3/*— ayz— 2* and y*+2y«— 2^, 
take the product of y^—yz-^2z^ and y^+yz— az*. 

(20) The divisor being sa^—aJ— 36*, the quotient a^--36^ 
and the remainder — aoft*— 66*, find the dividend. 



DIVISION. 

12. — In dividing one simple expression by another, four 
rales must be attended to, corresponding to those in mul- 
tiplication, and derived from them : — 

(i) The quotient of two unlike letters must be ex- 
pressed fractionally ; a -7-6= ^. 



(ii) The quotient of the numerical coefficients must 
be taken as in arithmetic ; t aa -7- 3a = 4. 

(iii) The index of a letter in the divisor must be sub- 
tracted from that of the like letter in the dividend ; 

If the same power of a letter ooour in the divisor and 
dividend, that letter will disappear firom the quotient. 

(iv) Like signs will produce + , unlike signs — , in the 
quotient. 

Ex. (1) 32a«68-h8a»6« = ^a^h. 

Ex. (2) 20x^yz^-\ 10052* = — 2a?y, 

Ex. (3) -38aa;8y«-r - ^ha?y= 1^. 

If the dividend consist of several terms, their quo- 
tients must be separately obtained. 

Ex. (4) Divide lacc^^ — i6a^ + ^xy* by 40?^*: 
40:^ ) laa^i/* — i6a^y^ + Sxy* 

^x^ — ^y + 3^. 
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Ezeroise 5. 
Diyide — 

(1) j2aV^ by 4ai^; iojcV^ by 2X%; 24.a^xy* by 6aa:y*; 
joa'mo;' by s<^^^^' 

(2) — io«*^ by aa:^; aSa^&^'t^by — 7gJ"c*; — iSa^a;^ l^ 

(3) 4a*6 — 6a'J' + laaVby aa'J; lascV — 152;*^*— 24a::*^ 
by — 3^- 

(4) 1 2ic*y — 34ay + 36xy " ' ^iflcy by 1 2x^1/^ ; 
3a*— aa"6 — a*if by — a^ 

(5) 320*^2^ + (iV^T?— 1 5ic*yV + 1 8xy«— 9X*y'2' by — 3a;*2/2. 

If the divisor be compoimd, the same method and ar- 
rangement must be employed as in long division in com- 
mon arithmetic^ the first term of the divisor being divided 
into the first term of each remainder in order to* obtain the 
terms of the quotient. 

Ex. (5) Divide 6a'— a'6— laaJ* by 2a— 36. 

aa— 36 ) 6a'— a*6— I aaft* ( 30'+ 406 Ans, 

8a*6— laoJ* 
8a*6— laaJ' 

Care must be taken in long division to have the divisor 
and dividend arranged according to the powers of one of 
their letters^ and to have the same arrangement for both. 

Ex. (6) Divide 4a*-f6*-5a»&8 by 6«+aa«+ 3^6. 
Arranging both by descending powers of a, 

2a«+ 306+6* )40*-5o'6*+&* (2a2-3a6+6» Arts. 
4a*+6a"6+2a«6* 

— 6a"6— 7a26*+6* 
— 6a"6 — 9a'6'— 3068 

2a26*+3a6»+6* 
2a»62+3a6"+6* 
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Elxercise 5 — {continued). 
Divide — 

(6) a*+aa6 + 6*bya + 6; a^^2db'^h^hj a—b, 

(7) a' + 2a% — 3a6* by d^ ^ ah; 2X* — 5x'y — 305*^ by 
2x^+xy. 

(8) a8&+a^-26*bya-6; a^+fts by a+j. 

(9) 22^— 7x'y + 2x^—20^— y^ by a«"—a;y+^. 

(10) i6ic*+4ary + y*by 405"— 2icy+^. 

(11) 32a«6-56a*6*+8a«6«-4a^*-a&« by -4a*6 + 6a5»+&». 

(12) 8i£c*— y* by 305— y; a*— 166* by a+26. 

(13) I + s^^ 6x* by I — « + 305*; i — sia^J* — faa*^* by 
— i + 3a5 + 4a*6*. 

(14) x'y — ficy' by a^y — aa^ + 2a;y* -- y^ ; «* + 64 by 

(15^+405+8. 

(15) CB* — 6a5*y + i5«V — aox^y* + 1505^ — 6a:y* + y* by 
sc8— 3a;2y+3a[:y*— y*. 

(16) a'-2a66-2a*&»+3a'^6*-6a*6»— 3a6« bya'-aa*&-a&". 

(17) 8i«*y — 5405**^* — iSar'y* + i8.xV — i8a;y« — gy"^ by 

(18) a* + aa«6 + 8a26«+ i6a2>8+ 166* by a»+46«. 

(19) 8y*— £c'+2iccV— 34a5y* by ixy^a^—t/^. 

(20) i6a< + 96* + 8a«6=* by 40*+ 362-406. 

(21) Find the remainder after dividing ibyi+os+ac'to 
six terms in the quotient. 

(22) Obtain aU the integral terms of the quotient when 
a** + 1 is divided by a*— aa + 1 . What terms must be added 
to the dividend in order that there may be no remainder ? 

(23) Divide the product of ar*— y* and 05'+ y' by that o! 
a; — y and a^— xy + y*. 

(24) Divide the sum of 3— sa^— a«* and i— 43?— 73;*— aa;" 
by their difTerence. 
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CHAPTEE III. 

SIMPLE EXPRESSIONS. 

13. — Abithmetioal principles respecting factors, frac- 
tions, &c., may be readily applied to simple algebraical ex- 
pressions : and since such expressions are by their very form 
separated into their prime factors, the application of those 
principles is in Algebra much easier than in Arithmetic. 

14. — Any power of a letter is contained as a factor in 
any power higher, but in no power lower, than itself: thus 
a' is contained in a*, but not in a*. 

A simple expression, made up of two or more letters, is 
contained as a factor in any other simple expression which 
contains the same letters raised to at least the same powers : 
thus a**^ is contained in a^W, or in a^fe*, or in aP¥c, &c. 

15. — All the factors of a simple expression may be easily 
written down. For example : 

an^c will have as factors, a, a^, 6, W, l^, c, ah, at^, aifi, ac, 
a^, aV^, a^l^, a^c, he, hh, &^c, ahc, aWc, ai^c, ciFbc, dFU^c ; 
no factor containing a to a xx)wer higher than a? 

tt f> ^ y* it ^ 

tt » ^ t> ft ^* 

The highest common factor (or greatest commxm measure^ of 
two or more simple expressions may be written down on 
inspection. For instance : 

a^'lfic^ and c^'^c will have as their highest common factor 

For it is clear that each will contain a^, but that the 
second contains no higher power of a ; so ¥ and c are the 
highest powers of h and c which are contained in both. 

Similarly, iL^y^, xV, and x^yT? will have as their highest 
common factor xh? ; y not appearing, since the second ex- 
pression does not contain it. 
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Thus it will be seen that the highest common &ctor of 
two or more simple expressions will consist of those letters 
which are common to all the expressionSy each letter heing 
raised to its lowest given 'power. 

If the expressions have numerical coef&cients^ the highest 
common factor of these also mnst be taken as coef&cient 
for the result. Thus, of i20i?y and i8£c*y', the highest 
common factor is 6jc^. 

Note, — Since the highest common factor of two or more 
expressions contains the highest power of each prime factor 
which is common to all, it is clear that the highest common 
foictor will contain exactly all other common factors. 

For shortness, the highest common &ctor of expressions 
is often written as their G. G. M. 

16. — ^The Ua^t commxm multiple (which may be written 
as L. 0. M.) of two^r more simple expressions may simi- 
larly be obtained by inspection. For instance : 

c?x and aV^ will haye as their least common multiple 
a"«V- ^or it requires 

a' in order that the a^ of the first expression may be contained, 
sc* „ sc* second 

y» „ y* second 






Similarly, that of c^Wz^, a^a^y^, and ho^y^ is a^hoi^y*?^. 

Thus the least common multiple of two or more simple 
expressions will consist of all the letters which appear in 
them, each letter being raised to its highest given power. 

Numerical coef&cients in the expressions will require 
also their least common multiple to be prefixed as coeffi- 
cient to the result. Thus the least common multiple of 
ioa?6 and 66c* is 3oa*&c*. 

Nate, — Since every common multiple of two or more 
expressions must contain all their victors, raised each to 
at least its highest power, it will be seen th8A> ^^<& \tg»s^ 

o 
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oommon multiple will be contained as a factor in every 
other common multiple of the expressions. 

17. — Since the highest common factor of two simple ex- 
pressions contains their letters raised each to its lower 
power, while their least common multiple contains the 
letters raised each to its higher power, it will be seen that 
ikA product of the G. C. M. and L. C. M. of two expressions 
is equal to the product of the expressions themselves. 

Thus the G. C. M. and L. 0. M. of a^h*c* and a^lfic are 
a^Vc and a*¥c^ ; and in the products it will be seen that 
the same two powers of each letter are multipUed together — 
viz. a* X a", 6' X 6*, o* X c. 

18. — The reduction and simplification of fractions will 
be performed by the same rules as in Arithmetic. 

Ex. (1) « + ^ + J, will equal e!±f +_«' ; 
hc^ ac ^ ab abe 

for the least common denominator will be the li. G. M. of 

hCy aCf ah ; and the numerators, found as in Arithmetic, will 

. bea', 6«, c*. 

Ex. (2) £1^^ when reduced to its lowest terms, will be 
i5»yV 

^ ; each part being divided by ^xyz. 

Exercise 6. 

(1) Write down all -the factors of x^y^, and of loxy, 

(2) Write down all the factors of the third order, of 

(3) Find the highest common factor of x^y and xh/^\ of 
a^ht^ and a%*<? ; and of %xyz^ and i loi^y. 

(4) Find the highest common factor oi a6V, la^hc, and 
36V; and of lox^y^z^, 2405*2/*, and i62/*2*. 

(5) Find the least common multiple of a^* and ah* ; of 
4x2 ajjd 6a;y*; and of loaa^y and ishxyzi 

(6) Find the least common multiple of ^m^n, lomV, 
and is^wi*; and of sfe^rfe, 6a^6^c, Sacd*, and i2ftW. 

(7) Write down the greatest common measure and least 
common multiple of a^bx and a^x^^*; and of 2411*^- and 
^Qx"y^z : and illustrate in each case the proposition of (17). 
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(8) Write down all the factors common to loa^l^c and 
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(9) The G. C. M. of two expressions is xy^, and their 
L. C. M. is ary^ ; one of the expressions being icV* ^'^ 
the other. 

(10) The highest commoij factor of some expressions 
being a%c, write down all the factors of the second order 
which are common to them. 

(11) The highest common fia.ctor of some expressions 
being 6xh/z^, which of the following will be common feictors 
of them, 45cyz, 2xs^, zy^j ^^^ 

(12) The least common multiple of some expressions 
being a¥(?, write down all their common multiples of the 
seTenth order. 

Simplify — 

(IS) \^ (U) -ii^ (15) i5^^. 

(16)«of|offof£ (17)fof|of- 

(20) - + -+-. (21) =- + — ^—, 

oca be ac ab 

^n4\ 3tt^ , ggy i'OKN Sat^ loc^ , shed 

^ ^ Sxy^z"^ 25 A' ^ ^ i2h<?^ 9a% "^ i8aV 

Express as mixed numbers — 

6a * neh/ 

•OQ\ ioa*&c*— i5aW— 2oa''&^c 

5a^c 

Express as single fractions — 
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/oo\ <*-"& ^-"C C'-a oi^+Jc^+ca* 
(^> — + — + — + ^ 

(38) Multiply i^5L- by aa, by 52, and by isahxy. 

$xyz 

(84) Divide l^ by 5-, by joJo. and by .jaV^. 

(85) Add together 2^1^, s^^j^ ^^ 7^=5^ 

4«y 6y2 iaa-2 

(86) From <t:I^ take ^=^±^. 

(87) Find the sum of 2 + ?, ?-r?, and?^-? 

fl/ a 0/ a a; a 

(88) Multiply 1+ '"g-sftc + «'-»°c ty ^oftc-sftc^ _,. 
(40) From 5£^ take 3^^, and to the resnlt add 

oCl o 

the sum of the same two fractions. 
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CHAPTER IV. 

SYMBOLICAL EXPRESSION. 

19. — Besxtlts which arise from the application of Arith- 
metic to general questions may always be expressed in 
algebraical symbols^ and fisusility in so expressing them is 
of great importance. 

Ex. (1) The cost of a things at h shillings each will be 
ab shUlrngs. 

Ex. (2) If X miles are travelled uniformly in a hours, the 

rate is - miles per hour. 
a 

Such results should be always expressed in one denomi- 
nation. 

Ex. (3) A person who has a sbillings, and then buys h 
things at o pence each, will have left 

i2a^&openoe, 
or a— — shillings. 

12 

Exercise 7. 

(1) A man who has £a spends £5 ; how many pounds will 
he have left? 

(2) At the rate of a miles an hour^ how tea will be 
travelled in 4 hours^ and in c hours? 

(3) How many minutes are there in m hours? and how 
many in n seconds? 

(4) A has X shillings^ and B has y shillings ; how much 
will each have when A has given half his money to B ? 

(5) Of two runners, the faster runs a yards per minute, 
and the slower b ; by what distance will the former win a 
race which lasts m minutes ? 

(6) Find the price of a oranges at ten for a shilling, and 
at b for a shilling. 
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(7) What rate per minute in yards is the same as a miles 
per honr? 

(8) A pound's worth of articles are bought at x for a 
shilling, and a pound's worth at y for a shilling, where 
as < y ; how many more will there be of one kind than of 
the other, and what will be the difference between the 
prices of n of each ? 

(9) At a shillings for n square feet, what is the price in 
pence per foot, and per yard in pounds ? 

(10) Find the circumference and area of a rectangle 
whose length and breadth are a and h feet. 

(11) A room is a feet long, h feet wide, and c feet high; 
find the area of the walls. 

(12) How many yards of carpet x feet wide would be 
required for the same room ? and what would it cost at y 
pence per yard ? 

(13) A man who has at first £a pays out h sums of c 
shillings each, and after receiving d sldllings i)ays away 
e pence ; how many shillings has he left ? 

(14) A has £a;, B has £4 more, C has £3 less than B, 
and D has as much as B and C together; find IVs 
money. 

(15) Write down the number 4 more than twice x, and 
the number 3 less than four times x, 

(16) A number x lies between 20 and 30 ; subtract its 
excess above 20 from its defect from 30. 

(17) What number exceeds the square of a by 5 ? what 
number must be added to this to make it equal to the 
square of 6 ? 

(18) Find in pounds the price of n oranges at a shilling 
a score. 

(19) A regiment of men can be drawn up in a ranks of 
h men each, and there are c men over ; of how many does 
the regiment consist? 

(20) How many men will be required to form a hollow 
square 4 deep, of which the side contains m men? 

(21) From a line whose length is a, are cut off its half, 
third, and twelfth parts ; what length will be left ? 

(22) A, B, C, D, are four places in a line; the distance 
AD is a, AC is 6, and BD is c; find BC. 
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• 

(23) A man can complete some work in a hours ; what 
fraction of it will he have done in x hours ? 

(24) A wine merchant buys n gallons at a shillings per 
gallon, and sells so as to gain £2 on the whole ; find the 
selling price per gallon. 

(25) Find the volume in cubic yards of a block a yards 
long, b feet wide, and c inches thick. If a cubic yard is 
cut off from the end, what length will be left? 

(26) A train which travels at the rate of a miles an hour 
takes b hours between two stations ; what will be the rate 
of a train which takes c hours ? 

(27) Find the sum of four successive numbers of which 
the first is a ; and of five, of which the middle one is a. 

(28) A person who has d miles to go travels for a hours 
at b miles per hour, and the rest of the distance at c miles 
I)er hour. How long does he take altogether? 

(29) Express (in terms of a and b) a number consisting 
of two digits, the first of which is a and the second b. 

(30) A spends c shillings a week, and saves x pounds a 
year ; what will B save in the year, who earns the same 
wages but spends b shillings a week ? 
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SIMPLE EQUATIONS OF ONE UNKNOWN QUANTITY. 

20. — Two algebraical expressions may be so related, that 
whatever values may be given to the letters involved, they 
will be equal to one another. Thus for all values of x the 
two expressions 3x4- 4^ and 50; + 2x are equal. 

The statemen: that the two expressions are equal 

( - + - = — + — J is in this case called an Identity^ or 

an Identical Equaiion, 

But in general two expressions are equal only under 
certain conditions, ie. for certain values of the letters in- 
volved. Thus, 05+6 and 4a;— 3 are equal if 05= 3. but for 
no other value : x'+ 12 and 9X— 8 are only equal if x has 
one of the values 4 or- 5. 

The statement that two such different expressions are 
equal is called an Equation, or sometimes an EqvboiUm of 
Condition; as 

435—3 = 33 + 6 .... (1) 

05^+12 = 905 — 8 . . . . (2) 

21. — The process of determining the conditions under 
which the expressions are equal — i.e. of finding the values 
of the letters which will make them equal — ^is called solving 
the equation. 

Values of the letters which will make the expressions 
equal are called Roots of the equation ; and they are said 
to satisfy it. Thus 3 is the root of equation (1) a'bove, 
and 4 and 5 are the roots of equation (2). 

An equation which involves only one letter, whose value 
is to be determined, is called an equation of o/ie unknown 
quantity ; if two, of two unknown quantities ; &c. 

If, when reduced to its simplest form, an equation con- 
tains an unknown quantity only to the first power, as in 
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(1) above, it is said to be of the first order, or a simple 
equation ; if the mikiiown quantity occurs in the second 
power, as in (2) above, it is said to be of the second order, 
or a quadratic equation. So equations may be of the third 
order, or cubic; of the fourth order, or biquadratic; or of 
any higher order. 

22. — Simple Equations of One Unknown Quantity, — The 
op^»tion of solving such an equation depends upon these 
principles : — 

(a) The two sides may have any quantity added to each 
without destroying their equality, 

O) The two sides may be both multiplied or both divided 
by any number without destroying their equality, 

(a) By the first of these principles, any term of an equa- 
tion may be removed (or transposed) to the other side, pro- 
vided its sign be changed. 

Thus, if 4a;— 3=a;+6, 
then 4x =a;+6+3) 
and 4*— aj=6-f 3, or 3»=9. 

In the flnt step, 3 being added to each side ; in the 
8eoond, ^x, 

(fi) The second of the above principles is applied in 
particular for two purposes : — 

(1) When fractional terms occur in an equation, 
the whole equation may be multiplied by the least 
common multiple of the denominators, so as to make 
all the terms integral. 

Thus ? — ? =2— i? may have its tenns multiplied 
346 

by 12, when it will become 

435— 301=24— loas, 

which is a simpler form. 

(2) When the equation has been reduced by trans- 
position to the form obtained in (a), each side may be 
divided by the coefficient of x. 
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Thus in the above equation 

dividing by 3, x=3. 

N.B. — Unknown quantities in equations are generally 
denoted by the last letters of the alphabet, x, y, z, &c. 

Ex. (1) Solve 6 + 3a; = 22 — 5x 

Transposing by (a), so as to have all the terms involving 
X on one side, and the remaining terms on the other : 

3a;+5a;=22— 6, 
i.e. 8x=i6, 

. • . by ()8), x= 2, Ans, 

It will be advisable to verify this result, by noticing that 
if 2 is written for x in the equation the two sides become 
equal, each being 1 2. 

Ex. (2) Solye ^| +i?' + i = ,,;- ^ +-^. 

352 10 10 

Multiplying by 30, the L. C. M. of 3, 5, 2, 10, 

2oaj+ i8a;+ 15 =6ca;— 2 ia;+3, 
Transposing, 2oaj+i8»— 6oaj-f 2ia;=— 15+3, 

i.e. -T-aj=— 12, 

or z=i2, 

Ex. (3) Given •403— •25a;+3 = 'i£c + -25, find cc. 

Transposing, '40;— •25a;— *ia;=— 3+*25, 
i.e. •o5x=— 2*75, 

Or, the decimals might have been reduced to fractions, 
and the equation then solved as in Ex. (2). 



Exercise 8. 

(1) 5a;— 1 = 205+11. (2) 4cc + 6 = a;+i2. 

(3) SflJ— 29=26— 3a?. (4) 2405=70;— 34. 

(5) 12 — 505=5- I2X. (6) 305 + 6—205 = 70:. 

(7) 2a; — 4 + 305 — 6 = 7«— 2 + 05— 5. 

(8) 305+6+305=405-12. . (9) 15 + 305 = 120:— 29— a. 
(10) 05— 2 — 3a; + 4 + 5a5— 6 = 705— 8 + 9^^- 
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(ll)f-?=.. (12)f + . = f. 

(13) H + f = f + 4?. (14) 7| ^ 5^ + .,j_,. 
4 5^'^ o 12 

(15) _3:__-i--_-_. (16)-.-3— =a;-5 . 

5 3 5 4 10 4 

(17) Z?-l=£f «3^ (18)a;-?-?+?=-i— 2i. 

12 434 '356 10 6 

(19) H=i-i = ?5+3. (20) •4aj+-6=-6a; + -8x--3. 

7 2 14 

(21) •125— •3x = *5a;+'045. 

(22) '60;— 1*40?— 3*2 ia;= 1—405. 

(23) •ia; + *oo3a5— i = *a3— '020?. 

(24) ^-? + a = x+l (25) HZl4=i±J_5«-. 
^^86 8 5 a 24 

(26) aj + -i + *2X=*3a5+io. 

(27) 4*i73a5— •oi = i*oi3^— '8. 

(28) 1^=0^-1+^-4. (29) L3 + !^.?.= l^-i-5 
^ "^ 9 33^ "^ ^ 12^ 9 6 4 a- 

XQQV £P5_£i , ^_£f 4. 

^ "^ II 9 7 "" 9 II 
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CHAPTEE VI. 

PEOBLEMS. 

23. — ^Equations are most important in their application 
to the solution of Problems. 

Problems so simple as the following may often be solved 
by ordinary arithmetic^ but in general they are too com- 
plicated to be brought within its range. 

As an example of a problem^ and the method of solving 
it, the following may be taken : 

Find a number such that its third and fourth jparts together 
shall exceed its h<Hf by s- 

Let X lepresent the number; 

then its half^ third, and fourth parts are -, ~» - ; 

234 

and if x satisfies the conditions of the problem, 

^ + ^ must exceed - by 5 ; 
3 4 ^ 

XXX 

i.e. -4- -= - + 5. 
342^ 

The solution of which equation gives s= 60. 60 is there- 
fore (as may be verified) the required numbw. 

It will be seen in this example, that the problem and the 
corresponding equation are mathematically identical, the 
equation being simply the problem stated symbolically. 
This symbolical statement is in some cases easily made, 
but the whole difficulty of a problem usually consists in 
the separation of its mathematical conditions from extra- 
neous relations, and the translation of them then into 
symbolical language. 

The solution of a ixroblem, it should be remarked, is 
much £Gu;ilitated by carefully writing down the symbolical 
values of all the quantities required before attempting to 
form the equation. 

Ex. (2) Twelve coins, partly shillings and partly half- 
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crowns, amoimt altogether to 27s.; how man> are there 
of each? 

(N.B. — The distinction between nwiAer of coins and their 
value must be clearly kept in yiew.) 
Let X be the no. of shillings ; 
then the rest of the 12 (i.e. 12— a;) is the no. of halfcrowns. 

The value of the x shillings is lao; pence, 
and the value of the 12—9; halfcrowns is 360^309; pence. 
N6w, the conditions of the problem require that these 
values together shall be 278., ie. 12^ 

.•• 36o-i8aj=324 v 

— i8a;=324-36o 

= -36. 

26=2, the no. of shillings; 

and 12— 26 =10, the no. of halfcrowns. 

Note, — ^In forming the equation for such a problem as 
this, care mnst be taken to use throughout the same unit 
of value. 

In the above case, a penny was taken as the unit ; but a 
sixpence might have been taken ; and then 

The value of the x shillings would have been aas, and of 

the 12^0; halfcrowns, 60- 5 a; ; and the equation would have 

been 

60—301=54. 

Ex. (3) P and Q are two places 20 miles apart; if a 

person (A) starts from P and walks towards Q at tiie rate of 

3 miles an hour, where will he meet another person (B), who 

starts 20 minutes later from Q, and walks at the rate of 

4]kiiles an hour? 

P Q 

X 

Suppose X to be the point at which they meet. 
Let X be the number of hours A takes to walk PX ; 
then B^ who starts 20' later, will take x— J hrs. to walk QX. 

Hence PX will be 3x miles, 

and QX will be 40;— § miles. 

ButPXH-XQ=PQ. 

.*. 7X— j = 20 
2 ISC— 4=60 

2ia;=64 
x=i^ hrs. 
. ' . A will have walked 9* miiea. 
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Or, Let X — the distanoe (PX) which A has walked before 
meeting B ; 
then 20— a; = the distance (QX) which B has walked. 
The time which A has taken for walking x miles is 

- hours, and the time which B has taken for 20— a; miles 
3 

is i£Z^ hours. Also, since B started 20' later than A, 

4 
he has, when they meet, taken \ hour less than A. 

20— sc X I 

• . ~— • 

^ 4 3 3 

60— 3a;=4a;— 4 

— 70;= -64 

a;=9if miles. 

£zercise 9. 

(1) Find a number such that when 12 is added to its 
double the stun shall be 28. 

(2) Find the nnmber whose third and fonrth parts 
added together make 14. 

(3) What number is that whose third part exceeds its 
fourth by 14? 

(4) The half, fourth, and fifth of «a certain number are 
together equal to 76 ; find the number. 

(5) Find the number whose double exceeds its half 
by 12. 

(6) The combined ages of two children are 1 5 years, and 
one is half as old again as the other ; what are their ages ? 

(7) After spending half the money he had in his purse, 
receiving a sovereign, and then spending five shillings, a 
person had remaining as much as he had at first ; how 
much had he ? 

(8) A and B have the same sum; but if A received ten 
shillings from B, he would then have twice as much as B; 
how much has each ? 

(9) In 8 years' time a boy will be three times as old as 
he was 8 years ago ; how old is he ? 

(10) A sum of £2 is paid in crowns and florins, and the 
number of crowns is one more than the number of florins ; 
how many are there of each ? 
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(11) A fanner had two flocks of sheep of the same size. 
He sold out of them 21 and 70 sheep respectiyely, and 
then found that he had left in one flock twice as many as 
in the other ; how many had he in each ? 

(12) From two places 35 miles apart two persons set 
out at the same time witii the intention of meetings one 
travelling 6 miles an hour, and the other 8 ; when and 
where will they meet? 

(13) Divide a distance of 60 yards into three parts, 
such that the second may be 5 yards more than the first, 
and the third 10 yards more than the other two together. 

(14) A man and a boy earned in a week 37s. between 
them, and if the man had earned 2s. more, his wages 
would have been double the boy's; how much did each 
earn? 

(16) Divide 4s. into four parts, such that the first may 
be less than the second by 2d,, greater than the third by 
6d, and less than the fourth by is. 

(16) How must £4 I OS. be divided among four persons, 
so that the second, third, and fourth may have respectively 
twice, three times, and four times what the first has ? 

(17) Find a number whose treble exceeds 50 by as much 
as its double falls short of 40. 

(18) At an election 1533 votes were recorded, and the 
successful candidate had a majority of 91 ; how many 
votes were given for him? 

(19) A certain number of sovereigns exceed in value 
half tiiat number of guineas by £3 i6s. ; find the number 
of each. 

(20) Divide a sovereign between A and B, so that if A 
give B a fifth of his share they may have equal sums. 

(21) A sum of money is to be distributed among a cer- 
tain number of persons, and it is found that if 58. be given 
to each there will be a shilling short ; if 4s. ^d,, there will 
be a shilling over ; what is the sum ? 

(22) Find foor consecutive numbers whose sum is 82. 

(23) An orchard is planted with cherry, apple, and pear 
trees. How many are there of each, if it is found that 
their numbers are respectively 1 2, 2, and 7 less than half 
of the whole number of trees? 
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(24) A trayeller Bets out from a town, and after going 
zo miles a second starts in the same direction, whose rate 
is I i of that of the former; where will he overtake him? 

(25) When will the hands of a clock he together be- 
tween 3 and 4 o'clock? 

(26) Two men who can separately complete some work 
in 15 days and 16 days, can with the help of another do 
it in 6 days; how long would the third man take by 
himself? 

(27) A number consisting of two digits, of which that 
in the unit's place is 7, exceeds by 1 8 the number formed 
by reversing the order of the digits ; find the number. 

(28) A fruiterer sold some pears at 2 a penny, and the 
same number at 3 a penny ; if he had mixed them, and 
sold them at the rate of 5 for 2d,, he would have received 
$d. less ; how many did he sell ? 

(29) Twenty-four coins, consisting of shillings and half- 
crowns, amount altogether to £1 19s.; how many half- 
crowns are there? 

(80) A boy who runs at the rate of 1 2 yards per second, 
starts 20 yards behind another whose rate is 10^ yards per 
second ; how soon will he be 10 yards before him ? 
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CHAPTEE VII. 
• COMPOUND TEEMS AND COEFFICIENTS. 

24. — The tenns of an expression have been hitherto con- 
sidered to be simple ; but they may be also compound, i.e. 
made up of several simple ones, which will then be en- 
closed within brackets. 

Thus the expression (3a:— 42/) + (20;+ y) may be con- 
sidered to consist of the two compound terms, 3a;— 4^ and 
2X-\-y. 

A compound term may have a coefficient, which will be 
written outside its bracket ; thus in 3 (ax —by)— 2 (bx + 3cy ), 
the first term is three times ax— by, and tiie second tmce 
hx-\-zcy. 

Similarly, coefficients may be compound; thus, in (2a + b)x 
+ (a— 36)y, the coefficient of a; is 2a+fe, and of 2/, a— 3^. 

Compound terms, or coefficients, become sometimes more 
complex in their forms, by themselves comprising other 
compound terms ; as in 

{a-(2?>+3c)}-{4(a-c)-2(6-5c)} 

in which the first compound term is made up of the simple 
term a, and the compound term 26+ 3c ; and the second of 
the two compound terms, 4(a— c) and 2(6—50). 

25. — An expression may have its compound terms readily 
resolved into simple terms, as in the following examples • — 

Ex. (1) izx—^y)-\-(2X'-y)='ix—^y-\-2x-y 

= 5^-5y 
Ex. (2) (3»— 42/)-(2«-y)-= 3^5— 4y-2X+y 

= a;-32/. 

In the first of tnese examples, 2a;— y is to be added to 
3x— 4y, which will be done by adding their separate terms 
(9, jyage 8) ; but in the second, 2a:— y is to be subtracted 
from 3a;— 42^, i.e. its terms must have their signs changed, 
and then be added. 
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The resolution of the compotmd tenns of an expression 
into simple ones consists, therefore, in the remoyal of its 
brackets ; and the general rule will be, that a bracket having 
+ before it may be removed without altering the signs within, 
but if a bracket having — before it be removed, the signs cf 
all the terms within it must be changed. 

The coefficients of a compound term must be multiplied 
into each of its simple terms ; thus : 

Ex. (3) 3 (a&— ac)— 2 (ah + ^bc) + 3 (ac^ 3^0) 

= 305—300—206—860+300—960 
= 06-1760. 

When the compound terms of an expression themselyeB 
comprise compound terms — i.e. when pairs of brackets 
enclose other brackets— the larger brackets should be first 
removed, and then the smaller. 

Ex. (4) {2ac-(32/-2)}-{(3x + 2y)-2} 

= 2X— (3y— 2)— (3a;+2y)+a 
= 205-3^ + 2-305-2^+2 
= —a;— 5^ + 22. 

Ex. (5) [5a+4(6-2o)]-4[a + 2(6-o)J 

= 50 + 4(6- 20)— 40-8(6— 0) 
= 50 + 46-80—40-86 + 80 
= 0—46, 

Besides the ordinary forms [ ], { }, ( ), being used for 
brackets, a bar is sometimes written over two or more 
terms for the same purpose : thus, o- 6— 20 is the same as 

o— (6— 2C). 

26.— CJompound coefficients will be resolved into simple 
ones in the same manner. 

Ex. (6) (o— 6) a;— (26— 0)^+3(0—0)2 

= 005-605-26^+0^+302-302. 

A compound term may have a compound coefficient; in 
which case they may either be separately resolved, or their 
product may be written as a compound term, and then 
resolved into simple terms. 
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Ex. CO (a+J)(x-2y)-2(a-&)(a;+y) 

=a(a5— 2y) + 6(a;— 2y)— 2a(a5 + y)+a&(Q5+y) 
raflKc — aay + &aj— 2&y — 2aa;~ 2ay + a&B + a Jy 

Or, (a+J)(a3— 2y)— 2(a— 6)(a;+y) 

=(005 +6a;— aay— ihy)— 2 (ooj— Jx+ ay — 5y) 
= 003 + &aj — 2<7y — 26y — 2aa; + 2605 -p 2ay + 26^ 
= — 003 + 36a;— 4ay. 

It will be observed in all cases that a compound term, or 
a compound coefficient, is to be regarded as a whole, affected 
throughout by any sign or coefficient placed before it, and 
in this differing from a mere collection of simple terms, 
each of which is affected only by its own sign and co- 
efficient. 

The index of a compound term is written outside the 
bracket; as(o+&)*. 

Exercise 10. 

Express with simple terms — 

(1) (a + 6) + (6 + c)-(a+c). 

(2) (20— 6-c)-(o-2& + c). 

(3) (203— y)— (2?/— 2)— (22— a). 

(4) (o— 03— y)— (&-03 + y)+(c+3y). 

(6) (2a:— y + 3z) + (— 03— y— 42)— (3X— 2y— 2). 

(6) (30— & + 7c)— (20+ 36)— (56— 4c) + (3c— o). 

(7) {a-.(6.c)} + {6-(c-o)}-{c-(a-6)}. 

(8) {2a;+(y-32)}-{(3a;-2y) + 2}+5a;-(4y-32). 

(9) {(3a - 2b) + (4c - o)} - {o - (26 - 30) - c} + 
{o— (6— 5'c— o)}. 

(10) {o—(20 + 3a— 4a)} — 50— {6a— (70 + 80-90)}. 

(11) 2(a + 6)-3(c-o) + 4(6-c). 

(12) 5(0— 6 + c)- 2(0+ 3c) +3(0— 2&). 

(13) (a— 3)0;— (26— i)o3— (0—26)03. 

(14) 6(0 + 6)0;- 4(0— 6)y— 20(303— 2y). 

(15) {3a-2(6-c)}-{46-3(c-o)}+6(6-c). 

(16) 5{ar»-3(a;+ i)} -7{a^^ + (3a'+ 0} -"x- 
aj-ar»-3(3a; + 4)}. 

(17) a— { 2(x-y)-36} - {3(6 + 3y) - 7 (203+y)} 
+ 4(0- 3x). 
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(18) 2[a— 2{a— 2(a— 2 ^< — 2(()}]— 3(a— 3 a— 3a). 

(19) (a + &)(x+y)-(a-6)(a;-2/). 

(20) (a-2fe)(a; + y) + (a:-2y)(a-6). 

(21) 2(w— 3w)(3sc— 2^)— 3(2m + «)(a;+2y). 

(22) {ac-(a-6)(6+c)}-6{fe-(a-c)}. 

(23) 5 {(a-b)x - cy} - 2 {a(x - y) - for} - 
{3ax— (5c— 2a)y}. 

(24) (x-i)(a;-2)-3a;(x+3)+2{(a5+2)(a;+i)-3}. 

27. — Conversely, two or more simple terms of an ex- 
pression may be combined into one compound term. If 
the sign + be placed before it, each of its simple terms 
will retain its own sign; if — , each of its simple terms 
must have its sign changed, as will be obvious from 
(25). It is usual to give the compound term the sign of 
its first simple terra. 

Ex. (1) 

a— 6+c— d— e+/, if expressed in three binomial terms 
(i.e. terms containiug two simple terms), will be — 

(a-6)+(c-d)-(e-/) ... (a) 

If expressed in two trinomial terms, it will be — 

(a-6+c)-(d + e-/) .... .(/3) 

This last form may have the last two terms in eat-h 
bracket enclosed within another bracket — 

{a-(6-o)}-{d+(6-/)} . . (7) 

The first expression may, in the same manner, have others 
of its simple terms combined into compound terms. Thus 
if the last five terms are enclosed within brackets, then the 
last four within another pair of brackets, and so on, it will 

become — 

a-p-{c-(d+6-/)}] ... (5) 

28. — A simple coefficient common to all the terms which 
are enclosed within & pair of brackets may be written out- 
side the brackets, as a coefficient to the whole compound 
term. 

Ex. (2) 
5a— 106— 6a;+i2y, expressed in binomial terms, will be — 

(5 a— 1 06)— (6»— 1 2y) 
^5(a-26)-6(a;-2y). 
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the same maimer as above, a letter occurring in an 
ssion with several simple coefficients may be written 
id with one compound coefficient. 

(3) aic + 2&x + cx2-3c?x«=(a+2&)a: + (c-3c?)x"^. 

(4) 4^x03+ 36y— 1502—8603 + 6cy—ioa2 

= (4a— 86)x + (36 + 6c)y— (i5C+ioa)2 
or, 4(a— 26)j;+3(fe + 2c)2/— 5(3C+2a)2. 

Exercise 11. 

press in (i) binomial, (ii) trinomial terms : 

2a— 36—40 +<i+ 36—2/. (2) a— 2a; + 4^—32— 26 + c. 

a* + 3a*— 2a'— 4a* + a — I . 

— 3a— 26+2C— 5^- e— 2/. 

aa3— &y — C2— 6a3 + cy + a2. 

2A*— ix^y + 4x^2/*- 5a;V+ 032/^— 2t/*. 

Express each of the above in trinomial terms hav- 
heir last two simple terms enclosed within inner 
ets. 

ite in binomial terms (with simple factors outside 
rackets) : — 

3a— 66— 4C+8C?. (9) ooj + ay— 6a5 + 6y. 

2ax—6ay + 462— 4603— 2ca;— 3cy. 

5X-*— I oxy — ly^ + 9^2 -{-xz-^ 2^, 

lect in brackets the coefficients of as, y, 2, in — 
aa: — 6a; + 2ay + 3y + 4GW; — 362 — 22. 
oa;- 26y + 5C2— 46a;— 3cy + oa- 2C?!— ay + 462. 
«(^""y) + ^(y--2j)— c(2— a;). 

i2a(a?+y) + 46(y— 32)— 3c(5a;— 2 y—z). 
The sum of oa; — 6y + C2, 26a; -^ ay ^ $cz, and 
6y— a2. 

The sum of (a+6)a;—(a+c)y +(6+0)2, and 
a(2a;+y)— 6(a;— 2)— c(y— 22). 

{ 2aa;— 36y— 702} — 2 {(6— c)x— 402} —c{ 2a; + fy +2)} . 

Multiply together x—a, a; + 6, and a;— c; collecting 
wkets the coefficients of the powers of x. 

Simplify (a— 6) (a; + 2) — 3 (6 + c) (y — «) — 
a)(z-^y), expressing the result with compound co- 
nts for x, y, 2. 
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CHAPTER VIIL 
COMPOUND PACTOBS. 

29.— Algbbbaioal wobk will be often much simplified 
by facility in dealing with binomial factors. 

Por this purpose three important results in multiplica- 
tion must first be noticed and remembered : 

(i) a + b multiplied by itself gives 

a+b 
a+b 

ab + U" 



i.e. the square of the sum of two terms is equal to the sum 
of timr squares + twice their product, 

(ii) a— 6 multiplied by itself gives 

a— 6 
a^b 
a*— a& 

i.e. the square of the difference of two terms is equal to 
the sum of their squares — tvnce their product, 

(iii) a+& multiplied by a— 6 gives 

a^b 
a^ + al> 
^ab-^ 

ie. the product of the sum and difference of two terms is 
equal to the difference of their squares. 

By remembering these, the square of any binomial ex- 
pression, or the product of the sum and diflference of any 
two terms, may be written down by inspection. 
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Ex. (1) (3a;+2yy = 9^^+i2xy-\-i^y^, 

Ex. (2) (aa^— 5ar'y)'*=4«*£t*— 2oa^*y+a5ai*y*. 

Ex. (3) (3ai>*c + 3aV) (3aJ?c-2aV)=9a^6V-4aV. 

Note. — If two expressions differ only in some of their 
signs, it is often convenient to write them in one formula, 
with double signs between the terms. Thus, a±b includes 
both a +6 and a— 6. If two such expressions are written 
equal to one another, the upper signs are to be under- 
stood to correspond with one another, and the lower with 
one another. 

Thus (a±6)2=a2±3aJ+&* represents both 
(a+&)8=aH2a6+&2 

and (a^hy = a^— aaft + &«. 

Exercise 12. 

Write down the squares of — 

(1) x+yty—z, 2X+I, 3a+5&, I— sc*. 

(2) 3003—405*, I — 7a, 5fl:y+3, db + cd, 37/111—4. 

(3) 12 + 50;, 4ic^*— yz*, ^ahc^hcd, 403*- o?^. 

Write down the products of— 

(4) a5+yandfl5— y; 20+6 and 2a— 6; 3—05 and 3+05. 

(5) 306+26* and 306-26*; 405*— 3^* and 4ac*+3y*; 
a'x*— 6y* and 0*0;*+ 6y*. 

(6) 6o:y— 5y* and 6xy+sj^; ^-^ i and 405*^+1; i + 306' 
and 1-306*. 

(7) Write down the square of the product of a+ 2x and 
o— 305 ; and of 2605 — 305^ and 2605 + 305^. 

(8) Find the value of (o— as) (o+as) (oHa^ (oHa;*). 

Simplify — 

(9) (o + 6)*+(o-6)*. (10) (x+y)*-(x-y)*. 

(11) 2(o-26)*-4(a+6)2. 

(12) (a + 6) (0-6) + (6+c) (6-c) + {c^a) (ca). 

(13) (0 + 36>' - 4 (0+ 36) (0-36) + 4 (0-26)*. 

(14) a;(3a5— y/— 3a;*(x + 2y) + s{^^—f)y^ 

(15) {(aa+6)* + (a-26)*} x {(3a-26)*-(2a-36)*}. 
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(16) 4 0' - ih) (a + 3^) - 3 (a^ehf- 2 Qi^ + 6b^ 

(17) x^(it^ + jr'y-2a;2yXx + 2/X^-y) - (ir»-y»)«. 

(18) i6 (a« + 62)(o[2 _ 52) _ (3„ _ 3)(3flj + 3)(^a« ^. ^j ^. 

(a6-3)02»+3)(4^+9). 

(19) Multiply the excess of the^ square of a over the 

square of a— 6 by its defect from the square of a +6. 

(20) Express symbolically, and simplify— 

The excess of the sum of the squares of the sum and 
difference of a and b over twice the product of that sum 
and difference. 

30.— (Conversely, a trinomial expression, consisting of the 
sum of the squares of two terms and twice their product 
(i.e. of the form a'+ 2aZ> + 6* or a'— 2ah + ¥), may be recog- 
nised as a perfect square ; and its root will coufidst of those 
two terms connected by the sign which affects the double 
product. 

Ex. (1) 4a* + 1 2db^ + 9&* is the square of aa + 36. 
Ex. (2) 9a;*2/*— 3oxy*2+ 252^ is the square of 3a5y*— 52. 

Also, since the product of the sum and difference of two 
terms is the difference of their squares, it follows that the 
difference of the squares of two terms may always be re- 
solved into two factors—viz. the sum and difference of 
those terms. 

Ex. (3) 4a*a5>-6V=(3a«+^) (aajr-Jy). 

Ex. (4) 3ac^— i3a;2/* = 3ic(a^— 42^) = 3aj(2t"+3y*)(x*— ay*). 

Exercise 13. 

(1) Of what expressions are a* + 2dbc + J^c", 9a;* — 6xy + y* 
1 6a* — 2 |a V + 9a;", and i + 4^* + 4^* respectively the 
squares? 

(2; Of what are 25 - 40 r + i6x2, a*h^ + ^a^b*(^ + 4&V, 
and 49X*— 42x''y2^+92/V, the squares? 

(3) Which of the expressions a*— 4^6 + 6*, 4a*— 40^+6*, 
4a*— 405— 6^ 4Jc^— 20x^+25^*, «*+stV+y*, are perfect 
squares ? 

(4) What must be inserted as the middle terms in the 
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expressions a^+ac*, 4a* +y*, a* +2 50*6*, 9x*+ 4^^,1x1 order 
to make them perfect squares? 

(5) What terms must be afObced to a" + 200:, oi^—^ax, 
^y*—^yz, y^—y, sc'+Zwc, in order to make them complete 
squares? 

(6) Find three terms either of which added to as* + ^b^x^ 
will make a complete square. 

Eesolve into factors — 

(7) ic*-36y2^4a^-2^, iSy^-50z\ i6y^-a%hf. 

(8) 25a*6*— 4feV, 36a*a^y^— 25&*a;*y*, 100— cc*y*. 

(9) 05*— I, a*— 4a*, I— 9sc*2*, 9a'x®— i6a. 

(10) Resolve into their simplest factors d^^b*, 16a;*— i, 
a*— I, a5*y— x^. 

(11) Write down the quotient of a*— 6* by a— & ; of x*— i 
by 05+1; of a^— 4&*y* by ax-^-iby; of 64a*— 25^' by 

(12) Write down the quotient of 405*— 405y +y' by 2x— y ; 
of 9a*a5* + 6ax+i by 3005+1; of laa"*— 4oa*a;y + 25a5*y* by 
4a*— 5fl5y. 

31. — ^Again, the product of two binomial factors of the 
form x-^ajX+b, should be noticed : 

(i) aj+5 (ii) aj-5 

^?TTx jcrii 

305+15 —305+15 

flc*+8fl5+i5 05*— 805+15 

(iii) 05+5 (iv) «— 5 

05—3 05 + 3 



05^+505 05*— 505 

— 305—15 +305—15 

a5*+2X— 15 05*— 205— 15 

On examining these products^ the following points will 
be observed : — 

(a) In all, the first term is a^, and the last is the pro- 
duct of the 5 and 3. 
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(fi) (i) and (ii) show that when the second terms of 
the fieu^tors have both the same sign, the product 
has 

(1) its last term positive ; 

(2) the coefficient of its middle term = sum 

of 3 and 5 ; 

(3) the sign of its middle term the same as 

that of the 3 and 5. 

(7) (iii) and (iv) show that when the second terms of 
the factors have opposite signs, the product has 

(1) its last term negative; 

(2) the coefficient of its middle term = differ- 

ence of 3 and 5 ; 

(3) the sign of its middle term is that of the 

5, the greater of the two numbers. 

Note. — These results may be deduced from the one general 
formula (x-\-a).(x + b) = x^-\'(a-{-h)x-\-db 
by supposing for (i), a and h both positive ; 

(ii), a and h both negative ; 
(iii), a positive, h negative, and a >J; 
(iv), a negative, h positive, and a >5 ; 

Exercise 14. 

Write down the products of— 

(1) 05+2 and 05+ 3; 05+1 and 05+5; a:— 3 and 05^6. 

(2) 05—^ and 05— I ; 05—8 and 05+1; 05—2 and 05+5. 

(3) 05—3 ft^d 05 + 7; 05—2 and 05—4; 05+1 and 05 + 11. 

(4) 05- aa and 05+ 3a; 05— c and 05— c?; os— 4^ and 05+y. 

(5) a— 26 and o— 5&; 05^ +2^^ and 05* +y*; 05*— 30;^ and 
x^ + xy. 

32. — Conversely, from the above results may be de- 
duced a method for resolving into its factors, if any, a 
trinomial of the form 05* + aa; + 6 : 

(i) If the last term be positive, find two numbers whose 
product is that last term, and whose sum is the coefficient 
of the middle term : those two numbers will be the second 
terms of the factors, and each will have the sign of the 
given middle term. 
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(ii) If the last term be negative , find two numbers whose 
product is that last term, and whose difference is the co- 
efficient of the middle term : those two numbers will be 
the second terms of the factors; the greater of the two will 
have the sign of the given middle term, and the less will 
haye the opposite sign. 

Ex. (1) Eesolve into its &ctors as*— 705+10. 

Here the last term is positive ; 

also 10=5x2, 7=5+3: 
. * . the middle term being negative, 

»■— 70;+ 10 = (aj— 5 ) (x — 2). 

Ex. (2) Resolve 05*+ 535—14. 

Here the last term is negative ; 

also 14=7x2, 5 = 7—2: 

and 7 will have the sign + of the middle term ; 

.•. »*+5»-i4=(a!+7)(»— 3). 

Simple factors should be first separated. 

Ex. (3) 335*— 3435— 60=3 (a;*—8a5—ao) 

= 3 (ac— io)(a; + 2). 

Exercise 15. 

Resolve into fitctors — 

(1) aj' + yas+ia; as*— 705+6; a5*+iia5 + 24; a5*+3a5+a. 

(2) a5«— 535+4; 35^+235-3; y«— 3y— 10; y*— y— 6. 

(3) a5*+735+6; a5*+6a5— 7; as*— 535^ + 4^*; a"— 3a5+2&*. 

(4) 535*— 1535— ao; 3y*+6y— 105; m*— 5am— 5oa^ 

(5) 05*- 4a'35*+3a*; aas*- i6a5*+a4a5'; a^as*- 3035- 54. 

(6) Obtain without division the quotient ofas*— 1235+27 
by 05- 3 ; and of 30*6'- 9ct5— 12 by a6+ 1. 

33.--It may be observed that (29) and (30) are but par- 
ticular cases of (81) and (32) ; for the general formula 

(oj + a) (35 + 6) = 35* + (a + 6)a5 + aJ 
becomes, when 6 = a, 

(a5+a)(35+a), i. a (35 + a)* = as* +2035 + a*. 
Or, if a be negative, 

(as— tt) (35— a), i. e. (as— a)*=a5*— aaas+a*; 
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and when 5= —a, it becomes 

(a5+a) (05— a) = 05*— a*. 

So, conversely, the resolution of a^ + lax + a* and 
a;*— aajT+a*, depends upon finding two numbers whose 
product is a", and whose sum is la ; and that of a:*— a*, in 
which the coefficient of the middle term is o, upon finding 
two numbers whose product is a^, and whose difference is 
o, i. e. a and a. 

34. — The above methods of writing down products, and 
of resolving expressions into factors, may be applied to 
binomial expressions which consist of compound as well 
as simple terms. 

Expressions may be written as binomials (27), in order 
to make the methods applicable. 

Ex. (1) The product of (jc+y)+a and (aj+y)— o is 
(a; + y)^— a*, or a;^+2a;y+y^— a^. 

Ex. (2) (ax2-3a;+i).(2a2+3a;-.i) = 

{20^— (3a;— i)} . {2X*+(3a;— i)} 

=4X*— 90:* + 6a;— I. 

Ex. (3) a«-62-25c-c»=a2-(&2+26c + c2) 

= ««-(& + c)2 
= {a + (2> + c)}{a-(& + c)} 
= (a + 6+c)(a— &— c). 

Exercise 16. 

Write down the products of— 

(1) (a+a;) + 3and(a+a;) + i ; a5+(a— 5)anda;— (a— i;. 

(2) (a— 6) + c and (a— 6)— c; a;* + (aj— i)anda5*— (a;— i). 

(3) (a^h)^{c^d) and (a— 6) + (c— i?); x^y—z and 
x—y-^z, 

(4) 2+a+a;* and 2— aj— a^; a*— aJ-f &* and a^+oJ-Kft*. 

Resolve into factors — 

(5) (a^hy-x'; (a;+2yy-42«; (o-&)2-(c+rf)«. 

(6) (x+iy-(s/ + i)2; (x+i)«-(y-i)2; oP^(x^2y) 

(7) a2-a«6 + 62-c»; a^-J^+a&c-c^; a2-J?-46-4. 

(8) aJ* + a;y+3/<; a*-3xV+3/*; a^ + aHi. 
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(9) Write down the squares of a + h -]• c; x-^y -^z; 
X-— 2a;+3; 2x* + aj— i. 

(10) Prove that 

(a + & + c+(l+ . . .y= a*+3a(6 + c + ci+ . . .) 

+6*+36(c + (?+ . . .) 
+ c*+2c(cZ+c+ . . ) 
+ &c. 

(11) Resolve into factors (a+aj)' — 3(a+a;)+a; 

(12) Resolvea^+2a5y+^— 05— y— 6;x* + 2a:'+5a:*+4X + 3. 

Prove that — 

(13) (a + 6-c-c?)«-(a-& + c-(?)2 = 4(a-d)(6-c). 

(14) (a2 + a& + h^y-(a^-ah -{-b^y = ^ah (a^ + h^. 

(15) (a + 6 + c3^ + (a + & - c)2+(a - & + cJ»+(& + c - a)^ 

= 4(aH&Hc«). 

(16) (a + 6)H2(a*-&2)+(a-6)2=(2a)2. 

(17) {(a+i)&-(a-i)}«-{(6+i)a-(5-i)}« 

=4(a5+i)(6— a). 

(18) (a+6 + c) (a + 6— c) (a— 6— c) (a— 6 + c) 

. =a*+5* + c*-2(a26Ha2c2 + &«c2). 

35. — The terms of an expression may sometimes be so 
arranged as to show a componnd factor running through 
the whole : 

Ex. (1) aa;—ay + &a5—&y=a (as— y) + & (a;— y) 

= (a + b)(x—y). 
Ex. (2) a;2_ya_jc25^y2=(a; + 2/)(x— y)— (aj— 2/)2 

=(a;+y— 2)(a;— y). 

When an expression consists of sets of terms of different 
orders, the resolution will often be facilitated by observing 
the fetctors of which the set of highest order is composed. 

Ex. (3) • ar*— 3xy+2y^— 3cc + 6y 

= (a;— 2y) (a;— y)- 3 (a;- 2y) 
= Ca;-2y)(a;-y-3). 
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Exercise 17. 

Besolve into factors — 

(1) acy— scz + fey— Jz; ah—ac^l^-\-hc, 

(2) 05*— jcy+ajz— yz; ^a^—xy—^xz+yz, 

(3) a*— 05*— a6— fee; a*— 2aaj + ac*+a— a?. 

(4) ^ac*— 3y*— 205 + 2^ ; m^jp^m^q—n^p-\-n*q, 

(5) a:* + 35* +2^+05; a*x*— a'x^— a^+i. 

(6) 3a;'— 20^— 27xy^+i8y*; 405*— as* + 205—1. 

(7) I— a; + 052— a^s. j^aj^a-a+ajS^ 

(8) (a;+y)»-a;y(x+y + i)-i. 

(9) (a+&)2-(c+rf)» + (a + c)2-(& + (i)2. 

(10) a;2— y2— 23+2y2 + 05+y-2. 

(11) a«-a6- 66^-40 + 126. 

(12) a^- 2aj^y + a::^— 4X + 8y— 4. 

36. — ^It will be observed that compound expressions may 
contain simple £a«tors ; and that when such is the case, 
these will be at once determinable on inspection. Bat a 
compound expression of the form hitherto considered can- 
notj when multiplied by another expression, have a simple 
product ; consequently a simple expression cannot contain 
a compound factor. 
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CHAPTEE IX. 

GREATEST COMMON MEASUEE OF COMPOUND 

EXPEESSIONS. 

37. — The Greatest Common Measure of two or more 
compotmd expressions is the factor of highest dimensions 
which is contained in each, • 

Two expressions which contain no common fiELctor except 
I are said to be prime to one another. 

When compound expressions can be separately resolved 
into their factors, their G. C. M. may be obtained by in- 
spection, in the same manner as that of simple expressions. 
It will consist of all the factors common to the expressions, 
each factor being written with its lowest index. 

Ex. (1) Find the G. C. M. of la^ + aasc* and so&cy + 360%. 

2a% + aax2 = 2ax (a + x) 
lahxy + ihxhf = ^h'xy (a + x) 
.'. G. C. M.=a5(a+a;)^ 

Ex. (2) Find the G. 0. M. of Sa^-^ii^a^x+iea^ and 
I laac^y-— 1 2axy — 240^. 

8aV— 24a%B+ i6a3= 8a2(a52— 3aj + 2) 

= 8a2(a;-i)(a;-2) 
1 2005^— 1 2aa5y — 24ay = 1 2ay (sc*— a;— 2) 

= I2ay(a5+ i)(a5— 2) 
.*. G. C. M. = 4a(a;— 2). 

Exercise 18. 

Find the G. C. M. of 

(1) 7x^—40?, ya^cc— 4a*. 

(2) i2a^x^y—^a^xy^, 3oa'a;'y*— ioa*jcy. 
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(3) Su^h^c-iaa^c^, 6ab*c + j^abfi(^, 

(4) x*— 2X— 3, a*+x— 12. 

(5) 2a(a2-62), 46(a + &)2. 

(6) I2cc'y(a;-y)(a5— sy), iSx^(x^y)(^x—y). 

(7) 3x* + 6x^— 2405, 637*— 96X. 

(8J wc(a— fe)(a— c), 5c(6— a)(6— c). 

(9) loac^y— 6oic^y^+50iFy*, 50:*^*— 50?^— looy*. 

(10) aj(a;+i)*, ic*(a:*— i), 2a;(x^— x— 2). 

(11) 3a;^— 6aj + 3, 6ic* + 6a;— 12, 12x^—12. 

(12) 6(a-6)*, 8(a2-62)2^ io(a*-h*). 

38. — When the G. C. M. of two compound quantities is 
required which are not resoluble by inspection, the method 
to be employed is similar to that adopted in the corre- 
sponding case in Arithmetic. And just as that consist& in 
obtaining a series of continually decreasing numbers, which 
we know to contain as a factor the G. C. M. required ; so 
in Algebra we shall obtain a series of expressions of con- 
tinually decreasing dimensions, each of which will contain 
as a foctor the required G. C. M. 

The method depends upon two principles : 

(a) Any factor of an expression will he a factor aho of any 
multiple of thai expression. 

For if F represent a factor of an expression A, so that 
A=nF; then mA = mnFj and therefore also contains F as a 
factor. 

(/3) Any comTnon factor of two expressions wUl be a factor 
of their sum or difference, or of the sum or difference of any 
multiples of them. 

For if A and B are two expressions containing a commoD 
factor Fy so that 

A = mF,B=^nF\ 
then A^B=mF±nF 

={m±n)F, 

A Iso pA ± qB =pmF±. qnF 

= (pm±qn)F. 
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Ex.(l)Fm<itheG.C.M.of2a;Ha;--3and4£c3-h8x2--a5-6 

2X* + «— 3 ) 4£C'+ 8X* — JC — 6 ( 205 + 3 

4gr>+2a^--6a; 

6.x^+5aJ— 6 
6x^4- 3a;— 9 

205 + 3 ) 205* + 05— 3 ( CC— I 

2x^+305 
— 205—3 
and G. 0. M. = 2X+ 3. — 2x— 3 

As in Division (12), care mnst be taken to have both the 
given expressions arranged by ascending or descending 
powers, and the latter is generally preferable. 

When arranged by descending powers, the expression 
whose first term is of the lower order mnst, of course, be 
taken for divisor ; or if the first terms are of the same 
order, that which has the smaller coefficient: and each 
division is to be continued until the remainder is of lower 
dimensions than the divisor. 

This method is of use only to determine the compound 
&ctor of the G. C. M. Simple factors of the given expres- 
sions must be separated from them before applying it ; and 
the greatest common measure of these must be observed 
and multiplied into the compound factor obtained. 

Ex. (2) Find the G. C. M. of i2x* + 30053-72x2 and 
320^+ 840;'^— 17 6x. 

i2X*+3O053— 7205*=6x2(2X*+5X —12), 
32053 + 84x2- 17605 =4x(8x2+2ix— 44), 
and 6x^, 4X have 2x common. 

2X2+5X— 12 ) 805*+ 2 IX — 44(4 
8x2+20X — 48 

X + 4)2X2+5X— I2(x— 3 
2x2 + 8x 

— 3X— 12 

— 3X— 12 

.". G. C. M. = ax(aj+4). 
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Exercise 19, 
Find the G. C. M. of 

(1) 505* + 405— I, 2005*+ 3105—5. 

(2) 205*— 4X*— 13X— 7, 6x'— 1105*— 370;— 20. 

(3) 6a*+25a'— 2ia* + 4a, 24a*+ 112(4^-940*+ i8<i. 

(4) 12(9055+905* — 405-4), 7(4505^+5405*- 2005- 24). 

(5) 27^*— 305* + 6o5*— 3CC*, 1 62X* + 4805^-1 805* + 6x. 

(6) 2005*- 6ox*+5oa;— 20, 32X*— 9 205^+6 8x*— 2405. 

39. — The algebraical proof of the above method, as 
applied to numhersy will be as follows : — 

Let a and h be two numbers, of which a is the greftter. 
The operation may be represented by — 

6)a(p 
<pb 

d)c{r 
rd 

p, q, r representing the several qtu)tients, 
e, d „ the remainders, 

and d being supposed to be contained exactly in e. 
The numbers represented are all integral. 

Then e=rd 

6=gc+d=grd+d=(gr+i)d 

a=ph+c=pqrd-\-pd+rd 
= (pqr+^+r)d. 
. ' . a, & each contain d as a factor. 

Also, d will be the greaiest factor common to a, &. 
For, suppose F to represent their greatest common factor; 
then since, from above, c=a^pbt 

and a, h each contain Fy 
. • . c contains F, 

Similarly, d = 6 — gc, 

. * . d contains F, 
d then contains the greatest factor common to a, 6 ; 
but it was proved before to be itself contained in a, 6 ; 
. ' . it must be that greatest factor. 

The same proof will apply to the case of algebraical ex- 
pressions already considered. 
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40. — The above method will be more clearly understood, 
' it is distinctly borne in mind that every remainder in 
18 coxirse of the work contains as a feictor of itself the 
k C. M. sought, and that this is the highest factor common 
) that remainder and the preceding divisor. 

The process may with advantage be represented as 
>llows, F being the G. C. M. required : 

nF)mF(p 
pnF 

lF)nF{q 
qlF 

F)lF(l 
IF 



41.— The method of finding the G. C. M. of two 
umbers has been seen in (37) to be exactly applicable 
[so to some algebraical.expressions. But in many cases a 
lodification of that method is needed. For example, in 
btaming the G. C. M. of 

Ex. (3) 3x5+0:2— 4aj— 20, ac»— a^— 4. 

»•—»•— 4) 3»*+ a?*— 4iB— 30(3 
3«'— 305* —12 

4a;*— 435— 8 

The first division ends here, because 42' has a lower 
index than x^. But if as before 40;'— 42— 8 is made the 
divisor, 4X* is not contained in x' with an integral 
quotient. How is the difficulty to be overcome ? 

First, remembering that, as was shown above, the G. C. M. 
required is contained in the remainder at which we have 
arrived, 4a!'--4fl;— 8 or 4(0;*— «— 2); and again that, since 
the given expressions contain no simple factor, there can be 
no simple fSetctor in their G. G. M., it will be seen that if 
the simple factor 4 be removed, the G.. G. M. must still be 
contained in x'— x— 2 ; and if this be taken for divisor, the 
process may be continued as before. 
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«*— 05— 2 ) JB*— «*— 4 ( X 

a^— a;^— 2a; 

3)2»-4 

a;— 2 ) «*— aj— 2 ( x+i 
a:^— 2x 



a;— 2 

X— 2 

.'. G. C. M. = X— 2. 

A similar removal of the simple factor 2 is needed at 
the end of the second division. 

Note. — It is clear that, since the simple factors here re- 
moved are not common to the given expressions, no notice 
need be taken of them in writing down the G. C. M. 

Simple factors which are common to the given expres- 
sions must be separated as in (37), and their oonmion 
factors must appear in the G. C. M. 



Exercise 20. 

Find the G. 0. M. of 

(1) 4x2— 8a5— 5, 12x2— 4X— 65. 

(2) 3a'— sa^aj— 2aa;2, ()a?—Za^x^2oax^, 

(3) loac' + x^- 9X+24, 2oa5*— I7a!^ + 48a5— 3. 

(4) 8x*— 4x2— 32X— 182, 36ar'— 84x2— iiix— 126. 

(5) 5x2(i2X^ + 4x2 + i7x— 3), iox(24a!:'— 52X2+14X— i). 

(6) 9x*y— a!;2y8_2oxy^, iSx^y- i8x2y2— 2xy*— 8y*. 

42. — Another modification is sometimes required : 
Ex. (4) Find the G. C. M. of 8x2 + 2x - ^ ^^ 

The diflSculty which presents itself here is of the same 
kind as before— viz. that neither first term is exactly con- 
tained in the other ; but it is increased by there being in 
8aj- + 'ia— 3 no simple factor which can be removed. 

In this case, multiply the dividend by the simple fuctor 
4, 80 as to make 8x^ exactly divisible into its first term. 



I 
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6x»+ 5a;*-2 ... (A) 
4 



(B). V 8»«+2aj— 3)34iB94-2o»2— 8(3x 

24a;* + 6a;*— 9aj 

(o) i4a;2+9X— 8 

4 

56x«+36a!-32(7 
56»'+i4aJ— 21 

ii)22aj— II 

2a;— i) 8a;'+2a5— 3 (4*4-3 
8a;?— 40? 

6a!— 3 
635-3 

.'. G. G. M. = 2a;— I. 

At (a) the same difficulty arises, to be obviated in the 
same way. 

The method adopted here for facilitating the work is the 
reverse of that in the former case, a simple factor being in- 
troduced instead of removed. But the introduction of sucli 
a factor cannot affect the G. C. M. found, for the expression 
B contains no simple factor, and therefore has the same 
factors in comTnon with A as with 4A, and therefore has 
with each the same highest common factor. 

The same explanation will apply to (a). 

Exercise 21. 

Find the G. 0. M. of 

(1) 6a;^— aj — 1 5, 90!;^- 305 — 20. 

(2) 1205*— 90:^+5x4-2, 240:*+ ioa; + 1. 

(3) 6o:'+i5»^— 605+9, 9058+ 6aj*— 5105+36. 

(4) 4a;'— a*y— a;y*— 5^, 72=^+4052^ + 42^2/'*— 3^- 

(5) 2a'— aa*— 3a— 2, 3a'— a*— 2a— 16. 

(6) iay^+23^— 94y— 60, 48y^— 242^2— 348y + 30. 

(7) 905(2a5*—6fl5'— 05^+1505- 10) and 
6a* (405*+ 605^- 405^- 1505- 1 5). 

(8) 1505*+ 205^-750;*+ 505+ 2, 35X* + 05'— i75a;2+3oa:+i. 

(9) 2ia5*—4a5'— 1505*- 205, 210:;^— 32x^-5405- 7. 

(10) 9a5*y— 22ajV— 3ajy*+ioy^> 9x^y— 6xV+a.V— 25a2/^ 
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43. — The following will be the complete algebraical 
proof of the method for finding the G. C. M. of two ex- 
pressions : — 

Let M and N be two expressions, arranged bj descend- 
ing powers of one of their letters ; let m and n represent 
the simple factors contained in them respectively, A and B 
the expressions when the simple factors have been sepa- 
rated ; so that 

M=mA,N=nB 

{A and B containing then no simple fuctors whatever) ; 
and let / be the highest factor common to m and n. 

Suppose the first term of il to be not of lower dimensions 
than that of B : then the operation may be represented by 

B)clA{p 
pB 

c)cC 

C)$B(q 
qC 

d)dD 

~D)Cir 

a, $ being simple factors, introduced in order to make 
the first term of each dividend exactly divisible by the firut 
term of the divisor ; 

c, (2, simple factors of the remainders; 

C, D, compound expressions containing no simple factors. 

Suppose the division to end with the quotient r, so that 

C=rD (I) 

then fiB=qC-{-dD .... (a) 
aA = pB-j-cG . . . .0) 

By (i) the compound factor D is contained in 0. and 
therefor© in qC+dD or $B, by (2). 
But /3 is a bimple quantity, 

.' . D must be contained in B. 

Similarly, by (3), D mudt be contained in A, • 
. * . D is a common factor of A and B, 

Again, cC=aA--pB, 
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.*. every factor common to A and B is coulaiued also in 
cCt and therefore (since A and B contain only compound 
fiactors; in C. 

And dD=$S-qC, 

. * . every factor common to B and C is contained in dD^ 
and therefore in D, 

Therefore every factor common to A and S is contained 
inD. 

Since, then, D contains every factor which is common to 
A and B, and is itself contained in both A and B, D mvLai 
be the highest common factor of A and B, 

Hence D is the highest compound factor common to M 
and N, and/ is their highest simple factor ; 
.-./D is the G. 0. M. of if and N, 

44. — It will be obvious that, if two expressions be each 
divided by their G. 0. M., the quotients will be prime to 
one another. 

45. — The G. 0. M. of three expressions which are not 
resoluble on inspection, will be obtained by finding the 
G. G. M. of two of them, and then of that and the third 
expression : 

For if Ay Bj G are three expressions, 

and D the greatest common measure of A, B, 

^ n » « A ^t 

D contains every factor which is contained in A, B; 
and E is the highest contained in D, C. 

,'. Eia the highest contained in A, B^ 

Exercise 22. 

Find the G. C. M, of 

(1) 22:*+ 305— 5, 3X*— 05— 2, 2x^ + 05—3. 

(2) a:*— I, aj'— a:*— jc— 2, 2X*— as*— 05— 3. 

(3) ac*— 3a;— 2, 23;*+ 305*— I, 55*+ I. 

(4) I2(a5*— y*), io(a;«-y«),8(x*y + a;2/*). 

(5) a^ + a;^, a^y + 2/^, as^ + asV + S^. 

(6) 2(a:*y— a;y2), 3(2^^— «2/*), ^(^y-xy^ sC^'^-a;?/*)- 
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LEAST COMMON MULTIPLE OF COMPOUND 

EXPRESSIONS. 

46. — The Least Common Multiple of two or more com- 
pound expressions is the factor of lowest dimensions which 
exactly contains each. 

Two expressions which are prime to one another can be 
both contained only in their product, or in some multiple of 
tntir prodiict : therefore their product must be their L. C. U* 

When compound expressions can be separately resolved 
into their factors, their L. C. M. may be obtained by isr 
spection, in the same manner as that of simple expres- 
sions. It will consist of all the factors which appear in 
either expression, each factor being written with its 
highest index. 

Ex. (1) Find the L. C. M. of 3o« + lax, 6(a«-jc2), sia^xf. 

10? -\-2ax— 2a{a-\- x), 
6(a2-a;») = 6(oH-a;)(o-a;); 
and there is also 3 (a— a;)*, 

.-. L. C. M. = 6a(a-j-a;) (a— «)». 

If one of the factors (a— x) be multiplied into (a+2\ 
this may also be written as 

6a(o2-a;«)(o-a;> 

When the factors of the expressions are not readily ob- 
tainable, the expressions may be resolved by finding their 
G. C. M. 

Ex. (2) Find the L. C. M. of 6x»-iia^y+2j/«, and 

9JB*— 32iBy2— 8y* 

2 



6aj»— iia;*y+2y')i8a^— 44a;y*— i6y'( 3 

i8a^-33»*y+ (>y* 
iiy) 33»'y— 44^1/*— 22^8 



3x*-4a;y— 2y2)6aj»— i i«*y4. 2y^{2x- y 
6x'— 8x"y — 4xy* 

— 3«*y-t-4ary*+2y* 

— 3»*y+4«y'+2y' 
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Hence 6a;*— iiaj^y+2y* = (2a;— y) (s**— 4«y— 2y*), 
and 9x*— 22a:y*— 8^=(3a;-|-4y)(3x'— 4a;y— 2y*); 

. • . L. 0.,M.=(2a;— y) (3x4-4^) (3aj'— 4«y— ^y^). 

47. — To observe more clearly the relation between the 
G. C. M. and L. C. M. of two quantities, let A and B 
represent the quantities; let D be their G. 0. M.; and 
let A = F,D, £=Q,D; P and Q being (44) prime to one 
another. 

Then the L. 0. M. of F and Q ia F,Q, and therefore 
that of FD and QD is PQD, 

Let M represent the L. 0. M. of A and B ; 

then M,D=FQD.D. = FI),QD=A,B: 
i.e. the product of the G. C. M. and L. 0. M. of two qtmntities 
=proditct of the quantities themselves, 

AB 
Hence also M= —. or A,Q or B,P : i.e. the L. C. M. of 

two quantities can be found by dividing the product of the 
quafitities by their G. C. M. ; 

Or, by dividing one of the quantities by the G. C. M., and 
multiplying the result into the other qtuintity. 



Exercise 23. 

Find the L. C M. of 

(1) 2x(a;+ 1 ), 30^(05+1). 

(2) 6ac^(a— c), 8a*c(a+c). 

(3) i2xy(x^--y^), 205^(05 +y)^ zyXx—yf, 

(4) 3o(a^— i), 24(05^—05—2), i6(o5'^ + sc— 2). 

(5) 4ai(a*~3a6+262), 5a2(aHa6-6&2). 

(6) (a-6)(5-c), (b-c) (c-a), (c-^a) (a-6). 

(7) (a-6) (a^c), (b-a) (6-c), (c-^a) (c-6). 

(8) a-6, a + 6, a^-ft^, aH^^. 

(9) 05* — 405^+305, fl5* + a5'—I2052, 05*+ 3a*— 4058. 

(10) ix^—xy', iK^—yf, ^yi^—yf- 

(11) (a + by-(c-^d)\ (a^cf^{b^d)\ (a + dy-(b-^cy. 

(12) zot^y—zxy^, 435*— 42/*, s^^y—s^y^- 

(13) (2a;-4) (3a'-6), (a;-3) (42^-8)* (205-6) (saJ-io). 

(14) X— y, flc+y, acHy^, 05* + ?/*. 
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(15) 5(a*-2oft), io(ai+2&«), i5(a«6«'-4&*). 
(IG) 5JC«+I9»— 4, ioa;»+i3»— 3. 

(17) 1 20^ + acy — 6y*, i Sa^ + 1 8xy — 2oy*. 

(18) X*— 2x'+a;, 20^— 205*— asc— 2. 

(19) JB^+ac'+a^+a;, jc*— a^+ac*— «, JB*— ac*. 

(20) i2«*+2a5— 4, 120^—3005—18, i2X^— aSx— 24. 
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CHAPTER X. 

FRACTIONS INVOLVING COMPOUND 
EXPRESSIONS. 

I, — ^The methods of dealing with compotmd expros- 

a given in the last three chapters may be applied to 

simplification of fractions, according to the ordinary 

hmetical rules. 

Hien fractions are to be mnltiplied together, it will be 

id best to resolye the numerators and denominators as 

as x>ossible into their factors, so that common factors 

' be readily observed. 

1 addition and subtraction, the denominators should 

mtten in the factorial form. 

X. (1) Reduce g^^ _^ to its lowest terms. 

The G. C. M. of the numerator and denominator will be 
found to be 2x— 3 ; and dividing both parts of the fraction 
by this, the result will be 

4a; + 5* 

M2) Multiply i^^^> by 4^;) 
4(ic*— ag— 2) _ 4(a -f i) (a;— a) . 

i5X*(a;— i) 15x^(05—1) i$a^ 



2(ic'— i) 2(a5+i)(a;— i) 2(05+1)' 

, 4(.x+i)(x— 2) 1535* 6a;(a5— 2) . 
5a\sc— 3) 2(35+1) 05—3 

The factors 2, 5, x, x+ 1, which are common to a mime- 
rmtor and denominator, being struck out. 
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E.. (3) Sinaplify ^^.^.^^. 

The denominators are (a-\'h){a-'h\ aia—hy, (a+6)6, 
whose L. C. M. is ab{a-\'h) (a— 6), 

2a' lb 0+36 

2a'6--36'(a + &)— a(g+ 3&) («--&) 
__ aa^J— 3a5*— 3^—0( 0^4- aaJ— 36') 
_ 2a^— 3a&*— 36'— o*— 2a*6+ 305* 

It is sometiines best in addition, to add two or more of 
the fractions together first. 

Ex. (4) ^_^ T^qrj- ^2^.j2» 

_ (2a+&)(a-H&)— (2a— 6)(a— 5) __ 6a^ 

_2aH3a&+J*-(2a^3a&-j-&2) _ 6a5 
_2a'+3a&+6'— 2a'+3a&— ft' ^ 67& 
_ 6'ih 6nh 
_ 6aft(a'+ ft')~6flr|>(a«-g>') 
I2a&^ 



a<-&<* 



Ans. 



Exercise 24. 



Express in the form of mixed numbers 

205* — ^X — 2 a* + 6* _ SX* — iC^+^ 



FrcLctions Involving Compound Expressions. 61 

Express as simple fractions — 

x-x I ri-N 205 — 15 -_. _ 2ah 

W «-'+^+I- (5) *+5-'^- (6) «»-*-S+6- 

Simplify — 

a a .ah 

(10) s+6"^s:r6- (11) (^il>""(^::^- 

/ION 2^^(a-a;) 9(a'~g:^ ) e^^-MaVfjxj^* 

(14) — a'^irr "^ ;?^==T- ^1^^ u2+a6-ac 

Hfi^ 23^-32/ , 3a^-2y 
V "/ a^y(x'^y) xy\x^y)' 

,,^. 3(a+2&)^(a-3^)^ ,,o^ JL. . -L- + .^ 

^ ^ a(2a + 46) (a^-gb^)' ^^^^ a-b^ b-c c--a 

(1^) a "" 5 "^ (iT^' (2^) 2<a;-i)""4<x-.2) 

/on -^ ^ ^ ' + ^ 

^ -^ a— 05 a+2ic (a— x)(a+2a;) 

(22) (a.j)(ft«c) " C^irsyc^::::^) "^ (a-c)(6-cy 

321 
05—22/ _ 205 + y ^ 205 

( ) 05(05— y) 2/(^ + y) ac^— ^^' 
^"^^^^ (a + A)x (a + % (a + 6)a;y 

^"^^^ (x^yf a?^y^^(x-^yY 

(2«) (M -) (M + 'HM) 



2 
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a a; aao; 



(32) zrrz *" :;; — z: + ^a . ^« ' 

^ '' a + cc 0—05 o'+aj 
, , & c a 

(^) (a-6) (6-c) ■*■ (5i:;g^i:^) ■•" (c-a)(o-6y 

/34N y±^ +_£±? + ^±y_. 

^ ^ (a5-y) (»-2) (y— 2) (y-«) (2— a?) (2— y) 
(38) (^^if—f? + (^yzih' + (6:::^»i:i»* 

^ -^ 85— y fic*— y* sc*— y* a^— y*' 
(40) g- X ^:^)-(-- y 

1=1 + 1=7 (a^-y') X ( 2a;«- a*y) 

aj— I aj+i ^ 

/ oft ac \ 

(^^ Va^+(a+6)a5+aft a^+(a + c> + ac/ 

• fl5*+(6+c)a;+6c' 

y * _L ^+y 

(^) (x-y) (x-2) + (y-aj) (y-2) "^ (^y(i^y 

(^^ a;(a!-y) (a;-"2) "*" y{y-^) (y-2) ^y^' 
(47) sq:^s+^ + ^c:s*+6»"a*+a«6»+6*' 
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(49) If -|-^=a.^-f^=6.^=«.8howthat ^^ 

= — S- — - = ^ , , by expressiiig each fraction in terms 
&(i — oc) c(i — ao) 

of a, y, 2. 

(50) Find the value of ^z^i' ^^®° """^^i' 

and y=s , , . 



( 64 ) 



CHAPTER XL 

SIMPLE EQUATIONS OF ONE UNKNOWN 

QUANTITY. 

49. — Simple Equaiions with one unknown quantity in- 
volving compound expressions are to be worked on the same 
principle as the easier Equations given in Chapter IV. 

Ex. (1) Solve 2x-3^i(^:ii) 

3IC— 2 305+2 

Clearing the equation of fractions, we have 

(2x-0(3a5+2) = 2(»-i)(3a;-2X 

or, 6a;2— 5x — 6 = 6a;* — ioa;+4; 

Transposing 6a;2 -6a;* — 50:4-103;= 6+4, 

i.e. 5 a; = 10, 
.*. a;=2. 

When the denominators of the fractions involved contain 
both simple and compound factors, it is frequently best to 
multiply the equation out by the simple factors first, and 
then to collect the integral terms before multiplying by 
the compound factors. 

Ex. (2) Solve ^^±Z+ 7^-13 2(^+2) 

9 3(2a5+i) 3 

Multiplying by 9, the L. C. M. of the simple factors in 
the denominators, 

6a;4.7+iI£zJi = 6a;+i2; 
2a;+i 

Transposing. 2ix-'i() _ . 

2a;H- 1 
Multiplying now by 23;+ 1, 

21a;— 39=iox+5 ; 
Transposing, 1 1 a; = 44, 

a; = 4. 

Brackets must be removed in the course of simplifica- 
tion. 
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Ex. (3) Solve -(a;-4)-i{a;-i(2a;-i)}=i(aj-3). 

5 2 3 2 

Multiply by lo the Xi. 0. M. of the denominators outside 
the brackets ; 

then4(aJ-4)-5{»-3(2«-i)}=5(«-3); 
or, 4iB-i6-5a5+i(2aj— i)=5a!— 15; 

Transposing, i(2a!— i)=6aj+i; 

Multiply by 3, 5 (205— i) = i8a!+ 3, 
or, loaj— 5 =i8a;+3, 

— 8a5=8, 
.*. x= — I. 

Complex fractions should be separately simplified. 
Ex. (4) Solve ^ ^ =k£±i2+,. 

The fraction on the left side will be best simplified by 
multiplying its numerator and denominator by 12. 

Then, i6(3x-4)-9(4a;-3) _g±i . 

^ io(»-i) ~ s^ 

^ 48a;— 64— 36x4-27 x— I 
or, 3 z — / , — L -_ I. T . 

' lo(x-i) 5x ^ • 

I2X — ?7 X4-I 

or, i^^ii^ — ii — z±±\^. 

' io(x— 1)~ 5x ^^* 

as— I 

= I2X-f2, 

I2a^— 37x=i2x*— lox— 2, 

— 27X=— 2 
2 

x=— . 

^o<0. — ^The simplification of the complex fraction changes 
only its form, not its value, so that it may be performed 
^ without altering the rest of the equation. 

Equations often involve literal coefficients, and letters 
(a, h, c, &c.) which are considered as known quantities. 

IP 
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Ex. (5) Solve— 

(aj— a) (a;-6)— (x— &) (i— c)=2 (a;— a) {a—c). 

(a;*— 005— 5x+a6)— («•— 6aj— ca;4-&c)= 2 (aa;— ex— a*4-oc), 

or X*— ox— 6x+a6— x*+6x+ox*!-5c=2ax— 2CX— 2a'-|-2ac. 

Transposing —3ox+3cx=— 20*+ 2ac— 06+60, 

or, —3 (a— fl) x = — (2a4-6) (a-c), 

^_ 2o+b 

3 

The solution of an equation will often be fiacilitated by 
particular arrangements and combinations of the terms, 
and advantage should be taken of any such means of 
simplifying the work. 

For instance, the equation 

Ex. ^6) xj^^x^ x^^x^ 

05—3 35 — 8 05—4 03-7 

might be solved by multiplying by the four denominators; 
but the work will be simplified by transposing two of the 
fractions, 

05-1 a;— 2 _ ag— 5 35—6 

33-3 as— 4 "" X— 7 35—8* 

and expressing each side as a single fraction, 

— 2 _ —2 

(a;-3)(a;-4) " (a:-7)(a;-8y 
••. (a5-3)(a5-4)= (a;-7)(«-8), 
a;*— 735+12 = flc^— i5a;+56, 
8a; = 44, 

The work might have been still farther simplified by 
writing the equation at first as — 

1+-I- +1+-^. =1+ -^ +1+ ^ 



X— 3 35—8 35 — 4 35—7 

which gives — i- + — i- = + -i— , 

35—3 35 — 8 a5 — 4 05-7 

or, = — , &c. 

35—3 05 — 4 35—7 35 — 8 
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Exercise 25. 

Solve the equations— 

(1) ^(?ZlL) = £. (2) (a:-4)(«+6)=(»+3)(«-0. 

» + 4 4 

(3) -^- + ^^=3. (4) £=± = £^=1. 
fic+i sc— I ^ a«+i 4aJ— 5 

(5) (2»-3)(4»-5) = 8(aj-i)(a;-2). 

(6) i:i5.£r:?=5.3ii£5.4:i3?«,. 

a 3 9 4 5 

(7) i(4«-5)- ^(205+7) = 7(«-3o). 
7 3 5 

(8)i(fl5-0-i{2a;-(x-3)} = a. 
3 4 

(9) |{2X-i(a:-5)} =^{a^+i(a^-8)}. 

405 705 

(10) ^^9 ^i_ 7"^ 
4 4 10 

fl 1) 9g?+20 » 4(g?-3) ^ » 
36 5«-4 4 

n 2) 9(aag~3) 4. "«?-! = 9flg-Hi 
^ "^ 14 SX-\-i 7 

(13) 7 ^ 605 -Hi _ 3(1 + 205^ 

05—1 05+1 05*— I 

(14) i(a;+9)+ -(50^+13) = 9- 1(3^5+ 11). 
24 ^ 

(15) i(«-3)-^(x-0= -^(S*-'). 

^ "^ 05—1 a;+i 

(17) a^ ^^-^^^^^-^^J 3 I 

3(aj + 2) aj+a'^a7 

(18) (05+ a) (fl5-6)-(a5- 2)2=30;- 1. 

(19) (a;+i-4)(»+*6)=(aJ-a-5)(<B+-5). 

-^ 4(a;-i) 6(«-i) 9 
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(21) 5ni + ^ = ?=-* + ^=i. 

' 05—2 OJ— 6 35—3 ^~5 

(22) -^- + -^ = -A_. (23) 5 + 5 =c. 

35- 1 205-1 305—1 a b 

(24)?=l* + £r? = a+i. (25)l±f = i + i. 

o a 1—05 a 

2(05-3) 3(35— a) (a;— 3) (05— 3)* 

L(aj-i)+-L(a: + 5) |(x-4) 

(27) 4_ 10 6 



l(3X-5) i(3aJ+i)-i(aj + a) 

5 4 3 



I _i_ I _i_ I - 9 



(^28) — !- + -i- + 

05+1 05+2 05+5 335+8 

(29)i + -i-=^ 7-!— 

^05 05—1 05—2 a;(2aj— 7) 

(30) ^{aJ-j(a^-o)}=i{x-i(a;+c)}. 

(31) £. + i + ^ =d 
005 cx ax 

(32) I- i^J) = -1- - :5?±i.. 

(33)?^±f^=ac+^. 

005 

(34) 3^+7 10 ^ 2 5 _ ^ 

21 " 3 7(«+i) 3 105* 

^ ^ 4 805+20 1205 + 3© 6a;+i5 3* 

, ,g?+4 
♦ 2i 

I X 1—05' 

(37) (aj-a)?=2£B»-aa;«-ir(a;+a)«. 

(39) («+ •!)(«+ -2) (05+ -3) = («+ •4)(«+ •5)(«- -j)- 

I I I , I _ 405 

^^^^ 05+1 a?— I a;+3 as— 3 ~ 05*— 5' 
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(41)- ^ + , ^ = 1 + 



|(a=-0 f(x+i) '5(1-^) 



a . c . e 



/44^ _^ L_ = 'L±. 

^ '' ft+cac a+co; c+cx 

(46) (a;-a)8-(a?-6)8+3(a-6)(a5»+a5)=o. 

^ -^ 305+4 35+4 ax— 4 or+asc— 4 a; 

(47) (a+6)(a + c)(a?+a) - (a+6)(&+c)(aj+6) = 

(a— 6) (6— c)(c— a), 

(48) — -,» a;+ r-— (a?— a)=o. 

^ a c 05 I 

(Aa\ z I J **" -- ^ 

^ ^ (a;— a)(a5— c) (a— c)(a— 05) (c— a;)(c— a) a^c 



05 



+a^x+&^a;-a^a;-6 jB*-i(a»+fe'), 
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OHAPTEB XII. 

PEOBLEMB. 

50. — Thb following problems differ from those of 
Chapter YI. only in being rather more difficulty and 
offcen involving compound expressions : — 

Ex. (1) A smn of 4^ guineas is made up of shillings, 
florins, and halfcrowns: the number of shillings and 
florins together being 30, and that of florins and half- 
arowns together 36, how many coins of each kind are 
there? 

Let X be the number of florins ; 
then 30— x= „ shillings, 
and 36—3;= „ halfcrowns. 

The value of the florins =40; sixpencee. 

„ „ shillings =2(30-0;) „ 

„ „ halfcrowns=5(36— ») „ 

„ „ whole sum =189 „ 

.•. 4»+3(3o— a;)+5(36— a;)=i89, 
4af+6o— 2aj+i8o— 5x =189, 
3aB=5i. 

x=i 7 =number of florins, 
30— aj=i3= „ shillings, 
36— 07=19= „ halfcrowns. 

Ex. (2) A number consists of three digits, those in the 
tens' and hundreds' places being resx)ectiyely 2 and 3 less 
than that in the xmit's place. If the order of the digits 
were inverted, and 62 subtracted, the result would be 
double of the original number : flnd it. 

Let X be the digit in the unit's place, 
thenx— 2= „ tens* „ 

and x—}= „ hundreds' „ 

Therefore the number is icc(a;— 3)+io(a;- 2)+a; 

= iiia;~32o. 
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If the digits were inverted, the number would become 
iooaj+io(x— 2)+(a;— 3) = iiiaj— 23. 

.'. iiix— 23— 63 = 2(nix— 320)^ 

IIIX— 23— 62 = 222X— 640, 

iiix=555, 
x= 5, 

. * . the number is 235. 

Ex. (3) Find three nmnbers in the proportion of a, 3, 
6, such that when each is diminished by 4, the products 
of the first and second, and of the first and third, may be 
together 32 less than that of the second and third. 

Let 2x, $x, 6x be the numbers, then 

(3a;-4)(3x-4) + (2a5-4)(6a;-4)=r(3aj-4)(6a;-4)-33, 
6a;*— 2005+16 + 1302*— 3205+16- 180:^—3605+16—33, 

1605=48, 
x= 3, 
. * . the numbers are 6, 9, 18. 

Exercise 26. 

(1) A sum of 368. is divided among 17 persons, some of 
whom receive two shillings, and the rest half-a-crown ; 
how many receive each sum? 

(2) A has 68, more than B, and if be receive ids. from 
B, will then have twice as much as B: how much has 
each? 

(3) A father's age exceeds the son's by 31 years, and is 
as much below 60 as the son's is above 19 ; what is the 
age of each ? 

(4) Find four successive numbers, such that half of the 
first, a third of the second, a fourth of the third, and a 
fifth of the fourth, may together amount to 81. 

(5) In going a certain distance, a train travelling 
35 miles an hour takes two hours less than one travelling 
25 miles an hour; determine the distance. 

(6) A rectangle whose length is 5 feet more than its 
breadth, would have its area increased by 33 feet if its 
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length and breadth were each made a foot more ; find its 
dimensions. 

(7) A and £ have 248. between them, A and C haye 
308., and B and G have 328. ; how much has each? 

(8) A drax)er sold two pieces of cloth, by one of which 
he gained £3 less than by the other, and his whole gain 
was £2 I OS. more than treble the less gain; what did he 
gain on each piece ? 

(9) Divide 35 into two parts such that a fourth of the 
first may exceed half the second by 5. 

(10) A rectangle has its length and breadth respectiyely 
5 feet longer and 3 feet shorter than the side of the equi- 
valent square ; find its area. 

(11) The members of a club subscribe as many shillings 
each as there are members: if there had been 12 more 
members, the subscription from each would have been 
half a sovereign less in order to amount to the same sum ; 
how many members are there ? 

(12) Two persons set out from the same place in oppo- 
site directions, the rate of one of them per hour being a 
mile less than double the rate of the other, and in 4 hours 
they were 32 miles apart; determine their rates. 

(13) Divide a sovereign among four persons, so that if the 
shares were increased by is., 28., 38., and 48. respectively, 
they would become equal 

(14) Divide a sovereign between two persons, so that if 
the shares were increased by a shilling and half-a-crown 
respectively, the latter would be double the former. 

(15) In a naval engagement, the number of ships taken 
was 7 more, and the number burnt 2 less, than the number 
sunk : fifteen escaped, and the fleet consisted of eight times 
the number sunk; what was the strength of the fleet? 

(16) Find a number the double of whose defect from 50 
exceeds by 5 the treble of its excess above 30. 

(17) From two casks of equal size quantities are drawn 
in the proportion of 5 to 6 : it is then found that the 
whole quantity drawn is 3 gallons less than either cask 
would hold, and that the quantity left in one cask is 
3 gallons less than in the other; find the size of each 
cask. 
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(18) The number of shillings in a bag is the sqtiare 
of. the number of sovereigns: had the sovereigns been 
goineas, but one less in number, and the number of shil- 
lings the square of this^ the amount would have been 308. 
less; what is the amount ? 

(19) A and B travelling, each ivith £80, meet with 
robbers, who take from A twice as much as from B and 
£5 over, and leave A £13 less than Mif of what they leave 
B ; liow much do they take from each ? 

(20) The length of a rectangle is an inch less than 
double its breadth, and when a strip 3 inches wide is cut 
off all round, the area is diminished by 210 inches; de- 
termine the size of the rectangle at first. 

(21) When a sum of money was divided among A, B, and 
C, A received 30:;. less than the half, B a sovereign more 
than the third, and C a guinea less than the fourth ; what 
was the sum? 

(22) How many Ibe. at $8. 3d must be added to 24 lbs. 
at 4B. id, to make the whole worth 48. jd. per lb. ? 

(23) A cylinder of wood encloses a cylinder of iron, the 
whole containing 30 cubic inches, and weighing 52 oz. : 
if the wood weighs * 5 oz. per cubic inch, and the iron 
4* 2 oz., how many inches of iron are there ? 

(24) A workman was engaged for 50 days at the rate of 
3«. 6d. per day, with the condition that for every day he 
should be idle, instead of receiving he was to pay is. : on the 
whole he received £7 1 7*. ; on how many days was he idle ? 

(25) A number consists of two digits, of which that in 
the tens' place is 3 more than the other, and the number 
itself is 7 times the sum of the digits ; find the number. 

(26) Divide 100 into four parts, such that the first in- 
creased by 4, the second diminished by 4, the third multi- 
pUed by 4, and the fourth divided by 4, may be all equal. 

(27) A can do half as much work as B, and B half as 
much as C ; how long would each take to do separately 
some work which together they can do in 10 hours ? 

(28) Of three workmen (A, B, C), B would take 2 hours 
more than A to complete some work, and 0, who can do 
as much cub A and B together, would take 20 minutes more 
tban half of A's time ; how long would each take ? 
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(39) A person bon^t for £1350 a pieee of land, &om 
which hecntofffonr-ninthsfor himself. At the cost of £50 
he made a road whieh took one4entii of the ronainder, 
and thai sold tiie rast at 61L per square yard more than 
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mble of what it cost him, thereby cleazing his outlay and 
[oo besideB; how much land did he buy, and what was 
le cost price per yard ? 

(40) A and B ran a rac& After running four minutes 
the same uniform pace at which each started, the dis- 
nce between them was ^^ of the whole course. They 
»ntmued to run at the same rate for one minute more, 
id then B, who was last, quickened his speed 5 yards a 
inute, and was half a yard beyond the winning post 
hen A reached it — ^A haTing run the whole course in six 
inutes at an uniform rate. What was the length of the 
ncunae? 
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CHAPTER XIII. 

SIMULTANEOUS SIMPLE EQUATIONS. ^ 

51. — The equations whoee solutions have been obtained 
in the preceding chapters have involved only one unknown 
quantity, and in every case only one solution has been 
obtained. But an equation may be proposed for solution 
containing two or more unknown quantities ; as 

aa-3y=4 .... (1); 

and in this case it will be seen that, unless some other 
condition be assigned, the number of solutions will be un- 
limited. For any values (i, 2, 3, &c.) may be given to y, 
and then corresponding values (si, 5, 6i, &c.) will be found 
for x\ and any pair of these values (si, i ; 5, a ; &o.) sub- 
stituted for X and y will satisfy the equation. 

But a second independent simple equation might be also 
given, and values of x and y required which would satisfy 
both ; and in such a case it will always be found that one 
pair of roots, and only one, may be obtained. 

Equations which are to be satisfied by the same values 
of the unknown quantities are said to be simiUtaneous, 

An equation simultaneous with the above may, for 
example, be 

3aj+ 3^=33 .... (2) 

52. — ^In investigating a method for solving simultaneous 
equations, it must be borne in mind that the values of x 
and y, though as yet unknown, are determinate, and are the 
same for both equations. The equations therefore may be 
combined in various ways, and the resulting equations, if 
obtained by treating the two sides of these alike, will still 
be satisfied by those same values. 

(1) and (2) may, for instance, be added together, and 
it will be clear that the result 

5x~y=s6, 
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since it consists of equal quantities added to equals, must 
be tme of the values of x and y, which satisfy (1) and (2). 

So (1) and (2) might be sublxacted one from the other, 
or multiplied or divided one by the other, and the result 
would in each case be satisfied by the same values of x and 
y as befbre. 

Of these combinations, there are some which will give as 
result an equation containing only one of the unknowns ; 
and such having been found, that unknown may be de- 
termined; and then hj substituting in one of the given 
equations, the other unknown may be also determined. 

The process of obtaining from the two given equations 
an equation from which one of the unknowns has disap- 
peared is known as elimincUion, that letter being said to 
be eliminated. 

The elimination may be best performed by three methods, 
and the preference to be given to either depends upon 
the form of the given equations. For a pair of simple 
equations the first is generally the best. 

Each method may be applied to the above pair of equa- 
tions : ' XI V 

Caa?-3y = 4 .... (1) 

(3«+ay = 3a • • • • (2) 

Fini Method, — Multiply each equation by such a number 
as to make the coefiicients of one of the unknowns the 
same in both. 

In this case, to make the coefficient of y the same in 
both, multiply (1) by 2, and (2) by 3 : 

405— 6y=8 .... (3) 

9«+6y=9'> • • . . (4) 
Add (3) and (4): 

130;= 104, 
.'. aj=8. 

Write now this value for x in (1) : 

i6-3y=4, 

.•.y=4. 
Or; 

To eliminate x, multiply (1) by 3, and (2) by 2: 

6aj— 9y=i2 .... (5) 

6a;+4y=64 .... (6) 
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Subtract (5) from (6) : 

.-. y=4. 
Substitute in (1) : 

205—12=4, 
. *. 05=8. 

Note, — (3) and (4) are added because in them 6y has 
opposite signs : (5) and (6) are subtracted because in them 
6x has the same sign — ^the object in each case being merely 
to get rid of the letter. 

Second Method. — Transpose each equation, so as to have 
one of the unknowns alone on one side : 

2x=3y+4, 
305=— 2y+32, 
and divide one of these by the other, 

a_ 3y + 4 
3 — 2y+32' 

.'. -4y+64 = 9y+i2, 
-i3y=-52. 

Third Method. — Obtain from one of the equations one of 
the unknowns in terms of the other, and substitute this 
value for it in the other equation. 

From(l) x=^M±^, 

2 

SubstitutiDg for x in (2), 

2 

9y+i2+4y=64, 
I3y=52, 
y=4. 

Ex (2) Solve 705+ 32/= II, 43?+ 1 2y = — 4. 

Here the coefficient 12 is 4 times the 3, 
. • . multiplying (1) by 4 
2»aj+i2y=44, 
and subtracting 4x+i2y=— 4, 
we have 240? =48, 

.'. aB=2, 
.-. from(l) i4+3y=ii, 

y=-i. 
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Each equation mxist be simplified^ if necessary, before 
the elimination is performed. 

Ex. (3) Solve (a;-i)(y + 2)==(a;-3)(y-i)+8. . (1) 

2a;-i _ 3(y-2) 

"1 ?~-' ^^^ 

(1) becomee a;y+2aB— y— 2 = jcy— 01—3^+3+8, 

2a54-a;— y4-3y=3^84-2, 

3X+ 2^=13 .... (3) 

(2) gives 8x— 4— 15^+30=20, 

835— i5y=— 6 .... (4) 

(3) X 8 gives 24x4-16^=104. 

(4) X 3 24aj-45y=-i8, 
subtracting 61^=122, 

.-. y=2. 

Substitute in (3) 32+4=13, 

.*. x=3. 

Exercise 27. 

Solve — 

(1) 2a;+3y=7; 4»-5y=3. 

(2) aj— 2y=4; 20;— y = 5. 

(3) 70;+ 2^=30; ^=305+2. 

(4) 3»-4y-5; 4aJ=5y+i. 
(6) 6a5 + 5y = 4; 5a5 + 6y=ii. 

(6) a + 3=4, -6--7=3. 
aj-4 y+2 a; y-2 

(8) (a5+i)(y + 2)-(a;+2)(2^ + i)=-i; 

3(«+3)-4(2^ + 4)=-"8. 

(9) iTi = ^' 5(«'+3)=3(3^-») + 3. 

(10) '205— '7^=43; 'IX— •2— "3^=0. 

^ ' 4a; 3a; ^ ' 4y 10 3y ^10' 

(12) aa5 + Jy=c; aa; + cy=rf. 
,-„ a? y X y 

(14) r3j = c; o(«— a)+ft(y— J)+a&c=o. 
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^ ''x— i"*"y + i (sc— i)(y+iy 2X ^ oj ' 
(17) (aj + a)(y+6)-(a;-a)(y-6)=3(a-6)«, 

05— y+3(a— &)=o. 

.,_. a J ac h a be 

(19) - + -=-T-; -+- = —. 

(20) (a+6)(x+y)-.(a-J)(a;-y) = a«; 
(a-&) (a;+y)+(a + &) (a5-y) = &^. 

53. — Three sunultaneons equations may be proposed for 
solution involying three unknowns, and the method to be 
adopted will be similar to those given above; but two 
eliminations will be generally required. 
Ex. (1) Solve 20?— 3^+42= 4\ . . . . (1) 

3«+5y— 72=i3[ .... (2) 
5a;-y-83= 5) • • • • (3) 

Eliminate z between two pairs of these equations. 
(1) X 2 gives 4*— 6^4-82=8, 
(3) is 535— y— 8«=5, 

.•.9«— yy =13 . . . (4) 
Again, (l)x 7 gives 14a;— 2 iy+ 282= 28, 
(2;X4 1 2«+ 20^—282=48, 

. • . 26a;— y =76 . . . (5) 

Between (4) and (5) eliminate y, 

(4; X 7 gives 18235-7^=532. 
Subtract 935— 7y= 13, 

.-. i73aj =519, 
X =3. 
Then (5) gives 78 — y = 76, 

y=2. 
And (1) gives 6— 6+4«=4. 

£ = I. 

Similarly, if four simultaneous equations are given in^ 
volving four imknowns, one of the unknowns must be 
sliminated between three pairs of the equations ; then a 
second between the resulting equations ; and so on. 
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Exercise 28. 
Solve— 

(1) a;-3y-2«=i; (2)3»-ay=5; 

3«— 3y + 5«=— 19; 405— 3y+23 = ii; 

5X + 2y— 2=12. 05— 2y— 5« = — 7. 

(3) aj+y = i; (4) 2X-3y = 3; 

y+2=9; 3y-4«=7; 

(6) aj+S^+i=6; (6) 3«-4y+62=i; 

2 3 

y+- + -= — i; 2a5+2y— «=i; 
2 3 

2+- + ?^ =17. 7«— 6y + 7a=a. 
a 3 

(7) aa;+Jy+<»=a; (8) ^ + ^=5; 
aa?— Jy— <w=6; 1 — 1=— 6; 
ao5 + cy+62=c. i — 1=5. 

« 05 

(9) aj + 2y+32= 4; (10) aj-2y=3; 

3a;— 2y— 1;= 6; y— 22 = 4; 

2a;— 32 — 3V= 6; 2— 2M=5; 

y— 41; =15. u— 2v=6; 



V— 205=— 3. 



(11) 

(12) 



205— y _ 3y+22 _05— y— 2_ 
— — . — _— — __ ^, 

3 4 5 

05— y _ y— 2 _ 2+o5 _ ag— g- & 

a 6 c a+6+c* 



a 
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CHAPTER XIV. 

PEOBLEMS PRODUCING SIMULTANEOUS 
SIMPLE EQUATIONS. 

54. — It is sometimes easier in the soliition of problems to 
employ more than one letter to represent the qnantities to 
be found, and often necessary to do so : bnt in all cases, if 
the problem be determinate, the ccmditicms will be snfBdent 
to give as many equations as there are unknown quantities 
employed. 

Ex. (1) Six men and two women earn £7 1 38. in six days; 
three m^i and eight women earn £5 148. in four days: 
determine a man's and woman's wages per day. 

Let X shillingg be a man's daily wages, 
and 2f „ „ woman's „ 

Then 6(6aj+ 2y)=i53, 

and 4(3«4- 8y) = 1 14. 

Or 36aB+i2y=i53 

i2ajH-32y=H4 

36a;+96y=342 

36aB+r2y=i53 

84^=189 

y=2j = 2«. 3(i. 

i2aj= 114— 32y= 114— 72 =42 
aj=3j=3». 6(?. 

Exercise 29. 

(1) A bin oi £a 38. 6d, was paid in halfciowns 
florins, and three times the number of florins exceeded by 
2 twice the number of halfcrowns. How many coins were 
there of each kind ? 

(2) If A give £ 5 shillings, he will then have 6 shilling? 
less than B ; but if he receiye 5 shillings from B, three 
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times his money will be a sovereign more than four times 
B's. How much has each? 

(3) A fraction becomes eqnal to i if 3 is added to its 

2 

numerator, and to - if 3 is added to its denominator. Find it. 

7 

(4) A grocer sells 3 lbs. of tea and 5 lbs. of cofifee for 
£1 o9. iirf., and 5 lbs. of tea and 3 lbs. of coffee for 
£1 6s. 5^. Find the prices per lb. of the tea and coffee. 

(5) A person spends half-a-crown in apples and pears, 
buying his apples at 3 and pears at 2 a penny, and after- 
wurds accommodates his neighbour with half his apples 
and a quarter of his pears at the same rate for 1 1 hd. How 
many of each did he buy ? 

(6) Goods at £5 4.9. and £3 5s. per. ton are bought for 
£84 I OS. ; and when the former have advanced one-third 
and the latter one-fourth in price, they are sold for 
£108 1^8, 6d. How much is there of each kind? 

(7) A person having la miles to walk, proceeds at an 
uniform pace for the first 5 miles, and then at an increased 
but uniform x)ace for the remaining distance, taking 3 hours 
35 minutes for the whole : had he quickened his pace 2 miles 
before, he would have saved 10 minutes. What were hig 
rates of walking ? 

(8) The first digit of a number is, when doubled, 3 more 
than the seccmd, and the number itself is less by 6 than 
five times the sum of its digits. Find the number. 

(9) Find two fractions with numerators 2 and 5, whose 
sum is i^ ; and if their denominators are interchanged, 
their sum is 2 

(10) If the sides of a rectangular field were each increased 
by two yards, the area would be increased by 220 yards ; 
if the length were increased and the })readth diminished 
by 5 yards, the area would be diroinished by 185 yards. 
What is its area? 

(11) A train travels a certain distance in a certain time : 
had the rate been increased by 5 miles per hour, the time 
would have been 36 minutes less : had it been decreased by 
4 milee per hour, the time would have been 36 minutes 
Biore. Find the distance and the time. 
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(12) A earns twice as much, and spends three times as 
much, as B, and at that rate incurs debt to the same 
amount as B saves : if A spent half of what he does, he 
would save i8 guineas in 96 days. What are the daily 
wages of each ? 

2 8 

(13) A fraction which is equal to - is increased to ~ when 

3 II 

a certain number is added to both its numerator and de- 
nominator, and diminished to ^ when one more than the 

9 
same number is subtracted from each. Eind the fraction. 

(14) A traveller (B) starts an hour after another (A), and 
overtakes him in 4 hours ; but if A's rate per hour had 
been a mile more, B would have overtaken him only in 
9 hours. What are their rates ? 

(15) 24 boxes and 20 bales will exactly fill a warehouse, 
and 6 boxes and 14 bales will fill half of it. How man^ 
boxes or bales alone would fill it ? 

(16) A number consists of three digits, of which the first 
and last are alike. By interchanging those in the xmits' 
and tens' places, the number is increased by 54; but if 
those in the tens' and hundreds' places are interchanged, 
9 must be added to four times the result to make it equal 
to the original number. What is the number ? 

(17) Two workmen together can complete some work in 
20 days ; but if the first worked twice as fast, and the second 
half as fast, they would do it in 1 5 days. In how long a time 
could each do it alone ? 

(18) A person exchanged 12 bushels of wheat for 8 
bushels of barley and £1 15s., offering at the same time to 
sell a certain quantity of wheat for an equal quantity of 
barley and £2 los. in money, or for £12 los. in money. 
Determine the prices of the wheat and barley per bushel. 

(19) A countryman being employed by a poulterer to 
drive a flock of geese and turkeys to London, in order to 
distinguish his own from any he might meet on the road, 
pulled 3 feathers out of the tail of each turkey, and i 
out of the tail of each goose, and upon counting them 
found that the number of turkey-feathers exceeded twice 
the goose-feathers by 15. He afterwards bought on the 
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way lo geese and sold 15 turkeys, and fourid on his arrival 

that the number of turkeys was 1 of the number of geese. 

7 

How many of each had he at first ? 

(20) A bag contained halfcrowns, half-sovereigns, and 
sovereigns, amounting to £25 los. : the number of coins 
at first was 78, but when the halfcrowns were changed for 
their value in sovereigns, the ijumber was 29. How many 
half-sovereigns were there ? 

(21) A, B, subscribed between them £20. If A*s sub- 
scription had been one-tenth less, and B's one-tenth more, 
Cs must have been increased by 8s. to, make up the sum : 
but if A's had been one-eighth more, and B's one-eighth 
less, Cs subscription would have been £3 10s, What did 
each subscribe? ' 

(22) Bound two wheels, whose circumferences are pro- 
portional to 5 and 3, two ropes are wound, whose difference 
exceeds the difference of the circumferences by 280 yards. 
The longer rope applied to the larger wheel winds round it 
a number of times greater by 1 2 than the shorter round the 
smaller wheel ; and if the larger wheel turns round three 
times as fast as the smaller, the ropes will be unwound in 
the same time. Find the lengths of the ropes and the 
circumferences of the wheels. 

(23) A belt of trees 4 yards apart is planted 5 rows in 
breadth round a rectangular field. If there were 4 rows 
down the longer sides, and 6 down the shorter, there would 
be 16 trees less ; if 6 rows down the longer, and 3 down the 
shorter, 34 trees less. The trees being arranged so that 
one is placed at each comer, find the dimensions of the 
field. 

(24) A certain sum was given away in charity to 14 men 
and 15 women. If there had been only 8 women, and the 
zest had been divided among the men, each man would 
have received twice as much as each woman ; but if the 
snm had been less by 1 28., and only half the number of 
men relieved, the rest when divided among the women 
would have allowed to each 2s. more than each man 
received. What sum was given away ? 

(26) A train carries first, second, and third class pas- 
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sengers, at js. dd,, 2s. 6c?., is. Zd. fares. The number ot 
first and third class passengers together is 2 less than three 
times the number of second class ; the total fares paid by 
the first class amount to 6s. more than those paid by the 
second class ; and the first and second class fares together 
are a shilling more than half as much again as the third 
class fares. How many passengers of each class are there? 

(26) A train (A) starts from P towards Q, and an hour 
afterwards another train (B) starts from Q towards P, at 
a rate of 10 miles an hour more than A's : they meet half- 
way between P and Q. Had A started an hour after B, 
its rate must have been increased by 28 miles an hour in 
order to meet B at the same point. Find the length of 
the line. 

(27) A pays to B and C as much as each of them haa; B 
pays to A and C half as much as each of them then has ; 
and G pays to A and B a third of what each of them then 
has. In the end A finds that he has 6s., B 8s. Zd,, and G 
2s. ^d. How much had each at first ? 

(28) A railway train, after travelling for an hour, meets 
with an accident which detains it half-an-hour, after which 
it proceeds at four-fifths of its usual rate, arriving in con- 
sequence an hour and a quarter late. If the accident had 
happened 30 miles farther on, the train would have arrived 
only an hour late. Determine the usual rate of the train. 

(29) If the second and third of three vessels were filled 
from the first, there would remain in the first 2 gallons less 
than the third would hold ; if the third were filled from 
the second, there would remain in the second a gallon less 
than a quarter of the first; and if the third were fiUed 
six times, and emptied into the first and second, there 
would remain in it the last time enough to fill a third part 
of the second vessel. What is the size of each ? 

(30) In a mile race, A gives B a start of 100 yards, and 
beats him by 15 seconds: when, in running the same 
distance again, A gives B a start of 45 seconds, he is beaten 
by 2 2 yards. Determine the rate of each in miles per hour. 
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MISCELLANEOUS EXAMPLES. 
Exercise 30. 

(1) If a = 3, 6 = 3, a; = i, find the value of 

3a'J'a3 — dbx^ + 7a&* — loa^o;. 

(2) From the sum of 

305* — a;^ + 40^2 + y* and ax^y — 5a;V ~ *y* 
take the sum of 

— 03* — oh^ — %^ and 405* — 05^y + Qt?y^ — 305^*. 

(3) Multiply a' — 30*6 — 506" by 40^ — 7a& — J^. 

(4) Divide i6a* + 4a262 ^ j4 ^y 4a2 - 2a6 + J^. 

(5) a boys have 05 pence each; how many pence will 
they each have when y shillings are divided equally 
among them? 

(6) Write down all the factors of a^J; and all the com- 
mon &ctors of 305*^ and \Q^yH, 

(7) Simplify (i) 3a — (05 + 2a) — {20; — 3 (aa — 05)}. 

(ii) a? ^{a^ V) (a — c). 

^ ^ DC aC CLO 

(8) Eesolve into factors as"— 4y^ 305*^— 3052^', as"— 705— 1 8. 

(9) Solve the equations — 

(i)^_Z?«13+£? = o. 

5 9 15 3 
(ii) '2505 — 1*3 — 305 = '00505 + 4*ai. 
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(m) — ^ — = -i. 

ao5 — I 05 — a ao5 

(iv) 3(05-1)= 3(y-2); 



03—1 ay — 3 



a 3 

(10) Find the G. CM. of 3ar' - aa;^ - 2a; - 5 and 

305* + 30;^ + ace" — 03 — I. 

(11) Half of a certain number of persons receive a shilling 
each> a third receive tenpence each, and the rest ninepence 
each. The whole sum received being £1 las. 6d; how 
many persons are there ? 
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(12) Find the values of ^db — ^ac + 56", and of 
3a« ■-. ac _ y- c^ ^^^ ^j^^^^ ^^ j^ ^^ ^2^ ^^^ 

(13) Subtract from w' + w' the sum of twice m*n — 3n' 
and three times m' — w'n — wn*. 

(14) Multiply 4a8 - a'ft - soft* by 2a»6 - 6a6« + 4ft». 

(15) Divide 210:* + 405*^ — i isc'y* + ojy* by yx* — scy — ^. 

(16) Find the L. C. M. of za^bc^, ^a^b^c, sc^, 6a*c«. 

Two expressions have la^hxy for their G. C. M., and 
24a*J'ic'y* for their L. G. M., and one of the expressions is 
6a*b(x^y : find the other. 

(17) Simplify --* + li^ + 4£^»; and 

2X^1/ . 4X2* 

(18) How many sheep worth c shillings apiece are equal 
in value to n oxen worth h pounds apiece ? 

(19) If a = 5, 6=3, « = 4, y = 2, find the values of 

05 + 3y ^ y^f^d* 

(20) Add together 3a3 — la^x + 4aa;2 _j. grS^ _ ^^^s _j. j/^s^ 
5a'a5 — 6ax? — 205*, a' — 3a'a; — 403", and — 2a' + 2aa:' — a*. 

(21) From 3a<-2a*6«+7a2>8-6* take 2a*+a»6-.aft»-3ft*. 

(22) Multiply 405^^ — 6£c^y^ — 2a;y' by 205" + z^V — y*- 

(23) Divide 9»« - 4xV - i8a^y« - 8x3y< + 5y« by 

(24) Write down the G. CM. and L.O.M. of 2%a*hi?jf 
and 35a'aj*y. 

(25) Simplify £^ +2^+4+»f. 

xy xry xy* 

(26) A man who has £a buys b things at c shillings 
each, and sells x things at y pence each: express in 
pounds, and in guineas, the amount he has in the end. 

(27) A certain number of guineas exceeds by a sovereign 
twice that number of shillings and thrice that number of 
crowns. What is the number ? 

(28) Divide 5x«-6x" + i by a^- 2a; + i. 
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) Beduce to its lowest tenns the fraction 



) Solve (i) X — 



(C8+ I 
OC— 2 aJ+23 10 + 05 



. ic — I 9 \a5 + 2/ 9 * 



" - * and 


I 


(a+jy (0-6/'*°'' 


I 


.11 + 


1+^+' 



) Find the value of the expression 

6-c).(a-6 + c)+ 2(a+&)2-3(a2-&2) when a=j, 

, c= — 6 ; and simplify 

- 2Q^y) + {jc^y — zyixy— 23/^)} — 5 {a^— (x^ + ixy'—y^)}, 

) Find the G. C. M. of 

3aj'— 1305^+2305— 21 and 605'' +03*— 4405+21 : 
the L. C. M. of 

6o5*f/, 1005^2^ ^jp^jp ^ yy^ g^jj^ 202/(0;"— y*). 



) Simplify 



3-a; 

:) Solve the equations — 

(i) (o5-5)(o5-2)-(a;-5)(2a;-5) + (o5+7)(a:-2) = o. 

305+1 205—8 05— I 

ii) ^~i5 7y--32 "^T" • 

i405+8y=— 9. 

3a;+y— 52=8 
ii) ^ 405+3^ + 82=32 
50:— 3y+3z=6. 

I) What fraction is it which becomes i when 3 is 
ed to its numerator, and ^ when 2 is added to its 
Dminator ? 

)) At what times between 2 and 3 o'clock will there 
, difference of just five minutes between the positions 
[le hour and minute hands of a watch ? 

) Kesolve into factors ^a^h — ^a%^, ^a^b — ^al^, 
h + a4a*6* — 36ai*. 

;) Obtain the L. 0. M. of e^^z, 5052/*^^ 4x^2^ > V'^'^'^^ 
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(39) Find the value of ^^^yt^^^^j^ when a = 4, 
h-i, c=i. 

(40) Show that the product of cc* + 2xy — 3^* and 
a^^—sxy + ^y^ is equal to that of ac*— acy— 12^* and (a;— y)*. 

(41) Obtain the product of the sum, product, and 
difference of the squares, of a and h) and write down 
the simple expressions of three dimensions that can be 
formed of a and 6. 

(42) If m = 6, w=4, a; = 3, y = i, find the values of 

amx— 4ny, irn^n-^-ixy*, and ^^ ^, 

205— 3y 

(43) Add together 3a»6-4a«&*-2a6«, 5a*62+a6»+6<, and 
a*-3a86-2a26*+aZ>8. 

Also subtract the sum of the first two firom the last. 

(44) Multiply aa^^^aV-^u^x by sa^ac*— a5j3+ 3a*. 

(45) Divide i2a;'*y* — a3aj*y^ + yjc'y* — gx^y^ — 2xy^ by 
4a'y— ajyH 2y«. 

(46) From ^-^^ take —^. 

(47) Two men can do some work separately in a days 
and b days ; what fraction of it will they do together in 
c days? 

ttx bx ex b c? 

(48) Solve T+T-a =c('=+^)-7- 

(49) A bell tolled a certain number of strokes in a given 
time: if there had been 3 more strokes, the interval 
between the strokes would have been one second less; if 
two fewer, the interval would have been one second more. 
How many strokes were there, what was the interval 
between the strokes, and how long did the bell toll ? 

(50) Express in trinomial terms 

T^— 2032 + 2^— y* + 2y — I , 

and thence resolve it into factors. 

(ol) Fmd the value of J—^+^^y--^ when a = 7, 
ft=3, 05=6, y=4. 
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) If £a are divided among b persons, how many 
ings will each receive ? 

) Add together ^a^ — la^c — 3ac^, a^c + ac* — c^, and 
-I-3C'— a'; and from the sum subtract — 3a'+2a*c— 
) Multiply jx^-^ioi^y—zxy^ by ^xy^-^Sy^; and divide 
-aoa^J+aft* by a*— 306— -6^. 

) Simplify a— (26+ 3a)— [46+ {5a— (66 + 7a)}], and 

{6+3(0-46)} +5{a-6(&+7a)}. 

) Express with symbols. The sum of a and 6 to be 
nished by the difference of c and d (c being greater 
L d), and the result to be multiplied by the sum of the 
jesofcand/. 

) Divide (8^8-68) -(2a -6)3 by (2 a -6)2 -(402- 62). 

) Separate into factors 1 20;- 36, a"— 9, 05*+ 5X + 6, and 
sc— 6 ; and write down their L. C. M. 

) Find the G. C. M. of 

aoa*— 2 206 + 66" and 1 20^ + 1 406 — 1 06*. 

I) Simplify and ^'^^ 



y a— I 

X'\ ■ a+i + 



z a 

y+- a-i+ 



X a+i 

) A number of men earning each a shillicgs a day 
k with m men earning each 6 shillings a day, and the 
le amount of wages earned in c days is £'tnbc. How 
y mm earn a shillings a day ? 

I) Find the G. 0..M. of (a + 6)2-c2 and (b-^cf^a^ 

►) Divide the difference of the squares of a^-\-hc and 
acby a+6— c. 

:) Simplify (335— y)(a5— 32/)— 3(aJ— 2/)H(2a; + 2/)2. 

•) Find the greatest common measure of 24^360^, 360*6^*, 
4aa*c ; and of i Ssc"- 30^2/— z^y^ and 24a;* + 1 ^oc^y + 2a^y^. 

) Simplify (a-^b^(a^c)''(b-^c){b-^a)^(c~a)(c^b) 
a^—xy* , 058^3 



. * 






3: ^ .3: 



rt 












«^ <i3*T«ei*. mi 



nrr 






^«k«te.^1 



^^ ■» ■^ y 



>:**. 



. —2^ 



ve 



•«r-"^7r 



^ ^^ >«. .A. M. * l^^k^ 



rj^ ••lr Mi.-- 



arr-^ 



T" 



--1 ->. 
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DiTide « inlD tvo puts socli tint the aimreofone 
taj be one-fia>iiitii of the 9q[tttie of their diffeiciioe. 

A. pesson has 55 eains, tooastm^ of crowns and 
gs, mud tiieir amofoiit is £7 ^ How many has he 
ikind? 

a indies added to & feet aie equal to c jaids, and a 
e half of c jaids : expreBS 6 in tenns of c 

Sqnare x'+j^+x+i, and divide the lesolt by the 

Simi^ify (la — fc) — 2(a — J)+ {a— 2(6— aa)}, and 
(x-5)-(x-3y-*(-r-3). 

ELeBoIre into &ctois a?— 2Jr— 3, a?— i, and ut^— 6Lr; 
dte down their L. CIL 

Find the G.C.M. of 8#*+2ai-3»« and 
I2a*+ 100^—4^*. 

Simplify ^_^^_^y and 

g~I 2(x— 2) g— 3 

^-0(^-3) (x-i)(x-3) + (x-i)(x-2)- 
Solve— 

X— 6 X— 10 

W 4(ar-2) " 6(x-2) ^ »' 
,... aft x*+aft 

^ ' X— o X— o 
(ill) 3X-1 

32- 

Find a number of three digits, of which the middle 
equal to the stun of the other two, such that when 
"st and third are interchanged the number is in- 
1 by 99 ; when the first and second, by 180. 

If two numbers are taken whose product is i, show 
16 difference of the squares of their sum and differ- 

Find the value of a' — 5^ — c^ + cf^ — 30^0 + 3&crf— 40J* 

1 = -I, h = —'2, c ='3, G?=0. 

A travelled a third of a given distance at 4 miles an 
and the rest at 12 ; B started a quarter of axihsyox 



c-y-2=5 I 
;-x-y=5 J 
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(67) Sotn» the equatkna — 



of-r- 


5X 4jr j(x- 
4 5 9 


5) 


:0. 


« I5S - 


, 1(1 -X) 






(iii) 7(x-i) 


= 3Cy+s) j 






4X+3 


5^ + 9 







9 2 

(68) A person pays incoiDe-tax at the rate of 9(i. in the 
ponnd, and if his income were increased by £10, and 
the tax were raised to 15. in the ponnd, his net income 
wonld remain the same. Find his income. 

(69) If I be divided into any two parts, show that their 
product subtracted firom either part will leaTe the square 
of that part. 

(70) Simplify— 

(a + 6) - [(2a - zb) - {(5a + 66) - (- 70 + h)}\ 

(71) Find the Talue of the expression 

jr(x~i>i»-h(z*-h2X--2)a»-h(3J^— 3r*>i—ag* 
2a*x + 5a— X* 
when X = 2, a = 3. 

(72) Find the continued product of 

X— a, x + a, x*— ax+a', and x*+ax+o*. 

(73) IHvideai»x*+(ac— W)x*--((i€+cd>c+dcbyax--rf. 

(74) Find the G. C. M. of 

3X*— ioJL' + 9i'— 2X, and 2X*— 7x*+2X*+8x. 

(75) Simplify— 

X — 6 X — o (x — a) (x — 6) ' , ^ / ^xV 

(76) Solve the equations — 

(i) i5X-i(5X-ii) = 9-i(25a;-7). 

I2X+ I 20X— 13 j^2 — lOX 

3x— 8 18" 



(u) ;;+ — -7; — H : — = 0. 



^^^ x+l X + 6-X + 9' 

(iv) 2X-5=-*(2y-i) I 
i6y-3=|(x+5)| 
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(77) Divide a into two parts such that the square of one 
part may be one-fourth of the square of their difference. 

(78) A person has 55 coins, consisting of crowns and 
shillings, and their amount is £7 35. How many has he 
of each kind ? 

(79) a inches added to h feet are equal to c yards, and a 
feet are half of c yards : express h in terms of c. 

(80) Square cc^+as^+oj + i, and divide the result by the 
square of a^+ 1. 

(81) Simplify (2a — 6) — 2(0, — Z>) + {a — 2(5 — 2a) } , and 
(35-4) (x-5)-(a5-3)2-a<x-3). 

(82) Eesolve into factors 0^—203—3, sc*— i, and 2X*— 6a;; 
and write down their L. C. M. 

(83) Find the G. C. M. of 8a« + lah - 3&« and 

i2a*+ioa^6— 46*. 

(84) Simplify ^Igl^y and 

05—1 2(ic— 2) a; — 3 

(x— 2) (05—3) (»— i)(a5— 3) (a?— i) («— a)* 

(85) Solve— 

W ^^i:r7)-6(a;-2)"*"«- 
(n)x-a---j=^^:^. 

(iii) 3a;— y— 2 = 5 

3y_a;— 2=— 7 
32— 05— y=5 

(86) Find a number of three digits, of which the middle 
one is equal to the sum of the other two, such that when 
the first and third are interchanged the number is in- 
creased by 99 ; when the first and second, by 180. 

(87) If two numbers are taken whose product is i, show 
that the difference of the squares of their sum and differ- 
oioe is 4. 

(88) Find the value of a^''b^^(^-\-(P'"i<^c+zhcd^^ab^ 
idien a='i, b = —'2, c ='3, g?=o. 

(89) A travelled a third of a given distance at 4 miles an 
hour, and the rest at 1 2 ; B started a quarter of an Yioxjii 



94 Miscellaneous Ex(\mples. 

later and trayelling at the rate of lo miles an hour reached 
the end 1 3' sooner. Find the distance. 

(90) Simplify and resolve into foctors-:- 

(x«— 2ac^)— (3xy»+y»)— {ar»— (a^+y3)}, and 

(91) Find the G. C. M. and L. C. M. of 

2a*6(i 2a'— I idb + 26*) and 30^200' + yai— 36*). 

(92) Simplify ' g(^,^) > and 

p-q i>-3<? 

(93) Solve— 

X 2 X 

(i) -— + -^ = . 

^ ^ 03—1 05—2 fiC— 3 

(ii) 3a;-2y=i I 
5a5 + 7y=— 6j 

(94) The two longest sides of a triangle exceed the 
shortest by 1 2, and the two shortest exceed the longest by 
2: find the middle side. 

(95) In the product of 505* — 30;^ + 4a:' — 205 + i and 
X* + 2x^ + zx^ +405 + 5, find the coefficient of x*, 

(96) Show that (x-yf + z(x'-yy + z(x~y) + i and 
35*— zx\y— i) + zx^y— iy—(y—iy are identical. 

(97) The product of two expressions is 

8 2* + r* — 6pqr — 2p^q —p^r, 
and one of them is 45*+/^— 23^'— 2>r— 2^5 : find the other. 

(98) If a + 6 + c = 2s, show that s(s—c)'\- (s— a) (s— fe) = ah, 
and that s^~>(s~ay'-(s-'hy + (8-cy= 2ab. 

(99) Solve aa5 + 2>y+c2 = 6a5+cy+a« = ca5 + ay + Jz= I. 

(100) If 05^+005+6 and a^+px-j-q have a common factor, 
find the other factor in each expression ; and show that 

J— g __pb—aq 

a—p^ b^q 
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CHAPTEE XV. 

INVOLUTION AND EVOLUTION. 

55. — The operation of raising an expression to any re- 
quired power (5) is called InvoliUion, and may be per- 
formed by the ordinary rules of multiplication. 

Thus the square of 30* is 30** x 30*= 9a*; the cube of 
a+6is(o+6)x(o+6)x(a+fe)=o8+3a^+3a&Hb'. 
56. — In raising a simple expression to any required 
power^ it will be seen that 

The numerical coefficient must be raised to that power 
as in ordinary arithmetic ; but 

The index of any letter must be multiplied by the index 
of the power. 

For in the first of the aboye examples, which may be 
written (30^)^, the co-efficieut 9 is 3 -squared, but the index 
8 is 4-h 4f i'B. 4 multiplied by 2. 
Similarly (ix*)* is i6aj»+8+3+8, t.e. ibx^K 

Expressed in a general form^ we shall have^ as the proof 
of this rule for indices, 

(a'")"=a'"xo"*xa'"x . . . n factors, 

__ m-H * ■>"»»+ ...» term*, 
mm 

57. — AQ powers of a positive quantity will be positive ; 
but of a negative quantity, the even powers will be positive, 
and the odd negative. 

For {-ay=^-a y.'-a=-{-a\ 

f - 0)*= +a2 X — a= — a3, 
(-0)*= — a^ X — a= +oS 
&c. 

It may be observed also that two compound expressions 
whose terms are alike but have opposite signs will have 
their even powers identically alike. 

Thus (6-a)2={-(a-6)}s =(o-6)«, 

58. — The process of raising a compound expression to a 
high power may be shortened by noticing that two powers 
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multiplied together will give as their resxQt a power whose 
index is the mm of their indices : the third power, for 
instance, when multiplied by the second, will give the 
fifth ; the cube, when squared, will give the sixth ; &c. 

The form of the sqiuire of a binomial has been already 
noticed (29. i, ii) ; the cube of a binomial may also .bB 
remembered with advantage ; viz. 

(a + 6)8 = aH 3a«6 + 3a&« + 6». 

If the second term be negative, its odd powers in the 

result will be n^ative (57), 

(a-6)8 =a»- 30*6 + 3aJ2-68. 

Thus (x + 2y)» = {»»+ 3-^2y)+ zx^iyj^iiyf, 

Exercise 31. 

(1) Write down the squares and cubes of a', a?*, aV, 

(2) Write down the fifth and sixth powers of 2a%, 

a'6* 2sfiy 

Expand — 

(3) (a-^xy, (2X^y)\ {^y^ixy^, (ah^i)'. 

(4) (i-a-a«)2, (2-3ic + 4a^)», (a^ + xy-^fy, 

N.B. — The form of the square of a multinomial ex- 
pression given in Ex. 16 (10) should be noticed. 



EVOLUTION. SIMPLE EXPEESSIONS. 

59. — The process reverse of Involution is called Evolu- 
tion, and has this object : — An expression being given, to 
find another whose square, or cube, or fourth power, &c. 
may be equal to it. 

The new expression is called a root, and is indicated as 
the square root, cube root, fourth root, &c. according as 
the given expression is to be its square, cube, fourth 
power, &c. 

The symbol denoting a square root to be extracted is ^ ; 
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for other roots the same symbol is employed, but with a 
figure prefixed above to indicate the root, thus, \l *J, 
When the expression consists of more than one letter or 
nmnber, a bar is' added over the top to show how fax the 

symbol extends ; as ^^SoW, ^a^-\-2ab-\-l^, 

60. — ^The square root of a simple expression will be 
found by taking the arithmetical square root of the co- 
efficient, and halving the indices : thus of 250^ the 
square root is s<^' 

Any other root of a simple expression must be found 
in a similar way, the indices being divided by 3, 4, 5, . . . 
for the cube root, fourth root, fifth root, &c. 

It follows from (57) that a n^ative quantity has no 
possible square root ; and that a positive quantity has two 
square roots, equal but of opposite signs. The square 

root of 9, for example, is + 3 or — 3 ; >v^ 25aV is ± 500^. 

A root which is required but cannot be exactly ob- 
tained is called a Surd; such b& aJz, jja, i^^y. 

Exercise 32. 

(1) Extract the square roots of a^ jb*, ^a^V^, 2£c*y^ 
49a^y^, loowMx^tf^z^, 

(2) Simph ^ V64, ya^, ^^Vy^, \/ita^^¥c\ 

(3)SimpHfyV25a^6V+y8a»6«c3-4/8ia*68c^-V32a»6V. 

(4) Simplify ^ 27 jc^y^ x ^"^3^2* x Vi6xV. 
Find the value when a= i, 6= 3, « = 2, y=6, 

(5) Of 4^ 2X^^dbxy-\- ^j/cWxy, 

(6) Of 2a^ 800? +64/1 2&y + ^ahx^hxy. 



SQUARE ROOT OF COMPOUND EXPRESSIONS. 

61. — ^A process for finding the square root of a compouni 
expression may be obtained by analysing the square of a 
binomial. 
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We know that the square of a+6 is a'+2a&+&': onr 
problem here is — Suj^xMing that a' +206+6^ were given, 
how may we obtain &om it in a complete form its root 

The first term a is obviously the square root of the a^ ; 

If subtracted, the remainder is 2ab-\-l^ or (2a-\rh)b^ and 
the second term h will be the exact quotient when this 
remainder is divided by 2a+&. 

How is this divisor 2a+& found? By doubling the part 
of the root already found and adding the new term (h) itself 

The arrangement of the work may be made as follows :— 

o»+2a6+6« {a+b 

2a+b) 2064-6* 

Ex. 1. To find the square root of 2505^— 2oa3'y+4a::*y*. 

25a;*— 2oa;*y+4xy (5a;— 2x*y. Ana, 
250?' 

io«— 2x2y) — 2ox*j|f+4a;V 
— 2oa:»y4-4a;V . 

The second term —ixhf being obtained by dividing 
— 2ox'y by lox, and then annexed both to the root and 
the divisor. 

It is clear that there will be a remainder unless the 
three terms form a perfect square. 

The same process may be extended to longer expressions 
by considering the a to represent at each step the part of 
the root already found ; each successive divisor being then 
the double of this + the new term. 

Ex. 2. Extract the square root of 

9SC* — I aar* + 1 oa;*— 435 + 1 . 

9a;*— i2x*+ioaj*— 4a;+i (sat*— 2aj+i. Ans. 
9x^ 
6a^-^2zy — i2x'+ioa;* 

6x'— 4X+1) 6x'— 4aj+i 
A ote.— Instead of doubling the root, it is obvious that 
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each diyifior may be obtained from the preceding one by 
donbling its last term. 

62. — It may be instructiye to notice that the square of a 
mnltiiioimal^ referred to in (58« note), may also be written 
as 

a*+(2a + J)6 + (2a + 2j+c)c+(2a+26+2c + d)(i+ &c. 

where the quantities in the brackets are the successiye divi- 
sors in the above process; and the expression 'taken to the 
end of either of its comxx)und terms is a complete square. 

Exercise 33. 

Extract the square roots of— ^ 

(1) 9a« + i2a5 + 4J«. (2) 250262- aoaWc + 45V». 

(3) a*+4a'+2a'— 40+1. 

(4) «*— 2a^+3a5*y*— 205^*+^*. 

(5) 4a* — 1 2a^x + 5a*a5* + 6a^ic' + a^, 

(6) 1 6p*— Zt^q + 24j?2j2_ 8^g« ^ g4^ 

(7) 9a;*— 2405^— i2a:V+i6^y* + i6ajy*+4y*. 

(8) 4a« + 1 6aV- 3 2aV + 1 6c^. 

(9) «i' — \m^ + I cm* — 20m* + 35W* — 44W* + 46m' — 
40W+25. 

10) 2 5SC* — 3oaj*y —31 oc^y^ + 3 ^oi^'i^ + 1 oa^ — Zxy^ + y*. 

11) a« + 6H 6a2<a< + 6*) + 1 5a262(a' + 6=) + aoaSJs. 

12) a^— aj'y— -05*^2 ^33^8 _|_^ 
4 

13) a;*-4»'y + 6x22/2_6ajy3+5y*-M*+^. 

a* a'a; 43 3 jb* 

^ 9 2 48 4 4 

Te\ . 4 . 10 . 20 . 25 , 24 . 16 

16) (c* + 2(a-6>cS+(a2 + 62)ar» + 2aJ(a-6>B+aSj». 
a' 2a 2h 6' 

i7)j.-y+3--+^ 

18) I +a to five terms. 
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We know thmt the sqiuie of a-^-h is a'+:a6+&^: oar 
pfoblem here is — SnppoBng that a*+ zob+ft' were giren, 
bow may we obtain from it in a oooiidete fixm its not 

The first term a is obviously the square toot of the ir; 

If sabtiacted, the remainder is 24i&+£^ or (2a+fr)b, and 
the second term & wiU be the exact q[ii0tiait when thb 
remainder is diyided by 2a+6. 

How is this diTisor 2a+fr found ? By domblimg ike fori 
of the root already found and adding ike new term (h) itadf. 

The arrangement of the work may be made aa fi^ws :— 

a»+ 206+6^(0+6 

?! 
20+6) 206+6^ 

2a6+6>, 

£x. 1. To find the square root of isi^^ioshf-k-^z^, 

25X*— 2ca:*y+4ary (jx— 23c*y. An*. 
25af* 

loac— 22:^) — 20flc*|f+4x*|f* 
--2^V+4x*sr^. 

The second term — 2aE^ being obtained hj diTiding 
— 2oar'y by icar, and then annexed both to the root anJ 
the divisor. 

It is dear that there will be a remainder unless tU 
three terms form a perfect sqnare. 

The same process may be extended to longer expressioBS 
by considering the a to represent at each step tht part </ 
the root already found ; each saccessiye divisor being then 
the double oi this + the new term. 

Ex. 2. Extract the square root of 

9a:* — I ax* + lox*— 4a; + 1 . 

905*— i2x*+io«*— 4«+i (3a«— 2«+i. Ant. 

6a^— 2a;) — I2x*+I02^ 
— I2a:*+ 4a:* 

6aE*— 4ar+i) 6x*— 4*+! 
6j »— 4a;+i . 

A'<^.— Instead of donbling the root, it is obvi 
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N.B.— If a + & are the first two tenns of the root, the first 
line (a) of the second division is 

3(a+6y or 3a«+6a6+36». 
This may also be obtained by adding to the preceding divisor 
its second term and twice its third term, 

30^+306 -|-6« 
+3ofe4-2y 

3a2+ 606+36-, 
a method which in long arithmetical questions will materially 
shorten the work. 

65. — The method employed in arithmetic is identical 
with the above. 

Ex. To find the cube root of 15625. 

• • • 

15625(25 

2»= 8 



3a* = 3(20)* =1200 
306=3X20X5= 300 

6»= 5^ = _^5 

1525 
o being =20, and 6=5. 



7625 



7625 



In the divisor a change may be. conveniently made by 
transferring the cyphers of the square to the 3 ; i.e. instead 
of 3(20)3 take 300 X 3' ; and, simUarly, instead of 3 x 20 x 5 
take 30x2x5. 

66. — ^As in (62) the cube of a multinomial (a'\-I)-^c-\- ) 

may be written as 

a»+(3aH3a& + &^6+{3(a+6)' + 3(a+6>+c2}c + 

where the quantities witkin the brackets are the successive 
divisors of the above process; and the expression taken 
to the end of either of its comxx)und terms is a complete 
cube. 

Exercise 34. 

Extract the cube root of— 

(1) a» + 6026+1206* + 868. (2) 8o8 + i30«a5+6aflc«+x». 

(3) a:'y'+i2a^ + 48a5y' + 64y*. 

(4) 86»— 6o62y + i5o6i/2-i252^. 

(5) 27o«+54a*6c+36a26V+86»c». 

(6) as* + xx^y + 6xV + 7^"^ + ^asV + 3^ + V*' 
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(7) a'— 6a"+9a* + 4a'— 9a'— 6a— 1. 

(8) 64X* + i92a^+i44a^— 3205*— 36x'+i2ic— I. 

(9) I— 905+3905'— 99x'+i56a5*— i44sc" + 64a;*. 

(10) aj' + 9sc'y— 1353^^+7290^- 729^*. 

(11) I — 3a5 + 6x*— io£c'+i28C*— i2fic*+ioa;*— 6a;"' + 3«*— X*. 

(12) I +05 to four terms. 

67. — The fourth i)ower being the square of the square, 
the fourth root will be the square root of the square root. 

And the sixth power being the square of the cube, the 
sixth root will be the cube root of the square root. Simi- 
larly the eighth, ninth, twelfth, &c. roots could be found. 

A method of the same kind as that given above for cube 
root might be devised for extracting the fifth or seventh 
root, but it would not be practically useful. 

Exercise 35. 

(1) Find the fourth root of 

8 la*— 54oa'6 +13 soa^J'— i $ooaW + 6256*. 

(2) The sixth root of 

64— I92X+ 24005^- 16005" + 60it*— I2JC* + fl5*. 

(3) The eighth root of 

i-8s/« + 28y*-562/* + 7oy«-562/^H283/^-82^*+2/". 
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CHAPTER XVL 

QUADRATIC EQUATIONS OF ONE UNKNOWN 

QUANTITY. 

68. — An equation which involves the square of the un- 
known quantity, but no higher power, is called quadratic. 
If it involves only the square, it is said to be a pure 
quadratic equation; but if it involves the simple power 
also, it is said to be adfected. 

Thus 305^—12=0 is pure; but 3aj5-2aj=8 is adfected. 

69. — ^A pure quadratic (in x) must be reduced in the 
same manner as a simple equation until ix? is found ; and 
then the square root of each side must be taken. 

Ex. Solve (a5— 3) (05 + 5) = 2a; + 1 . 

.'. flC*+ 205—15 = 203+ I, 
.'. 05*= 16, 

and 05 = ±4. 
It will be noticed that there are two roots (60) equal in 
magnitude, but of opposite signs. 

70. — The solution of an adfected quadratic depends 
upon this, that an expression of two terms, such as 
05* +605, in which the first term is positive, and has unity 
for coefficient, can be made a complete square by annex- 
ing, as a third term, the sqtmre of half the coefficient of the 
second. 

Thus 352+ 6aj becomes a square by adding 3'; «»+ 605+9 
being then the square of 2+3. 

So SD^-yx becomes (a;--2\ byaddrngi^. 

x^+px becomes (oj +^J by adding 2.. 

See Exercise 13 (5). 

The application of the above to quadratic equations 
will be readily seen by an example : — 
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If a;*+6aj =40, 

then, adding 9, a^+6aE+9=49. 

Extract the square root of eac^ side, 

.-. a;=-3+7 or -3-7, 
t.e. 4 or —10, 
either of which values will be found to satisfy the given 
equation. 

If after the simplification of an equation and its arrange- 
ment by ix)wers of x, a? have a coefficient, the whole must 
be divided out by this; and if x* be negative, the signs 
of all the terms must be changed, so as to make this 
positive. 

Ex.(2)Solve^+l=3. 

Simplifying (as in simple equations), we have 

— 3«'+5* =-2. 
Dividing by 3, and changing the signs, 

3 3 
Complete the square, 



-1-^(0'=I>S 



49 
"36- 

a;=^^ = 2 or - — 
6 3 



Ncta. — On extracting the square root, each side of the 
equation might have a double sign prefixed ; but if this is 
done, it will readily be seen that no different result will be 
obtained. 

Ex. (3) 9sc"+6a5=— I. 



Completing the square, 



. a;*+^-a5= - 


I 

^— • 

9 


are. 




3 9 




3 


I 
3 
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Since, after completing the square, the right-hand side 
of the equation— on whose double sign the two different 
values of the root depend — here becomes o, there is only 
one value to the root ; but it in right to regard the equation 
as still having tvjo roots, but equal to one another. 

Equations^ whether pure or adfected, may sometimes 
have surd roots (60)^ as in the following examples. Some- 
times the number on the right-hand side^ whose square 
root is to be taken, is negatiye, in which case the roots of 
the equation are impossible (60). 

Ex. (4) "tUl^'.^^ll^l, 

3 62 

205*— 10 + 2*^ + I = 3, 

4a5*=i2, 

«^==*=V3. 
Ex. (5) 5aj«— i2X=2, 

5 5 



Q 12 , /6V 16 2 

5 \5/ 25 5 



46 

6 J^e 

3 5 ' 

a; = ^6±V46). 

71. — Solution hy Inspection. — A quadratic equation which 
has been reduced to its simplest form, and written with 
its terms entirely on one side, may sometimes have that 
side resolved by inspection into two factors; in which 
case the roots may be written down at once, without com- 
pleting the square. 

Ex. (6) 03*— 703+12 = 

may be written as (»— 3) (a— 4)=o. 

Now it will be noticed that, if either of the fi&ctors on the 
left side is o, the product of the two factors will be o, and 
the equation will be satisfied. 

So that a— 3=0 and a— 4=0 give the roots; t. c. 
05=3 or 4. 
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This is most easily applicable when no term occurs 
except those inyolying x. Thus 

Ex. (7) 5Jc«+7a; = o 

is a!(5«+7)=o» 
and is satisfied if a;=o, or if 5a;+7=o; 

7 

. • . the roots are o and — -. 

An equation inyolving a higher power of x may be 
sometimes easily solved by this method. 

Ex. (8) 2Ql? — X^^10X = 0, 

or ar(2a!* — a?— lo) = o ; 
.'. x=o\ or else 2**— 9J— io=o. 
Solving 2a;*— X— lossoasa qruulratio, we find two roots, 

— 2 and i ; 

. * . the equation has three roots, o, — 2, 2^. 

Sometimes one root of an equation is obserrable at 
once; in that case, if a represent the root, sc— a will be 
found to be a factor of the equation (all the terms being 
written on one side); and the other roots may then be 
obtained as above. 

Ex. (9) flc*— 2Jc"— iia;+i2 = o. 

Here, if x=: i, the equation will be satisfied ; and it will 
be found that the equation may then be written 
(as— i) (oj* — oj — 1 2) = o ; 
And ai*— oj— 12 will =o 

if »= — 3 or 4, 

. . the three roots are r, —3, 4, 

Exercise 36. 
Solve 
(1) 3x»-20=55. (2) 2(ar»-i)-3(x«+ 0+14 = 0. 

(3) (a;+x)(a;-2)+(a;-i)(a;+2) = 4. 

05 — 7 2 7a;— I 

w —+i^T7+'= ir- 
es) «"+4a;=i2. (6) a:'-6a5=i6. 

(7) ««-7«=8. (8) a^-i2a; + 6 = 7. 

4 

(9) a:»-jr = 6. (10) a^-'-x^-j-^^o. 
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(11) i3?-4X=7. (12)~=2(« + a). 

(13) 503*— 3a5=2. (14) 123^+05—1 = 0. 

(15) 2X*— 2705— 14 = 0. (16) SSC*— 805 = 0. 

(19) 5a<x- 3)- 2(05*- 6) = (a; + 3) (x + +). 

(20) \ix-^)-\(x-2)=l(2x+i). 

(21) !B"+aa!=o. (22) a3?-bx=o. 

33a 

(24) (x-i)(aj-.2)-2(aj-2)(jc-3)=^(«+3)(a;-5). 

(25) i(3X«-x-5)-j(a^-i)=2(x-2)«. 

205* ^05 

(26) •3x'--4aJ-a6 = o. (27) .■7-?^ = aJ--5. 

05 05+3 £ _ 

(2^) i^+7~2"(aj+4)+i8-°- 

(29) ac*-ao5+ ^ = 0. (30) 052+2005= 3a*- 405+6*. 

05+1 205—1 

(^^^ a + 4'^lc + 6"' 

(32) 3a:*- 2X^-8 =-(70^-2) (JB*- 2). 
/QQN 3a? 5 Z^ 23 

^^-^ 2(a;+i)"8-ar»-i~4(aj-i)- 

(34) (sc— 2)(o5— 4)— 2(05— i)(a;— 3)=o. 

(35) — = . 

^^^^ 1 005 2 



«+ 



05+3 



05 05 05 24 _ 

(^^) i+l"*'a; + 2"*'sH^"^ii+8~3' 
(37) a;=i + —-. 



i+: 



I +05 
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(5«-26)*-(2a-a;y=o. (39) a5»+(a+6>B+a6=o. 
)) («+ 2a)(x+ 26) = 4(x— a) (a;— 6)+ 3(a+6^. 



-^ a;— 4 05— 9 a;+4 35 + 9* 

2) (05— r)(«— 2)(a5— 3) = o. 

3) (a5 + i)(a5-2)(a;+3)=-6. 
i) (a;+i)(x— 2)(a!^+a:— 2) = o. 
5) (as*— 305 + 2) . (aj2— jB— i2) = o. 

B) ar'-»2-a;+i = o. (47) a<a;-a)(a;»-52)=o. 

3) a5(a5+i)(a5+2) = (a— 2)(a— i)a. 

9) ai*— a5 + a = o. 

Vhat value of a will make the two roots equal to one 
ther? 

0) X*— ^ + g'=o. 

f ^= 3, what must bo the value of g' to make the two 
ts equal? If 9^= 9, what values of p will make them 

Al? 

2. — The solution of an equation may be obtained by 
ipleting the square in two other cases : — 

i) When only two powers of x are involved, and one 
of them is the square of the other. . 

ix. To solve a;*+7a.''=8. 

Here 6 being double of 3, a;* is the square of a*. 

«'+7«»+(j)'=8 + 7 
_8r 
~4' 



.-. =='+^4 



a;'* = I or — 8, 
. • . taking the cube root, a;= i or - 2. 

ii) Sometimes it will be found by trial that the ad- 
dition of a number to an equation of the fourth de- 
gree will give a complete square on both sides. 
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Ex. To solve 05*— aac*— 1301? +140; +24=0. 

Taking the square root of the left side. 

a^— ax'— 130?+ 14^+34 (x*— as— 7 

aa;*— 2a;— 7 



— 140^+1405+24 
-i4a^+i4J;+49 

-25 

we see that, if 25 were added, the square would be com- 
pleted ; we sliould then have 

3^—20!'— I3x*+ i4a;+49= 25, 
and extracting the square root, 

a;'— a;— 7= ±5, 
.'. aj2_a.= i2 or 2, 

I 49 9 

173 
, »-j = ±-,or±-. 

»=— or r^. 
=4 or —3 or 2 or — i. 

Exercise 37. 

Find the possible roots of 
(1) a;*— 505^+4=0. (2) 37a!?— 405* = 9. 

(3) 8x« + 63aj3=8. (4) i6a;8-i7aJ*+i=o. 

(5) 2i6«^+i9a5*=a5. (6) 320^*^+1 = 330::*. 

(7) a^-^^a^—ioa^-^2Sx-~is = o. 

(8) 405*— 2ox' + 2303* + 505 = 6. 

(9) oj"— 100:;*+ 3503*— 5005^+2405=0. 
(10) 10805* + 5ia^= 2005(905*— 1) + 7. 



PEOBLEMS PEODUCING QUADEATIC EQUATIONS 
OF ONE UNKNOWN QUANTITY. 

73. — ^Problems whose solution gives rise to quadratic 
equations differ from those which involve simple equations 
only in this, that, as a quadratic equation has two roots, 
there will be aj^parently ttoo solutions to the problem. 



One Unknown Quantity. Ill 

Sometimes both of these will be tme solutions ; but fire- 
quently one only will be a true solution, the other being 
inconsistent with the conditions implied in the problem. 

Ex. (1) Find two consecutive numbers the treble of 
whose product exceeds four times their sum by 8. 

Let X and x-\- 1 be the two numbers : 
Then 3a<*+i) = 4(2»+i)+8, 

3x«+3a;.= 8a;+4+8, 

jjb"— 50 = 12, 

^--f- 4, 

* 6 -=*=6» 

5=fc>5 4 

aj= g- =3 or--. 

The fonner of these two roots gives 3 and 4 for the 
nmnbers required. 

The latter is inconsistent with the conditions of the ques- 
tion, consecutive numben being understood to be integers 
following one another in the common scale, i, 2, 3, 4, &c. 

Ex. (2) Two pieces of cloth, consisting of 6 yards and 
14 yards respectively, are bought for £10 12^., and the 
buyer finds that for £5 he gets one yard more of the latter 
than of the former : what price per yard does he pay for 
each piece? 

Let X be the price in shiUingfs of the fonner ; then for 

£3 he buys — yards ; 

. • . of the latter he buys for £3, ~ + i yards, so that 
the cost of the latter per yard is 

60 + 1 60 + s 

X 

m , 6oaj 
•'• ^* +6^+^ ^^^ ="^' 
.'• 360a! + 6a5* +8400?= 1272+2120?, , 
6iB* + 9880? =12720, 

the roots of which equation are 12 and —176^. 
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The latter of these roota does not give a solation of the 

problem; the former gives i2%, for the price per yard of 

6ox 
the first piece, and ^ , , %.e. los., of the second. 

Exercise 38. 

(1) Find a number snch that, when added to its square, 
the sum may be 20. 

(2) Find a number such that, when its double is in- 
creased by 3, and diminished by 3, the product of the 
numbers so obtained may be 135. 

(3) The length of a rectangle ,is 5 feet more than its 
breadth, and its area is 300 square feet: what are its 
dimensions ? 

(4) Divide 100 into two parts such that their product 
may be 1 344. 

(5) The area of a square may be doubled by increasing 
its length by 6 inches, and its breadth by 4 inches: deter- 
mine its side. 

(6) Find three consecutive numbers such that the 
squares of two of them may be together equal to the square 
of the third. 

(7) There are three lines, the first two of which are 
each ^ of the third, and the squares described on them are 
together equal to a square yard : find the lengths of the 
lines. 

(8) Find a number such that, when increased by 1 2, its 
square may be increased to 6j times its former value. 

(9) A grass plot 9 yards long and 6 yards broad has a 
path round it whose area is equal to that of the grass: 
find its width. 

(10) A could do some work alone in 9 hours less than B 
could do it; and together they could do it in 20 hours: 
how long would each take ? 

(11) A person buys for a room as many yards of carpet 
as he pays pence per yard. For a narrower carpet, the 
price of which per yard was ^ of the former, but of which 
he would have required 6 yards more, he would have paid 
2s. 6c?. additional. How many yards did he buy, and at 
what price ? 
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(12) An iron bar weighs 36 lbs. If it had been a foot 
longer, each foot of it would have weighed half a pound 
less. Find the length and the weight per foot. 

(13) Describe a right-angled triangle, one of whose sides 
shall be 3 feet more, and another 2 1 feet less, than the 
third. 

(14) What is the price of oranges per dozen when the 
number that can be bought for is. is 6f times the number 
of pence which each orange costs ? 

(15) Divide 35 into two parts, so that the sum of the 
fractions formed by dividing each part by the other may 
be 2^. 

(16) A number consists of two digits one of which is the 
square of the other, and, when 54 is added, has its digits 
inverted. Find it. 

(17) The thickness of a rectangular solid is f of its 
breadth, and its length equals its breadth and thickness 
added together: also the number of cubic yards in its 
volume added to the whole length in yards of its edges is 
f of the number of square yards in its surface. Determine 
its dimensions. 

(18) A man died in a year a.d. which was 33i times his 
age ; 1 3 years before, the year had been the square of his 
age. How old was he when he died ? 

(19) A courtyard 40 feet square has its sides paved to a 
uniform width with stones 2 feet square, of which 204 are 
used. How wide is the pavement? 

(20) Could the same stones be used for paving in a 
similar manner a courtyard 60 feet by 50 feet, and to 
what width '? 

(21) 12 ducks and 8 turkeys cost £5 12s.; and 4 more 
ducks can be bought for i8s. than turkeys for 19s. Find 
the price of each. 

(22) A courtyard is surrounded by a wall. The length 
of the courtyard is 4 yards more than six times the height 
of the wall, its breadth 5 yards more than three times the 
height, and its area 4 yards less than f of that of the wall. 
Determine the height of the wall. 

(23) Two trains travel towards one another fi'om two 
statkms 83^ miles apart. One starts two minutes before 

1 
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the other, and each travels as many minutes before meet- 
ing as the other travels yards per second. Determine 
their rates per hour. 

(24) Divide a line 20 inches long into two parts, so that 
the rectangle contained by the whole and one part may be 
equal to the square on the other part. 

(25) Land was bought for 1000 guineas; and the buyer, 
after reserving i^ acres for himself, sold tibie remainder at 
an advance of £7 per acre, receiving for it £1025. How 
much did he buy, and at what price per acre ? 

(26) A and B start at the same instant from two points, 
P and Q, 30 yards apart. A, whose rate is 4 yaids per 
second, runs at right angles to FQ; B, whose rate is 5 
yards per second, runs in such a direction that, without 
changing it, he may just catch A. How long did they 
run? 

(27) A comdealer bought 10 quarters of wheat and 
8 quarters of barley for £42, being able to buy for £14 
one more quarter of wheat than of barley for £7. What 
was the price of each per quarter ? 

(28) Describe a circle which would be doubled by in- 
creasing its radius by an inch. 

(29) A and B carried between them 70 eggs to market, 
and by selling them at different prices received each the 
same sum. If A had carried as many as B, he would have 
received is. lohd, for them; while B, if he had carried as 
many as A, would have received 3«. 4c?. How many had 
each? 

(30) If a carriage-wheel, 16^ feet round, took one second 
more to revolve, the rate of the carriage per hour would 
be i^ miles less. At what rate is the carriage travelling ? 
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CHAPTEE XVn. 

SIMULTANEOUS QUADBATIC EQUATIONS. 

74. — Quadratic equations of two unknown quantities 
reqxure different methods for their solution^ according to 
the form of the equations. 

Fiiit Method. — One of the unknowns may sometimes be 
found in terms of the other^ as in (52. Third Method), and 
this' value substituted. 

This method is applicable when one of the imknowns 
enters into one of the equations only in its simple power. 

Ex.(i)8oi.e|^fr^^:l; ; ; ; % 

From (2) a;=y+2. 

Substitute in (1) 3(y+3)*— 2y(y+2)=5, 
from which y = — i or — 7 

.-. »=y+2 = i or —5. 

Second Method, — When the terms which involve x and y 
in each equation are of the second degree, one of the un- 
knowns may be obtained in terms of the other by intro- 
ducing a new letter, as in the following example : — 

Suppose that y - vx, then 

(1) becomes • (i-t?— »*)a;* = 5 . . . (3) 

(2) becomes r2+3v+t;*>B«=28 . . . (4) 
and diyiding (3) by (4) 

I— 1> — t ^ _ 5 
2+sv-\-v^ ""28' 
. • . 28— 28«— 28t;* = 10+ i5i>+5t;*, 
-33«*-43t^ =-i8, 
„ 43 18 



from which * ~ 7 ®' "Ti* 



1^ 
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Substitute in (3), (i- j- -^ }^=S .•.«==*= 3, 

®' V+il"«Tr ^"^ .•.aj==tiiV^, 

.•.y = jof ±3 = ±i, 

i8 ^ /— / — 

or— ^ of ±iiv — i = Ti8v— I, 

.-. 2= ^3, y±i are the posGdble roots. 

The above method is also applicable when the terms 
inyolving a;+^ in one equation are of the first and in the 
other of the second degree. 

Ex. (1) may be solved in this way : 

(1) becomes (3 — 2v)3? = 5 , 

(2) sqtmred becomes (i — 2r+tr)a:?=4, 

. 3--3P 5 

7 
from which w= — i or -. 

N.6.— Care must be taken in this case to substitute these 
values of v in the eimple equation (2), 

(i— r)a;=2, 
from which a;= i or — 5, 

.*, y= — I or —7. 

Third Method, — Equations from which a^-\-y^ and xy can 
be obtained may be also conveniently solved as follows :— 

Ex. (3) Solve x^+y^= 13, xy=6 

Add twice the second equation to the first, then 

«2+2a^+yS= 25 .... (3) 
Take the square root, 

x+y =±s .... (4) 
Subtract twice the second equation from the first, 
x^-2xy-\-y^= I .... (5) 
the square root of which gives 

x—y =±i . . . . (6) 
(6) added to (4) will give 

2x=±6 or ±4, .*. x=±3 or ±2; 
(6) subtracted from (4) will give 

2y=±4or ±6, .-. y=±2 or ±3. 
N.6. — Care must be taken in the last addition and sub- 
traction to use the double signs in (4) and (6) in the »ame 
ordtr. 
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Exercise 39. 


Solve— 






(1) aj+y = 5, 




(2) a;-3y=i. 


25^-33/*= -3. 




ay+y2 = 5. 


(3) x+y= I, 




(4) a; -y =7, 


a;»+y»=25. 




a^ + ay+y*=i3. 


(5) x^^xy=zs. 




(6) xy =12, 


xy—y^= 6. 




aj— 2y= 5. 


(7) a:y = 7, 




(8) 2x-5y =9, 


2t*+y* = 5o. 




05*— a;y + y*=7. 


(9) x-y=9. 




(10) a;-y=i. 


xy+S^o. 




a^+y2 = 8i. 


(11) 4y=5«+i, 




(12)a;H4ajy=3, 


2scy=33— 05*. 




4a5y + y* = 2i. 


(13) . sx-iy 


=0, 


(14) a^-a^+y« = 48, 


5JC^- ^xy-^^f-^ 


jc— y = 8. 


(15) aj-y=i. 




(16) a^+zxy+y" --i, 






3CB"+xy+3y*= 13. 


y » 






(17) 0^-20^+32^= 


^h 


(18) x+y = a, 


a^+ay— y' = 


*. 


^xy =a*— 46*. 


(19) a;«-a;y=a2+6J 


9 


(20) a^-y* = 4a6. 


a;y— y"=2aJ. 




Qcy =a*— ft*. 


W ^ + p = 


5, 


(^^; jc-y 'a;+y~^^' 


33+1 y + i 


I*. 


6a3 = 2oy + 9. 


(23) a;»-y» = 9. 




(24) x^^f =0, 


«-y = 3. 




3a^-4xy + 5y2=9. 


(25) xy = 0, 




(26) a^-y*=a'. 


(rHy*=i6. 




ic— y =a. 



(27) i(^-i)-K«'+0(y-i)+"=o, 
Ky+2)=i(a'+2). 

(28) aa; + i^ =0, 

■ / ^ ^2^ (a-6)(a8-68) 
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(29) xoa5*+i5a5y=3aft— 20*, 
xoy*+ 150^= 306—36^. 

(30) Find y and z in tenns of x from 

Also from 

xyz =a') 



PROBLEMS PRODUCING QUADRATIC EQUATIONS 
OF TWO UNKNOWN QUANTITIES. 

Exercise 40. 

(1) If the length and breadth of a rectangle were each 
increased by i, the area would be 48 ; if they were each 
diminished by i, the area would be 24; determine the 
length and breadth. 

(2) The hypothenuse of a right-angled triangle is 20, 
and its area 96 ; find its sides. 

(3) The numerator and denominator of one fraction are 
each greater by i than those of another, and the sum of 
the two is i^; if the numerators were interchanged, the 
sum of the fractions would be li : what are the fractions? 

(4) The fore wheel of a carriage turns in a mile 132 
times more than the hind wheel ; but if the circumferences 
were each increased by 2 feet, it would turn only 88 times 
more ; find the circumference of each. 

(5) The sum of two numbers which are formed by the 
same two digits in reverse orders is ^ J of their difference ; 
and the difference of the squares of the numbers is 3960 ; 
what are they? 

(6) Two boys run in opposite directions round a rect- 
angular field the area of which is an acre ; they start from 
one comer and meet 1 3 yards from the opposite comer, 
and the rate of one is f of that of the other. Determine 
the dimensions of the field. 

(7) On three successive days the rate of the stream in a 
river is 2 miles, i\ mile, i mile an hour; what distance 
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up the stream and back does a person row who takes on 
the last two days 25' and 32' less than on the first? 

(8) A number is divided into two parts such that the 
sum of the first and the square of the second is twice 
the sum of the second and the square of the first ; and the 
sum of the number and the first part is 4 more than twice 
the second. Find the number. 

(9) A man and a boy begin together to clear a piece of 
ground. After a time the man leaves the boy to finish, 
who works in consequence for a fourth as long again as 
he would have done if the man had not left. If they had 
worked together to the end, the man would have cleared 
10 yards more than he did, and would have done as much 
as the boy could do in 32 hours ; while the boy would have 
done as much as the man could do in 8 hours. How large 
was the piece? 

(10) A, in running a race with B to a post and back, 
met him 10 yards from the post. To make it a dead 
heat, B must have increased his rate from this point 4 if 
yards per minute ; and if without changing his pace he 
had turned back on meeting A, he would have come in 4" 
after him. How far was it to the post ? 
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CHAPTER XVni. 

SIMPLE INDETEBMINATE EQUATIONS. 

75. — If a single equation be given which involves two 
unknown quantities, and no other condition be assigned, 
the number of its solutions (51) will be unlimited ; for any 
value may be assumed for one unknown and a corre- 
sponding value then found for the other. 
Such an equation is said to be Indeterminate, 
An indeterminate equation differs from an identity (20) 
in this, that whereas in an identity, e.g. 

y-i-i 2y~5 _ s- ^^y—i^ 

any values may be assigned to x and y independently of 
one another, in an indeterminate equation the values of x 
and y are dependent one on the other ; and so while they 
are unlimited in number, they are still confined to a par- 
ticular range. 

This range is frequently still further limited by re- 
quiring the roots to satisfy some given condition, as, for 
instance, that they should be positive integers: the man- 
ner of introducing such conditions will be best seen by 
examples. 

Ex. (1) Solve 3a; + 4y=33 in positive integers. 
Transposing, 3a; = 2 3 — 4y, 

i—y 

.-. a;=7-y+— , 

the quotient being written as a mixed number. 

I— V 

.-. a;4-y-7= y-. 

Now since the values of x and y are to be integrtd, 
»+y-"7 will be integral, and therefore — ^, though frac- 
tional in form^ will be integral. 
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Suppose i=lf to be =<, an integer, 

then I— y=3<, 

and y=i— 3< (a). 

= 7-i + 3if+<, 

=6+4^ (/3). 

It is clear horn (a) and (fi) that if < have any integral 
value (i, 2, 3, &o.) positiye or negative, x and y will both 
be integral : and such values must be chosen as will also 
make x and y poniive, 

(a) shows that so far as regards y, t may have any nega- 
tive value, or o, but cannot have a positive value assigned. 

(/8) shows that t may not have any negative value greater 
than I. 

.' , t may = — i or o, and then 
05=2, y=4, 
or aj=6, y^i. 

Ex. (2) Solve 50?— 7^= 13 in positive iDtegers. 
Proceeding as above, we find that 

- --- must be integral 

Now if this were put = <, as before, the vulue of y ob- 
tained in terms of < as in (a) would be fractional^ and 
therefore useless. To avoid this difficulty, multiply the 
above expression by 3, and we shall have 

-^— 1. e. y+ 1 +'' — integral ; 
— is integral = t (suppose) ; 

and a;=7<— 3. 

Here t may have any positive value, 
and x=4j ii, 18, 25, ... . 

y^ I, 6, II, 16, ... . 

The multiplier to be employed as above must be such 
that the resulting coefficient of y, when divided by the 
denominator, shall have a remainder i ; such a multiplier 
may always be found if the coefficient and the denominator 
are prime to one another. 

It will be noticed that the values of x and y are limited 
when, as in Ex. (I), t has different signs in (a) and (fi). 
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When t has the same sign in both (t.e. when » and y in the 
given equation are connected by — ), the number of their 
values is unlimited 

The necessity for a multiplier may be sometimes ob- 
viated in one of these ways. 

Ex. (3) Solve 7a: + 4y= 29 in positive integers. 

4y=29-7x. 
Divide by 4, and notice thai j is 1 less than a mtiUipU 
0/4; then 

&c. 

Ex. (4) Solve 5x— T3y= 8 in positive integers. 

, ,3y+5 

a5=2y+i+ *'- — . 

> Here the numerator of the firaciion contains a factor 3 : 

dividing by it, we have 

t/-{-i 

^ — an integer, = t (suppose), 

&c. 

When one pair of roots can be determined by inspection, 
the rest may also be found as in the following example. 

Ex. (5) Solve 3a+ 5y= 52 in positive integers. 
Here ^=4? y = 8 are a pair of roots ; 



for 3.4+5.8=52. 



• 



Subtracting the last line from the given equation, 
3(a;-4)+5(y-«)=o. 

,•. ~7~= -r-^ = Ksuppose). 

.*. 25=5^+4 . . . . (o) 
y = S-~lt . . . . (i8) 
^may =0, i, 2. 
.-. a=4,9» 14, 
y=8, 5»i. 
Since all the values of z and y are to be integral, they 
will differ by integers ; (a) and (jS) therefore show that the 
only admissible values of i will be integral. 
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Ex. (6) Solre i8x— 53^=70, so that y may be a mtil- 
tiple of X, and both positive. 

Let y=rnx, then 

(18— 5w)aj=7o 

If 111=3, a;=8i, y=i7i; 

Ifni=3, a;=33l, y=70. 

If m = 4, X is negative. , 

When a single equation involving three unknown quan- 
tities is given^ successive values may be assigned to one 
of them, and corresponding values then found as above 
for the other two. 

Exercise 41. 

Solve in positive integers. 

(1) 3a; + iiy = 49. (2) 7aJ+3y=40. 

(3) 5aJ + 7y = 53- (4) a;+ 10^=29. 

(6) 3a + 8y = 6i. (6) 8a+ 5^=97. 

(7) i6a: + 7y=iio. (8) 705+10^=206. 
(9) 505— i4y=ii, (10) 1205— 7y= I. 

Find the least positive integers which satisfy the equa- 
tions: — 
(11) 5ir— i7y=23. (12) 23^—130:= 3. 

(13) In how many ways may 100 be divided into two 
parts, one of which shall be a multiple of 7 and the other 

of9? 

(14) Some men earning 2s. 6d, and some women earning 
IS. 9c/. receive altogether for their daily wages £2 4s. ^d, : 
how many are there of each ? 

(15) 1 1 lbs. of tea and 5 lbs. of coffee are bought for £2 4s. ; 
tea being dearer than coffee, find the price per lb. of each. 

(16) Solve 505+6y= 30, so that 05 may be a multiple of y, 
and both positive. 

(17) Solve i205 + 8y=2o, so that 05 +y may be a positive 
integer. 

(18) Solve 8a; + i2y = 23, so that 05 and y may be positive, 
and their sum an integer. 

(19) Solve 5a5+9y=4i, so that x and y may be positive, 
and 205+ 3y an integer. 
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(20) Solve 305+ 3y +42= 27 } . ..• • x 

(21) Solve 30;+ 5y + ioz= 31 in positive integers. 

(22) Divide 70 into three parts which shall be multiples 
respectively of 6, 7, 8. 

(23) 200 is to be divided into parts which shall be re- 
spectively divisible by 5, 7, 11; and the sum of their 
quotients to be 20. Show that it can be done only in one 
way, and find it 

(24) A number consisting of three digits of which the 
middle one is .4, has its digits inverted by adding 792 : 
determine it 

(25) If 70: + 5y = 70 be solved in positive roots, show that 
any pair of corresponding roots must have its sum greater 
than 10 and less than 14. 

(26) A number of lengths, 3 feet, 5 feet, and 8 feet, are 
cut; how may 48 of them be taken so as to measure 
175 feet altogether? 

(27) A field containing an exact number of acres less 
than 10 is divided into 8 allotments of one size and 7 of 
four times that size, and has as well a road containing 
1 300 square yards passing through it. How large are the 
allotments ? 

(28) A square and regular nonagon are to be made, 
such that the sum of their sides (one of each) may be 
28 inches, and the sum of their perimeters an exact 
number of feet. How long must their sides be ? 

(29) Two wheels are to be made, the circumference of 
one of which is to be a multiple of the other ; what cir- 
cumferences may be taken so that when the first has gone 
round 3 times and the other 5, the difference in the length 
of rope coiled on them may be 17 feet ? 

(30) The side of a room 27! feet long is to be panelled 
with boards, some of which are 8 inches and the rest 5 inches 
wide. How many of each must be taken (i) in order that 
there may be more narrow than broad, but the difference 
the least possible ; (ii) that there may be the least pos- 
sible number on the whole used ; (iii) in order that the 
number used may be the largest possible ? 
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CHAPTER XIX. 
RATIO. PROPORTION, AND VARIATION. 

76. — The relation which one quantity has to another, in 
reference to the number of times which the former contains 
the latter, is called the Ratio of the former to the latter ; 
and is represented by the fraction which the former is of 
the latter. 

The ratio of a to 6 is therefore measured by the fraction 

T ; and this fraction is commonly said to he the ratio. 

The ratio of a to 6 is also expressed by a : 6. 

It will be observed that a quantity cannot have a ratio 
to another nnless iii& of the same kind with it. 

The first term of a ratio is called the antecedent, and the 
second the consequeiit. If the antecedent is equal to the 
consequent, the ratio is said to be one of equality ; if the 
antecedent is greater than the consequent, it is said to be 
a ratio of greater inequality ; if less, of less ineqvxility. 

The ratio & : a is called the inverse of a : 6. 

77. — As propositions resi)ecting ratios will be proved by 
means of the fractions which represent them, it may be 
well to recapitulate the leading arithmetical principles 
respecting fractions, and to give their proofis in an alge- 
braical form. 

(i) A fraction will not be altered if its numerator and 
denominator are both multiplied by the same integer. 

For ^ implies that the unit has been divided into h 

equal parts, and a of them taken. 

Now if each of the & parts be subdivided into m equal 
bits, there will be clearly m5 of these in the whole, and ma 
of them in the above portion. 
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The portion may therefore be also represented by ^. 

mo 

a_ma 
b" mb' 
(ii) Two fractions haying the same denominator will be 
added or subtracted by adding or subtracting their nume- 
rators, and retaining the denominator. 

For Y indicates tha^ the unit is divided info b parts and 

a of them taken ; 

^ indicates e of the same parts : 



. ' . ^-{-^ consists of a parts and e parts of that size, 



and therefore =5^i^. 



Similarly —^ =-"^. 

o 

It is clear also that ^ ^r according as o ^ c. 

6<6 < 

(iii) A fraction will be multiplied by an int^er if its 
numerator be multiplied by it 

For ?xni means ^+^+^ . . . w times 



a+a+a . . . tn times 
= 6 ' 

(iv) A fraction will be divided by an integer if its de- 
nominator be multiplied by it. 

For since A x m=^=?, 

mb fno o 

a a 



(v) Fractions having different denominators may be 
compared, added, or subtracted by expressing both with a 
common denominator; any common multiple of the de- 
nominators being taken for the common denominator. 

For two fractions ? , ^ may be expressed as ?f . ^ ; and 

b a bd bd 

these having the same denominator may bo compared, 

added, or subtracted by (ii). 
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78. — Pbop, a ratio will not he altered if its terms are both 
muitiplied hy the same integer. 

For the ratio albia represented by ^, 

and ma : t»& id represented by ^. 

nib 

andby(77.i)!???=^. 
mo b 

79. — ^Pbop. a ratio will be altered if its terms are multi- 
plied by different integers : increased or diminished according 
as the muUiplier cf the antecedent is greater or less than that 
of the consequent. 

For if ma : n( be the new ratio, 

aooording eta ma ia^ na^ 

or m^n. 

80. — Prop. A ratio of greater inequality will be dimi- 
nished, and a ratio of less inequality increased, by adding the 
same number to both its terms. 

For a+JB : b+x will be ^ a : 6, 

as db+bz^ab+axy 
aabz ^ox, 

as b^a. 

Similarly a ratio cf grtater inequality will be increased, 
and of less inequality diminished, by subtracting the same 
number from both its terms. 

81. — ^A ratio is said to be compounded of two others 
when its terms are respectively the products of their 
corresponding terms. 
The ratio compounded of a : ( and c:d iaacibd, 
A ratio^ a : b, compounded with itself produces its 
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duplicate, €^il^\ oompotuided with itself again, its tripli- 
cate, a'^ J*; Ac. 

N3. — The dupliccUe, triplicate, &c, of a ratio are some- 
times called its double, triple, &c. 

Prop. Jf a series of magnitudes a, h, c, d, are taken, the 
ratio a id is equal to that comfounded of a i h, b I c, c l d. 
For this oompound ratio is abe I bod, 

which = al d. 

82. — An equality of two ratios is called a proportion, 
and the terms involyed are said to be proportionals. 

Thus if u : (= c : (2, or (as it is more commonly written) 
(/ : 6 : : c : (/, 

a, b, c, d are propw^tionals. 
The first and last terms of a proportion are called the 
extremes, and the two middle terms the means, 

Pbop. In a proportion between numbers, the product of the 
extremes is equal to the product of the means. 
For if a : 6 : : c : d, 

a c 

. • . multiplying hy bd, ad=bc. 

Conversely, ifad=bc, wc obtain by dividing both sides 
by bd, 

ad _ be 

bd^bd' 

°'' 6 = 5- 
. • . a : 6 : : c : d. 

The equation ad=bc gives a = —,b = —, &c. : so that 

d c 

three terms of a proportion being given the other one may 
be found : an extreme may be found by dividing the pro- 
duct of the means by the other extreme, a mean by dividing 
the product of the extremes by the other mean* 

83. — If a lb lie id, several other proportions may be 

formed: — 

Inversely ; i.e. blaWdlc. . . . (i) 

■mac a e 

For _ — — • . I -S-— = T -»-_ 

b d b d 

b d 

1. e. -=-, 

a c 

. • . b I ail die 
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Componendo; L e. a+hlhll e+d Id . , . (ii) 

a+6 c+d 

.-. 0+6:6: :c+d:d. 

DMdendo; i. e. 0—6 : 6 : : c— d Id'. . . (iii) 

For?- i=^-i.&c. 
d 

Also a+6:a-6::o+(i:c-d (iv) 

For. as above, ^=£±^. 

6 d 

. • . dividing the fonner line by the latter, 

o+6__c-M 
a—h~c—d* 
.•. ai-hla-hllc+dlc-d. 

When the four quantities are all of the same kind, they 
will be proportionals also when taken dUematdy ; i. e. 

a:e::h:d (v) 

p» b = 5. 

o 6 _ c 6 
•'• h^e = 3^c' 

a 6 

^' c = d' 
. * . alellhld. 

and irom this a series of proportions may be obtained in 
the same manner as before. 

84.— Prop. lfa:h::c:d::e:f, 

then a lb i: a-\-c-\-e I b + d-\-/. 

We shall employ here a method of proof which is often 
useful for more general propositions. 
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a e e 

^* 6 = 5 = 7 = *■• 

then a^hr, e = dr, e=fr ; 
. • . a+o+e = ih+d+fyr, 

o-fc +g __ _o 
•*• h+d-^-f-^'h' 
. • . alh:: a+c+e : 6+(i+/. 

Similarly a lb II mo+nc+iw : mfi+nd+p/. 
85. — Peop. If a, b, c, d, are continued 

portionals, i.e,ifaibi:b:c::cid:: &c. 
then aicila^il^, a : d : : a* : J*, &c. 

For T = - = j= &c. 
bed 

a b a a 

or - = p . • . a : c : : a* : ^. 

^b^c^d~ b^b^b' 

or J = Is . ' . a : d I : a' : &*, &c. 

If three quantities a, 6, c, are proportional, so 
a : b : : b : c, & is said to be a mean proportional bet^ 
a and 6 ; and c a third proportional to a and b, 

86. — The propositions proved above should be 
membered also in their fractional form; and (espec 
in this form) are often useful for the simplificatioi 
equations. 

xi c. 1 3a^+2x + 6 3X*+2a5— 20 

Ex. Solve 3-2^:^^36 = j^^^T^Te- 

Instead of multiplying out at o c e, we may apply (H3. 
from which 

4a:+i2 — 405 —4 ' 

*'• a;+3 "" a;-i ' 

a5»-a5» = aB»+3x?»-6a;-i8, 
4a»-6» = i8, 
from which x = 3 or - 1}. 
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Equations which are given in the form of a proportion 
may be solved either by being expressed in a fractional 
form or by equating the products of the extremes and 
means (82). 

87. — Prop. If a : h : : c : d, and a is the greatest term, 
then a+d willbe>&+c. 

CL C 

For T = -^ . • . a being > c, 6 will be >• d. 

Also— ^ =— -3-,and6 being>(i, a— 6 will be<c— d, 
. • . adding h+d, a+d>>6+c. 



Exercise 42. 

(1) Write down the ratio compoimded of 3 : 5 and 8:7; 
which of these ratios is increased and which diminished 
by the composition? 

(2) Compound the duplicate ratio of 4 J 1 5 with the 
triplicate of 5 : a. 

(8) Show that a duplicate ratio is greater or less than 
its simple ratio, according as it is a ratio of greater or less 
inequality. 

(4) Find two numbers in the ratio 3 : 5 such that when 
5 is added to each, they may be in the ratio 2:3. 
(Let 3 X, 50; be the numbers.) 

(6) A, B, C had sums proportional to 4, 5, 12; and 
when C had given A and B each 5s. 6'/., the sum which he 
had left bore to the sum which they had together the ratio 
2 : 7. What sum had each at first ? 

(6) If a : 6 : : c : <f , prove that 

nd, 

d, 

d, 

cP. 

c+rf. 

c^d, 

7nC"nd, 

cP". 



(0 


ma 


(ii) 


Za-\-b 


(iii) 


a + 26 


(iv) 


a» 


(V) 


a 


(vi) 


a 


(vii) 


ma + nh 


(viii) 


a-" 



I nh I 


: mc : 


: b : 


: 3C+C? : 


: b : 


: c-\-2d : 


: b^ : 


: c« : 


: a+6 : 


: c : 


: a— 6 : 


: c I 


: ma-^nb : 


: mc-^ndl 


I 6™ : 


: c« : 
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(1) If a:b::c:d, prove (by the method of 84) that 



(0 

(ii) 
(iii) 

(iT) 


20 + 36 I 30—46 :; 
a' + ah : h'-ab :: 

ma*+na6+|?6*: 6» : 
,. aa5 + cy hx—cy , 


3c+3<i : 3c— 4^. 

: a« : J«. 

:mc*+ncc? +♦)(?: (?. 

hv /'ft^^ fltaf oQ/>li of 



a? 
these fractions = - . 

y 

(9) If a : 6 : : 6 : c, prove that 

(i) ac^y". 

(ii) a + 6 : 6 + c :: a : 6. 
(iii) a*+a6:J2 + Jc:: a I c. 

(iv) a : b ::(u+cy:(b-\-cy, 

(10) If a, b, c are proportionals, and a the greatest, then 
a-\-c'^ 2&. 



cc— y _ y— 2 __ 2— 



x 



and «, y, z uneqnal, then 



(11) "-f= m » 
/ + m + w=o. 

(12) Find x when a + 5 t 2a;— 3 t : 5X + 1 : 305— 3. 

(13) If f = 5. then ^^or f^ will equal either ot 



a 



a-\-c 



a 



these: if 5 >5. then ^^ is < -j but>5. 

(14) Solve ^^:::^^ = ^^r^^n^; and 

cc*— 435+2 __ CC*— 40? 
a*— 2X— I ~ as*— 205— 2' 

(15) If — iT, . = — 5; r^» wi®^ aiblleld. 

^ ^ a—b-^c—d a—b—c-^-d 

(16) A line is divided into two parts in the ratio 2 : 3, 
and into two parts in the ratio 3:4; and the distance 
between the points of section is 2. Find the length of the 
line. 

(17) A railway consists of two sections. The annual 
exi)enditure on one has increased this year 5 per cent, 
and on the other 4 per cent., producing on khe whole an 
increase of 4* 3 per cent. Compare the amounts expended 
on the two sections (i) last year, (ii) this year. 
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(18) A certain number of persons^ consisting of men and 
women earning respectively fixed rate«i of wages, are re- 
quired for some work. The numbers of men and women 
are equal, but if the number of women were made half as 
much again as the number of men, the amoimt of wages 
paid would be a thirtieth less than at present Compare 
the wages of a man and woman. 

(19) If a, J, c, d are pioportionals and unequal, show that 
no number x can be found such that a+x, j+aj, c+x, 
d-\-x shall be proportionals. 

(20) In a factory, the number of working hours per day 
haying been reduced in the ratio 11:9, and the number 
of working days per week in the ratio 12 : 11, it is found 
that a workman who is paid proportionately to the work 
done, has increased his weekly wages 2 per cent. In what 
ratio has the value of his work per hour increased ? 



VAKIATION. 

88. — Quantities may be so connected that when one has 
its value changed, the other will in consequence have its 
value changed also. 

Thus the distance travelled at a certain rate will be 
increased if the time is increased ; the time required for 
completing a certain quantity of work will be diminished 
if the number of workmen is increased. 

It will be noticed that the word " quantity " is here used 
in a sense rather different from that in which it has been 
before employed. Hitherto, when a, 6, x Inches, y men, 
&c. have occurred, the letters (or quantities) have been 
considered to have particular values throughout any one 
proposition or operation in which they have occurred : 
here, however, the word is used in a general ^nse, as 
distance, area, &c., to which particular values may be 
assigned. 

To indicate quantities understood in this sense it is con- 
venient to use capital letters. A, B, &c., the letters being 
understood to indicate numericdl values of the quantities. 
When two such letters are used in an expression, they 
indicate corresponding values of the two quantities. 
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89 — When two quantities are so connected that if one 
be changed in any ratio the other will also become changed 
in the same ratio, the latter is said to vary, or vary directly ^ 
as the former. 

For instance, the area of a rectangle described on a given 
base will vary directly as the altitude ; for if the altitude 
is changed, the area will become changed in the ^ame 
ratio. 

Variation is expressed by the s>mbol a. 

Tlius if H and A represent corresponding values of the 
altitude and area of the rectangle, A(X. H. 

Hence if -4 a -B, two values of A have to one another 
the same ratio as the two corresponding values of B, 

Pbop. If A(X. B, a will eqttal mB, where m is constant 
for all values of A and B. 

For if r J ,u . . . be corresponding values of ^ and ^, 

a ha b 

we have from above -7 = jj ; "TTi = -rn ; &c. 

a a 

a a t, 

•*• 6 ~ P = j« = &c. 

t. e. the ratio n is constant, and may be represented by a 

constant m ; . * . J. = mB. 

The constant m may be determined whenever a pair of 
corresponding values of A and B is known. 

90. — When ^o quantities are so connected that if one 
be changed in any ratio, the other will become changed in 
the inverse ratio, the latter is said to vary inversely as the 
former. 

For instance, the time required for completing a certain 
amount of .work varies inversely as tl e number of workmen 
employed; for if this be doubled, trebled, halved, or 
changed in any ratio, the time required will be changed 
into the half, third, double, or in the inverse ratio. 

Hence, if A varies inversely as B, two values of A have 
to one another the inverse of the ratio which the corre- 
sponding values of B have. 
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Prop. ^ A vary inversely as B, A'B toUl eqttal m, where 
m is constant for all values of A and B. 

For if ,' , / , r/ * * ' be corresponding values of il and B, 

'a ' ' V a Vl 
a' - b'' a" - h* ^' 
.'. ab = aV = a"h" = &o. 
i.G. AB is constant, and may be represented by m. 

As before, m may be determined if one pair of corre- 
sponding values of A and B is known. 
Instead of AB =m, the equation may be written 

7n 
A =^; and A may be said to vary as the reciprocal of B, 

or -4 a -n. 

91. — Questions involving the principle of Variation may 
be most easily treated by means of the above equations 
between the varying quantities. 

Ex. (1) 11 A(X.B and when B=2,A=i, find the value 
of ^ when J? = 5. 

Jjet A=mB, then 3 and 2 being corresponding values 
of A and By 

3 
and when B=5, A=-- of 5 = 7-. 



92.— Pbop. ijr AaB, and BaC, then AaC. 

For A = mB where m is constant, 

and B=nC where n is constant. 

.*. A = mnC. 

. • . mn being constant, A^C. 

Ex. (2) The weight of a sphere of given material varies 
as its volume, and its volume as the cube of its radius. 
If a sphere of 2 in. radius weigh 5 lbs., find the weight of 
a sphere of 3 in. radius. 
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If TFreproBent the weight, 
F . . . the volume, 
R . , . the radius, 
TTaFand FatB», 

.-. Trails 

Let W = mifi, 

then 5 and 2 being coneBponding values of TFond B, 

5 = 8fii, .*. TO=^. 



8* 



tf=|b», 



5 7 

when JB=3, ^^=2 of 27= i6r. 



93. — A quantity may vflay jointly as tvjo others, t.c. it 
may be so dependent on them that when either of them 
is changed in any ratio, the other remaining fixed, it will 
be changed in the same ratio. 

Prop. 7j^ AocB when C is unchanged, and AocC when 
B is unchanged, then when both B and change, AocBC. 
Let a, hy c be simultaneous values of A, B, C. 

And let any change of h into h' (e remaining unchanged) 
produce in a a change into a, 

a h 
<^en ■^=6> (1) 

Now (B remaining h') let c be changed into any value e' ; 
it will produce in a a change into a\ such that 

« c ,_. 

■-a-=c' <2) 

Then the changes in both h and c have changed a into a' ; 
and multiplying (1) and (2), 
a he 

Hence the values of A have tlie same ratio as the cor- 
responding values of the product BC, 
A(XBa 

94.— Prove in the same manner the following pro- 
positions : — 

(i) y A vary directly as B when C is unchanged^ and 
inversely as C when B is unchanged, then when io^A 

B and C change, Aoc-q. 
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(ii) 1/ A tHxry inversely as B when C is unchanged, and 
inversely as C when B is unchanged, then when both 
B and C change, A varies inversely as BC. 

(iii) If there are any number of quantities B, C, D, dtc, 
cmd A varies as each when the rest are unchanged, 
then when they aU change, AocBCD .... 

Exercise 43. 

(1) If A(xB, and A = ^ when ^=5, express A in terms 
of ^; and find A when B=i2. 

(2) If A(xB, and when B= -, A= -, find A when 

2 3 

(3) If AcxB-^-c wh^re c is constant, and A=2 when 
5= I, and -4 = 5 when B= 2, find A when ^= 3. 

(4) If 05 varies jointly as y and 2, and 3, 4, 5, are simul- 
taneous values of x, y, z, find x when y = z= 10. 

(6) The velocity acquired by a stone falling from rest 
varies as the time of falling, and the distance fallen varies 
as the square of the time ; if it be found that in 3" a stone 
has fieJlen 145 ft and acquired a velocity of 96I ft. per 
second, find the velocity and the distance at the end of 5". 

(6) If a heavier weight draw up a lighter one by means 
of a string passing over a fixed wheel, the space described 
in a given time will vary directly as the difference between 
the weights and inversely as their sum. If 9 oz. draw 
7 oz. through 8 ft. in i", how high will 12 oz. draw 
9 oz. in the same time ? 

(7) The space will vary also as the square of the time ; 
find the space if the time in the latter case be 3". 

(8) The exi)enses of a hospital are partly constant and 
partly vary as the number of patients ; if for 1 20 patients 
the expenses are ;^4oo, and for 140 patients ;^43o ; find the 
expenses for 200 patients. 

(9) Equal volumes of iron and copper are found to 
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weigh 77 and 89 oz. respectiyely ; find the weight of 
loi ft. of copper rod when 9 in. of iron rod of the same 
thickness weigh 31*9 oz. 

(10) The Yolume of eqnal lengths varying as the square 
of the thickness^ find the weight as above, supposing that 
the thickness of the iron rod were i in., and of the copper 
I in. 

(11) The square of a planet's time of revolution varies as 
the cube of its distance from the stm ; the distances of the 
earth and Mercury from the sun being 91 and 35 millions 
of miles, find (in years) the time of Mercury's revolution, 

(12) The volume of a sphere varies as the cube of its 
diameter; show that a sphere of 6 in. diameter will be 
equal in volume to three spheres whose diameters are 

3, 4, 5 ^' 

(13) X is equal to the sum of two quantities, one of which 
varies inversely as y, and the other inversely as y*, and 
when y = h, x = a; when x =b, y= —a. Find x in terms 
ofy. 

(14) A spherical iron shell, i ft. in. diameter, weighs 
■ff^ of what it would weigh if solid ; how thick is the 
metal? 

(16) Planets attract their satellites with a force which 
at a given distance varies as the planet's mass ; and for 
a given moss, inversely as the square of the distance. Also 
the square of a satellite's time of revolution varies directly 
as its distance from the planet and inversely as the force 
of the planet's attraction (the orbit being supposed cir- 
cular). Show that if R represent the distance of a satel- 
lite from its primary, T the time of its revolution, and M 

the mass of its primary, Mc/i ^2- 

If for the moon and one of Jupiter's satellites the values 
of R are in the ratio 9 : 46 ; and of T 18 : 1 1, compare the 
mass of Jupiter with that of the earth. 
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NOTE ON CHAPTER XIX. 

The treatment of Batio has depended on the assumption that 
it is always possible to express the two quantities in integers. 
And this will be possible with a proper choice of unit, even when 
the quantities appear to have arithmetically a fractional form. 

For instance, 2} in. and 4J in. are fractional in form, but if 
instead of an inch, the sixth of an inch be taken as the unit, the 
same lengths will be expressed by 15 and 28. 

Two quantities which can be exactly expressed in ttirms of 
some common unit are called commensurable. 

But two quantities may be compared which are tntxmtmen- 
aurdbU^ i.e. such that no unit exists in terms of which both the 
quantities will be integers ; as the side and diameter of a square. 
In this case it will be always possible, by taking the unit suffi- 
ciently small, to find a fraction which shall be as near as we 
please to the true value of the ratio, either above or below. 

For instance, if a and h are the diameter and side of a square, 

a=bV^, .'. a:6::V2:i. 

Now V2 = i'4i42i 709, &c., which is > 1*4142 1 7, 

but < I '41 42 18. 

If then we take a millionth as the unit, 

a : b lies between 1414217 : 1 000000, 
and 1414218 : loooooo, 
and differs from either by less than tqiJ^q, 

By carrying the decimal further, we may obtain a still nearer 
approximation to the true value of a : 6. 

Expressed generally, if a and h are incommensurable, let b be 
divided into any integral number (n) of parts, and taking one of 
these as units, suppose it to be contained in a more than m 
times but less than m+ 1 times. Then 

m a , w+i a 

»<■& »°<i -ir>b- 

a I 

And the error therefore in taking either of these for -7 is <--. 

Now, by taking n large enough, we may make - as small as 
we please, so that the error may be made less thin any quantity 
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which may be aasigned : any of the propoaitions which are proved 
above to be true for — and may be therefore considered 

Iruo for -^. 

If a second ratio ^ , where c and d are incommensurable, lie 

a c I 

1)ctween the same limits, the difference T''^^ is less than -. 

and is therefore less than any assignable difference ; 

a c 

. * . T may be considered to be =^ ; 

and the propositions on Proportion which are proved above will 
be true for a, 6, o, (i. 
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CHAPTER XX. 

PROGBESSIONS. 

(See also Arithmetic, ch. zvii.) 

AKITHMETICAL PROGRESSION. 

95. — A series of mimbers, or quantities, which increase 
or decrease by a common difference is said to be in 
Anthmetical Progression : as 

3, 5, 8, II, 14, &c. 
30, 26, 23, 18, 14, &c. 

The general representative of such a series will be 

a, a-\-d, a + 2(/, a+^d, &c. 

in which a is the first term, and d the common difference ; 
and the series wiU be increasing or decreasing according 
as (;^ is positive or negative. 

Since each term of the series is obtained from the 
preceding one by adding d, it will be seen that the 
coefficient of d will be always i less than the number of 
the term ; so that 

r/th term = a+(/i — i)c? ... (1) 

If the nth term be denoted by N, (1) may be regarded 
as an equation between a, d, n, N; from which, if any 
three of the quantities are given, the fourth may be found. 

96. — The arithmetical mean between two numbers is the 
number which stands between them, and makes with them 
an arithmetical series. 

If a and h are the two numbers, and A denote their 
arithmetical mean, we have by the definition, 
A— a = h—Ay 

■. A =^ .... (2) 
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Sometimes it is required to insert several aritfametical 
means between two numbers, i, e. to insert between them 
several numbers, which with them will form a oontinuoos 
arithmetical series. 

Ex. To insert four arithmetical means between 6 and 26. 

We notice that 6, 26, and the four means fonn 6 terms, 
80 that equation (1) gives 26 = 6 + 5d 

.*. d = 4 
and the means are 10, 14, 18, 22. 

Pbop. Prove thai if r means are to he inserted between 

b— a 

a and b, the common difference will he -—: — , and the 

.„ - ra+b (r— i> + 3b (r— a>+3b , 
means will he yj^, y:^^ ' F+1 ' ^• 

97. — Pkop. The sum of any two terms equidistant from, 
the betjinning and end of an arithmetical series is equal to 
the sum of .the extreme terms. 

For if a and I be the first and last terms, the series may 
be written either as the increasing series 

«, a-f d, a4-2rf, i— d, Z; 

or as the decreasing series (in the reverse order) 

U i— d, I— 2d, a+d, a. 

The rth from the beginning will (from the upper line) be 

a4-(r-i)d; 
and (from the lower line) the rth term from the end will be 

2-(r-i)d; 
and the sum of these two is a-{-l, 

Pbop. To find the sum of aU the terms of an arithmetical 
series. 

Let n be the number of terms, s their sxun. ; 

then« = a+(a+d)+(a+2d)H- .... (Z-d)-fZ; 

al80« = i+(i-d) + cZ-2d)+ .... (a-{-d)+a; 
. * . adding these two lines, 

2» = (a4-2)+(o+0+(o+0 • • • « terms. 
= n (a+l) 

.-. »- ^(a+0 (8) 
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Since by (1) l=a-\-(n-~i)d, we have by substitatiiig 

this yalne in (2) «=- {2a+(w— i)(i} ... (4) 

from which the sum of any given number of terms may 
be found, when the first term and common difference are 
given. 

(4) is an equation between a,d,n, s, from which, if any 
three of these quantities are given, the fourth may be 
determined. 

It will be noticed that the equation for finding 'n will 
be quadratic ; and as in the case of other problems involv- 
ing quadratics, sometimes both, but sometimes only one 
of the roots, will give solutions. 







Exercise 44. 


(1) Find the 


1 3th term of 


St 9, 13, ... . 


ft 


7th 


a 


12, 9, 6, . . . . 


tt 


9th 


it 


-3, -I, I, . . . . 


n 


loth 


it 


-2, -5, -8, . . . . 


i> 


8th 


a 


a, a + 3&, a -1- 6&, . . . . 


it 


5th 


ti 


a— 6, a + 6, 



(2) Find the arithmetical means between 3 and 12; 
— 5 and 17 ; a* + aft— 6* and a'— aft +6*. 

• 

(3) What term of the series whose first term is 2, and 

common difference \, will be 10 ? 

(4) The 7th term of a series whose common difference 
is 3, is II, find the first term. 

(5) The 4th term of a series is 5, and the loth is 12, 
what is the 6th term ? 

(6) Insert 3 arithmetical means between i and 19; and 
4 between —3 and 17. 

(7) Obtain the rth term of the series ^^~^, ^^7^, &c. 

2 2 
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(8) Sum 5 + 8 + 11 + 



to lo terms; 



to I a tenns ; 
to 7 terms; 
to 6 terms; 
to n terms; 
to II terms. 



7+5+ 3+ . 
-4-1+ a+ . 

-3-8-13- . 

a+4a+7o+ . 
(a-&)+(a+6)+ . 

. (9) The snm of six ntunbers in arithmetical progression 
is 2 7, and the first term is i ; determine the series. 

(10) How many terms of —5 — 3 + 1+ . . . must be 
taken so that their sum may be 63 ? 

(11) The first term is la and the sum of 10 terms is 10; 
find the last term. 

(12) The arithmetical mean between two numbers is 10, 
and the mean between the double of the first and the treble 
of the second is 27 : find the numbers. 

(13) In an odd number of terms show that the sum of 
the first and last is double the middle term. 

Find the middle of 1 1 terms whose sum is 66. 

(14) The sum of three numbers in arithmetical progres- 
sion is 15; and the sum of their squares is 83. Find them. 

(Take x for the middle number.) 

(15) Arithmetical means are inserted between 5 and 23 
such that the sum of the first two : sum of last two 
: : 2 : 5. How many means are there? 

(16) How many terms of the series i, 4, 7 . . ..must be 
taken in order that the sum of the first half may bear to 
the sum of the second half, the ratio 10 : 31 ? 

(17) A travels uniformly 20 miles a day ; B starts 3 days 
later and travels 8 miles the first day, 1 2 the second, and 
so on in arithmetical progression. In how many days will 
B overtake A ? 

(18) Show that if any even number of terms of the series 
I, 3, 5, . . .be taken, the sum of the first half : sum of 
the second half : : i : 3. 

(19) The sum of five numbers in arithmetical progression 
is 45, and the product of the ist and 5th is f of that of 
the 2nd ajid 4th. "What are t\i© ix'vmitoeta'l 
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(20) If a fall truck descending an incline draws up an 
empty one at the rate of li ft. the first second, 4^ ft. 
the second, ^7 i ft the third, and so on; how long will it 
take on an incline 150 ft. in length? What part of the 
distance willjt have descended in half the time ? 



GEOMETBICAL PBOGBESSION. 

98. — ^A series of numbers or quantities is said to be in 
Geometrical Progressicn when one is obtained by multi- 
plying the preceding one by a constant factor ; as 

2, 6, 18, 54, &c 

9> 6, 4, 2f , &c. 
The general representative of such a series will be 

a, ar, ar^, ay^, &c. 
in which a is the first term, and r the factor or common 
ratio. 

Since the index of r increases by i for every term, it 
will be seen that it will be always i less than the number 
of the term, so that 

nth term = ai*"^ .... (1) 

99. — ^The geometrical mean between two numbers is the 
number which when placed between them will make with 
them a geometrical series. 

If a and h are the two numbers, and O denote their 
geometrical mean, we have by the definition, 

^ _ 1 

a - a_ 

,'. G = V^ . . (2) 
Thus if 8 and 18 are tiie two numbers, their mean will 

be V1449 ^•0> 13* 

It will be noticed that the geometrical mean is identical 
with the mean proportional between two numbers. 

Sometimes it may be required to insert two or more 
geometrical means between two numbers, i.e. to insert 
between them two or more numbers which will with them 
form a continuous geometrical series. 

Thui) to in/Bert two means between 4 and 10^ ; 10"^ '^r^ 
ife the fourth term of the series ; 
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. • . 4** = io8, 

r*= 27, andr = 3. 
Henoe the means are 12, 36. 

Prop. — The product of any two terms equidistant from th 
beginning and end of a geometrical series is equal to t?ie pro- 
duct of the extreme terms. 

For if a and I be the first and last tenns, the series may 
be obtained either by multiplymg a suocessively by r, viz., 

a, ar, ar^, ar\ .... 
or (in reverse order) by dividing I successively by r, viz., 

J l_ ± ± 

The nth term from the beginning is therefore ar^"'^ and 

I 
the nth from the end, -;^^ : and their product is aJ. 

100. — ^Pbop. To find the sum of the terms of a geometrical 
series. 
Let n be the number of terms^ s their sum; then 
s = a-\-ar-\-a7^'\- . . . -^-ar*"^ 
.'. rs = ar+ai^-^r . . . -^ar^-^+ar* . 
. * . subtracting the upper line iix)m the lower 



or 



rs—s = ar"^af 
(r— 1)8 = o(r" — i). 



8 = a. 



r— I 



(3) 



If r'<i, this formula will be more convenient for .use 
if written as 

I— r» 

8 = a . 

I— r 

As in this formula n is an index, it will not be so easy 

in geometrical as in arithmetical progression, to find n or r 

in terms of the remaining letters. 

Exercise 45. 

(1) Find the 7th term of 2, 6, i&, 

3, 6, 12, 



if 



a 



i> 



if 



it 



6th 
9th 
8th 
12th 
5th 



6, 3. i^, 



I, -2, 



4. 

r0 



or, 05', a*^ 

4a, — 6wa*, gm^a^, 

(2) Find the geometrical means \>ft\.-^^Ti «» ^xei ao ; 2^ 

^^^ I; 3«^ and aya'^fe*; i^a?t/ and soxij**?. 
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(3) The fifth tenn of a series is 48 and the ratio 2 ; 
determine the first and seventh terms. 

(4) Determine the ratio when the first term is 5 and the 
third 80. 

(5) Insert two geometrical means between 8 and 125 ; 
and three between 14 and 224. 

(6) If a= 2, and r=3, which term will equal 162 ? 

235 

(7) A series whose ratio is — has 2425* for its sixth 



term; whal 


; is its tenth term ? 




(8) Rnm 


3+ 6 + 12+ . . 


. to 8 terms. 


n 


I- 3+9- 


. to 6 and to 7 terms. 


ft 


8+ 4+2 + 


. to 10 terms. 


t» 


•I+-5 + 2-5+ . . 


. to 7 terms. 


99 


w— — +-7— . . 
4 16 


. to 5 terms. 


i> 


a^ + a^y+a%*+ . . 


. to 9 terms. 



(9) The sum of four numbers in geometrical progression 
is 200^ and the first term is 5 ; find the ratio. 

(10) Find the sum of eight terms of a series whose last 
term is i and fifth term \, 

(11) In an odd number of terms show that the product 
of the first and last will be equal to the square of the 
middle term. 

(12) The product of four terms of a geometrical series 
is 4, and the fourth term is 4 ; determine the series. 

(13) Of three numbers in geometrical progression the 
first and second exceed the third by 3, but the first and 
third exceed the second by 21 ; what are they ? 

(14) Show that if the terms of a geometrical series are 
taken in pairs^ or in threes, the sums will be in geo- 
metrical progression: and determine the ratio in each 
case. 

(15) If from a line one-third be cut off, then one-third of 
the remainder, and so on ; what fraction of the whole will 
be left when this has been done five times ? 

What fraction will be left when - th ha& "beevi c\5l\. o^ 

m 

is the same way n times ? 

\.1 
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(16) A glass of wine is taken from a decanter which 
holds lo glasses, and a glass of water poured in. When 
this has been done 5 times, how much wine is still left in 
the decanter ? 

(17) If from a vessel containing a gallons of wine, h gal- 
lons be taken out, and the vessel then filled up with 
water, and this process be repeated n times, how much 
\^e will be left in, and how much water will have been 
taken out ? 

(18) Find two numbers whose sum is 3 J and geometrical 
mean li. 

(19) The sum of the first half of a series is 63, and of the 
second 4032; and the first term is f of the ratio. How 
many terms are there ? 

(20) If a, h, c, (2 are in geometrical progression, show that 
(a-^)2-.(j«c)«=(a-c)*+(6-d)«. 

101. — A geometrical series whose conmion ratio is less 

than I, has its terms continually decreasing, and by taking 

n sufficiently large, the wth term, ar^^', may be made as 

small as we please. Also in the sum of n terms, 

a(i— 7*") a at* 
^ or 



I— r I— r I— r 



ar" 



— ^ becomes, when n is very large, indefinitely small; 
and the sum approaches therefore indefinitely near to 



a 



I— r- 

Thus the sum of the series i+l + i + l+ . . . 

continually approaches — ^ t. e. 2, and by taking a suffi- 

cient nmnber of terms may be made as near to 2 as we 
please. 

(X 

- — - is called the Limit of the sum of such a series, or 
I — r ' 

its mm to infinity : it is often denoted by 2. 
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Exercise 46. 

(1) i^ind the stun to infinity of 

I I 

3+1+7+- 

3 9 

III 

I 8 i6 

3 9 27 

•i+*oi+'ooi 

4— 'S+'ie— '033 .... 

(2) There is a series such that, if continued to infinity, 
either term is equal to the sum of all that follow: de- 
termine its ratio. 

(3) The first two terms of a series are together ^qual to 
5t, and its sum to infinity is 1 5 : determine the series. 

HABMONICAL PBOGRESSION. 

102.— tA series of numbers is said to be in Harmon leal 
Progremon when their reciprocals are in Arithmetical 
ProgressioiL 

Thus I }, 3, 3, 6 are in harmonical progression, since 
i» i> \t i> ^'^ ii^ arithmetical progression. 
Generally, a, a + <2i a + 2(2, . . . being in arithmetical, 

-» —j-j^ "Xad • • • • will be in harmonical progression; 
and the nth term of the former being a ^ {n ^ i)dy 
the nth term of the latterwill be ^j-t- — z^. 

Questions on harmonical series should be generally 
solved by inverting the given terms so as to obtain the 
corresponding arithmetical series, and then reinverting. 

Ex. Insert three harmonical means between 3 and 19. 
First find the three arithmetical means between - ^^^7^- 

19 3 



• • 



57 

.-. the arithmetical means are -i, — , ^ 

S7 SI SI 
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Consequently the harmonioal means required will be 
3|. 5tV, ^' 

103. — Peop. If a, b, c, are in harmonical progression, 
a : c :: a— b : b— c. 



For 

or 



i. L ^ 1 1 

h" a ~~ e 6* 

a— 6 6— c 
~ab - 'be'' 

6-c &c c' 
arc:: a— 6 : 6— c. 

104. — Prop. To find the harmonical mean, between two 
numbers. 

Let a and b be the numbers, and H their harmonical 
mean. 

i_ ^ _ ^ I 



Then 



H 


= 


-a+a 






a+6 






oft" 


H 


= 


2a& 



There is no general expression for the sum of a series of 
numbers in harmonical progression. 

Exercise 47. 

(1) Find the 7th term of 3, 3^ , 4, 

lath . . 4, 4^, 
nth , . 8, 9, 
nth . . a,b, 

(2) Continue to two terms each way the harmonical 
series, two consecutive terms of which are 15, 16. 

(3) Insert five harmonical means between 12 and 20; 
and m means between a and b, 

(4) If p and q are the ho\ira in which two men sepa- 
rate// can do some work, sYiow Wv&\» ^iSaa Nhiaa 'Qcks^j ^^31 



Progressions. 151 

take togl&ther will be half of the harmonical mean between 
p and q, 

(5) The first two tenns of a hannonical series are 5 
and 6 ; which term will equal 30 ? 

(6) The 5th and 9th terms of a harmonical series are 
8 and 1 2 : obtain the first four terms. 

(7) If 2p and iq are the ^th and 9th terms of a 
harmonical series, show that the (i?+g^)th term will be 
6(p-9). 

(8) The difference between two numbers is 2, and their 
harmonical mean is sf : find them. 

(9) Given any three numbers a, 6, c f find a number 
which when added to each wHl produce a harmonical 
series. 

(10) If a, h, c are in harmonical progression, show that 

CL h c 

ETc* oTc' oTft *^® ^^ ^ harmonical progression. 
Illustrate it by 2, 3, 6. 

105. — Prop. Prove that the geometrical mean between 
two numbers is also the geometrical mean between their 
arithmetical and harmonical means, 

106. — Pbop. To find the sum of the squares of numbers in 
arithmetical progression. 

Let a, &, c, (2, . . . . 2, be n numbers, 9 their common 
difference ; 
then 6=a+8, c=6+5, d=c+5, &c. 

Now 68=(a+8/=a3+3a2«+3a82+«', 
c» = (6+8)8=63+3628+3652+«^ 



(Z+8)8=P+3P5+3Z524.83. 

. • . adding all these lines together, and omitting ^r'jc', . . P 
(which will appear on both sides of the equation), we have 
(2+8)»=a»+3(a2+6-^ , , ,1 )8+3(a+6-f . . . l)^+nh^ 

=a»+3/S8+3-(a4-08H«8'», 

2 

from which, sinoe a,l,n,S, are known, S can \ie \iKm«^^3a.\.^i 
found. 
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If the series is i, 2, 3, .... n, 8=st, 
and (n+i)»=i+3fif+3 ^(n+i)+i», 

... 35=n» + l^+n. 

22 

=*^(2nH3»+0. 

2 

=^(n+i)(2n+i). 

o_ n(»+i)(2n+i) 
6 






Pbop. Show that the sum of the cubes <f the first n natural 
numbers is |— (n+ 1)| , 

107. — PiiOP. To sum the series 

m which each term is the product of corresponding terms in 
an arithmetical and geometrical series. 

Let n be the number of terms, 
8 their sum ; 

then«=a+(a+d)r+(a+2(J)r2+ .... +{o+(n-i>J}r""'» 

.-. r«= ar+ia+dy+ +{a+(«-2)(i}r'"' 

+ {a+(n^i)d}r". 
. * . subtracting the lower line from the upper, 

([-r)«=a+(fr+<^+dr»+ dr " -{o+(n-i)d}r"» 

=a+idr-^dr^+ (ir""'4-<2r")-(a+nd>", 

=a+ ^-!<L-r")«(a+n(i>", 
I— r 

. ,_a(i— r")— ndr" c?r(i— r") 
I— r ^ (i— •'r 

If r < I we shall have the sum to infinity 

_ ci dr 



i-r'*"(i-r/ 
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2 X A, 

Ex. Sum the series i + - + -i+r3 to 6 terms, 

3 2 2 

aud to infinity. 

Here a=i, <i=i, r=i. 

.-. «= — J— + J— » 

= 57. ^ 

= 3J, 
2= 1=4: 

In obtaining the sum of any series fonned in this way, 
it will be usually best to go through the process of the 
above proposition. 

Exercise 48. 

(1) Sum i*+3'+5'+ ... to 12 terms and to n terms. 

(2) Sum 4*+7'+io*+ . . to 10 terms. 

(3) Sum i>+3H5'+ ... to 8 terms. 

(4) Suma+2a5"+3ar'+ . . to lo terms. 

123 

(5) Sum-+-a+-j+ ... to 7 terms and to infinity. 



3 • 3* 3* 
123^ 



123 
and 7""'?+^~ ... to 7 terms and to infinity. 
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CHAPTER XXI. 
PERMUTATIONS AND COMBINATIONS. 

108. — The Permutations of a number of letters or thingB 
are the different arrangements which can be made with 
them^ with reference both t(5 the particular letters, &c. 
taken^ and the order in which they are taken. 

Thus abf ha^ ar,ca,hc,(^ are penuutations of the letters 
taken two and two together ; 
abct acbj hoc, &o., taken three and three together. 

109. — ^Paop. To find the number of permutations of n 
things taken two together. 

Let a, &, c, . . . . 2 be n letters ; then one letter a may be 
written before each of the other n~i letters, giving n— r 
permutations, 

db, ac, ad, .... al, 
in which a stands first. 
So there are n— i permutations, 
ha, be, hd^ . . , , hl^ 
in which h stands first; and similarly for each of the n 
letters. 

And as these exhaust all the arrangements that can be 
made of the letters two together, the number on the whole 
will be 

«(n-i) (I) 

Pbop. To find the number of ^permutations of n things 
three together, 

a, 6, c, .... Z being n letters, it will be seen that a pair 
db may be written before each of the other n— 2 letters, 
giving n— 2 permutations, 

c^^ ahdf .... ably 
in which ab stands first. 
So there will be n - 2 in which ba stands first, 
haCf bad, .... bol ; 
and similarly for each otYvet p«Ai ac, ca,ad,,^. 
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Now by the proposition above, there are n(n— i) of these 
different pairs, and as each gives rise to n— 2 permutations 
three together, the total number of such permutations is 

„(n-i)(n-2) . (2) 

Similarly it may be proved that there are 
n(n-' i) (n— 2) (n— 3) 
permutatioDs when the letters are taken four together. 

It will be noticed that the expression contains in each 
case as many factors as there are things taken together, 
and it may be concluded from the character of the proof 
that a similar formula will hold, whatever be the number 
taken together. 

But to show this more explicitly, the proof should be 
given in a general form : — 

Prop. To prove that the number of permutations of n 
things r together is 

«(w— i)(w— 2) (w— r + i) ... (8) 

Suppose that the formula holds when p things are taken 
together, t. e. that the number of permutations of n things 
p together is n(7i— i) . . . (n— j?+i); then we may prove 
that it holds when (j7+ ') of the things are taken together. 

For any one of these sets may be placed before eacli 
of the remaining n—p letters, giving n—p permutatious ^ 
of (p+ 1) letters in which that set stands first ; and as 
tills may be done with every such set, the total number of 
permutations that will be formed will be 

n(n-i) .... (n-j)+0 (»-!>% 
ue. the formula holds for p+ 1 together. 

Now it has been proved above for the things taken 3 
together ; . * . 1 it is true when taken 4 together ; . * . being 
true for 4, it will be true for 5 together ; . • . for 6 together, 
&o., and generally for r together, whatever r may be. 

N.B. — When all the things are taken in each permuta- 
tion, r will equal n, and the formula w(7i— i) . . . (n— r + 1) 
will become 

w(n— i) I (4) 

This last expression, which is the product of all the natural 
numbers from i up to n, is of frequent CKic\3Lrtesi<cfe^ «sA 
maj he written as /n ; it is called /actor idl n. 



156 Permidations and CombinationB. 

110. — The Combinations of a number of letters or things 
are the different sets that can be made of them two or 
more together, without reference to their order in each set. 

Thus a5, ha (which formed different permutatioDs) are 
one combination of letters taken 2 together. 
ahCt abd, bed . . . are combinations of letters taken 3 together. 

111. — ^Pbop. The number ^combinations that can be madt 
with n things r together is 

w(n— i)(n— 2) .... (w— r+i ) 

For by (109(4)) any combination of r letters will by 
varying the arrangement of the letters amongst themselves 
produce /r permutations. 

. * . if C represent the number of combinations of n things 
r together, 
Cx /r will be their number of permutations r together. 

But the number of permutations =n(»— i) . . . (n— r+i); 

...o="<?^>— ^-<"-::^-'> (1) 

If the numerator and denominator of the above expression 
be each multiplied by (n— r)(n— r— i) .... i or /w— r, 

^(n— i) . . . (n— r+i)(^— r) . . . i 



it will become 



/r . Jn-^r 



In 
^' Th^r (2) 

If r be interchanged with n— r, this formula remains 
imchanged ; hence the number of combinations of n things r 
together is equal to the number of combinations n— r together. 

This conclusion may be arrived at also by considering 
that if out of n things a set of r be taken together, a set of 
n—r will be left; and any change in the former set will 
produce a corresponding change in the latter. Therefore 
the number of different ways in which the former set can 
be composed will be equal to the number of ways in which 
the latter can be composed. 

The combinations of n things n— r together are said to 
be complementary to those taken r \o^e\JciKt. 
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112. — Peop. To find how many of n things must he taken 
together in order that the number of combinations formed 
may be the greatest. 

If C^ Ct, C4, . . . . denote the Aumber of combinatioiis 
taken 2, 3, 4 . . . . together, 

i.i'» I.J.J 

.■.C,= C,x'^, 0,=C,x "^ C^,=C x?^^ 

Now the factors ^^^^, ^^^. .... become sncoessively 

3 4 
less (for their unmerators decrease, and their denominators 
increase), and at some point become less than i. 
Also so long as the factors are greater than i, 
Cj, C3, O4 . . . . are increasing, 
but when tlie factors become less than i, these numbers 
will begin to decrease. 
Hence C . will first become less than C (i. e. C will be 

r+i /• > r 

greatest), when r is such that is first less than i 

r+i 

*. e. when r+ 1 is first greater than n^-r, 

or (transposing) 2r > n — i , 

J ^ >^ n— I 
4. 6. r> .. 

2 

Now when n is even and equal to 2m, r will be first 
greater than ^^^ , when r is equal to m. 

When n is odd, and equal to 2m+i, r will be greater 
than — , *. e. equal to m-f- 1. 

In this latter case we have also 

c,.. (which =c,x'i=r±i), 

_o,x __ , 

80 that when the number of things is even, the number 
of combinations will be greatest when half 0/ the whole are 
taken together; when the number of things is odd, there 
will be two equal numbers of combinations — when the 
number of things taken together is just tmder and Just craw 
the }talfo/t?ie whole. 
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113. — Prop. To find the number of permutcUions tTuU can 
he made of n letters tak^ aU together ^ when p of them are 

alike. 

Let a, a\ a'\ . . . . 6, c, d, &o. be n letters, p of which 
are a^ a,', a' y . » , , 
Then if all the permutations (/n) were formed, they 

might be arranged in groups so that in each group &, e, d, 
.... should have fixed places, while a, a\ a'\ .... 
should be interchanged, as 

aJb^i dn" .... 

a'hoada," .... 

a^ixifda . . . ., &0. 
The number of permut itions in each group would there- 
fore be the number of interchanges that could be made of 
a, a', a'\ , » . , i.e. /pj 

/n 
aud the number of groups would therefore be 7- • 

Now suppose a\ a'\ .... each to become a, then the per- 
mutations in any one group become all identical, and the total 
number of different permutations will become the same as 

the number of groups, i. e. = . 

Similarly if q other letters are alike, r others alike, &c , 
the number of permutations that can be formed may be 

shown to be . — - , . 

l2 Is, (L ^' 

Exercise 49. 

(1) Write down in columns, according to the arrange- 
ment in (109), all the permutations of a, h, c, d, taken two 
together, three together, all together. 

(2) Of all the numbers that can be formed with four of 
the figures 5, 6, 7, 8, 9; how many will begin with 56? 
Write them all down. 

(3) How many changes can be rung on five bells, all 
being rung in each change? 

(4) With three consonants and two vowels, how many 
words of three letters can be formed beginning and ending 
with a consonant, and having a vowel for the middle 

Jetter ? 
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(5) Out of twenty men, in how many different ways can 
four be chosen to be on guard ? In how many of these 
would one particular man be taken, and from how many 
would he be left out ? 

(6) Of twelve books of the same size a shelf will hold 
five ; how many different arrangements on the shelf may 
be made? 

(7) Of eight men forming a boat's crew one is selected 
as stroke ; how many arrangements of the rest are pos- 
sible ? When the four who row on each side are decided 
on, how many arrangements are still possible ? 

(8) In how many ways may an eleven be chosen out of 
eighteen cricketers ? 

(9) How many different signals can be made by hoisting 
six differently coloured flags one above the other, (1) when 
all are hoisted each time ; (2) when any number of them 
may be hoisted at once ? 

(10) How many diffsrent signals can be made with six 
flags, two of which are red, three blue, and one white, all 
being hoisted for each signal ? 

(11) How many permutations can be made with all the 
letters of the words garden, dimension, charactery inde- 
terminate f 

(12) Prom twelve soldiers and eight sailors, how many 
parties of three soldiers and two sailors coiild be formed ? 

(13) Find the number of combinations of loo things 
97 together. 

(14) With twenty consonants and five vowels, how many 
different words may be formed consisting of three different 
consonants and two different vowels, any arrangement of 
letters being considered a word ? 

(15) How many different triangles will be formed by 
joining the angular points of an octagon, each triangle 
having its angular points at angular points of the figure ? 

What will be the total number of triangles made by 
the lines (produced indefinitely), supposing that no 
two of the lines are parallel, and no ^2toc^ ^^^ss* 
through the same point ? 



160 Permuiaiions and CombincUions. 

(16) How many different numbers can -be made with the 
digits I, a, 3, 4, 5, all together? How many times will 
each fignre occur in each place? Determine the sum of 
all the numbers. 

(17) Of thirty things, how many must be taken together 
in order that haying that number for selection there may 
be the greatest possible variety of choice ? 

(18) There are m things of one kind and n of another; 
how many different sets could be made containing r of the 
first and s of the second ? 

(19) How many different throws can be made with four 
dice? 

(20) Hi how many ways may ten persons be seated at a 
round table, so that in no two of the arrangements may 
every one have the same neighbours? 

(21) The number of combinations of n things six tc^ether, 
being twice the number when taken five together, find n. 

(22) Determine the sum of all the numbers. that can be 
formed with all the digits 4, 7, 8, 9. Also the sum of all 
those that can be formed by taking two of them together. 

(23) The number of combinations of n things r together 
is three times the number taken r— i tc^ether, and half 
the number taken r + 1 together : find n and r. 

(24) In how many ways may la things be divided into 
three sets of 4 ? 

(25) Show that the number of combinations of 7 things 
5 together is the sum of the combinations of 6 things 
4 and 5 together. Show that this is equivalent to the 
statement that the former are made up of those in which 
one particular thing is included and those from which it 
is excluded. 

Prove that the numbers of combinations of n things r 
together and r+i together are equal to the number 
when w+ 1 things are taken r + 1 together. 
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CHAPTER XXn. 

BINOMIAL THEOREM. 

114 — The Binomial Theorem is a very important for- 
mula discovered by Newton, by means of which any 
power or root of a binomial expression may be readily 
obtained. 

It is based upon the following proposition : — 

115. — Pbop. To investigate the formation of the product 
ofn binomial factors x+a, x+b, x+c, &c. 

By ordinary multiplication, 

(a;+a)(ajH-6)=jB2+(a+6)a;+o6 (1) 

Multiply each side by x+c, then 
(a;+o)(«+6) (»+c)=aj»+(a+6)a52+o6x 

4- cx^+(ac-\-bc)x+abo 

=»* + (a+ & + c)aj2+ (ab+ac+ hc)x+aho ^^ 
Now in the results (1) and (2) certain laws are ob- 
servable : — 

{1) The number of terms in each is one more than the 
number of factors on the left side. 

(ii) The index of a; is in the first term the same as the 
number of factors, and decreases by i in each succeeding 
term. 

(iii) The coefficient of » in the first term is unity ; 
in the second term it is the sum of a, &, c, . . . . ; 
in the third, it id the sum of their products two and two, 

abj ac, he ; 
the fourth term is the product of the three a, h, c. 

And if one more factor is taken the same laws will hold ; 
for (x+d){x'\-h)(x+c)(x+d) 

= z*-{-(a+'b+c)x^-{'(ah+ac+hc)x^'\-abcx 

+ dx'+((id+bd+cd)x'^+(abd+<icd-^bcd)x-hohcd 



=x*+(a+6+c+(Ox'+(a64-ac4- . . +cd)x« 4-(<0Lbc-V . . -V>>ca> 

•\-oibcd.. 
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It will be worth while to notice the ooeffioients of the two 
lines in this product : — 

Of 2*, the coefScient in the upper line ib the sum of 
ii,h,c; in the lower the new term d. 

Of x^j in the upper line, the products of a, b, e, two and 
two ; in the lower, the product of d with each one of these ; 
making therefore together all the products of a, h, c, d, two 
and two. 

Of Xy in the upper line, the coefficient is the product of 
the three letters a, b, c ; in the lower, the products of d 
with every pair of them ; making therefore together all the 
products of a, &, c, cE, three and three. 

Will the same laws hold, whatever be the number of 
fectors? 

The proof will be of the same kind as that in Permuta- 
tions : — 
Suppose that the laws hold for r factors, so that 
(x+a)(»+5) .... (a;+^)=ar4-l)iaf-»+i),ar-»+ . . . pr, 
where p^ stands for the simi 0+6+ ... 4-^ 

Pf for 06+00+ . . . the sum of the products 

two and two ; 

p^ for the sum of the products three and 

three; 

Pr for the product of the r letters. 

Multiplying by another factor x+k, the product of the 
r+ 1 feustors becomes 

a;'+i+PiaJ^+i>x*-»+l>sa^-'+ . . . +PfX 

+kz^+ p Jcaf-^-^p Jcaf-^+ . . . +p r^ ifcx+ j).Jfe 

=af+»+(pi+*;)af+(p,+pifc)ar-»+(p,+li^)af-2+..". 

+(pr+Pr-i1c)X'\-p^. 

Here the laws (i) and (ii) obviously hold ; and as regards 
the coefficients, 
Pi+k =0+6+ . . . fe+fc=Bum of the r+r letters. 
P2+j?,fc=(o6+oc+ . . . )+(afc+6fc+ . , . hk); 

=sum of aU the products of the (r+i) letters, two 
and two together. 
Pt'{-pJc = (abo-\'abd-{- . . . )+(o6fc+ocfc+ . . . ) 

= sum of all their products three and three 
together. 



Prk=abc . . . Wc=pToA\ic\,oi>^^r"V^\s^ta. 
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All the laws therefore hold for r-|- 1 fietotprs, if they hold 
for r factors. 

But they have been shown to hold for 4, therefore they 
will hold for any number of factors. 

Note. — A proof of the kind employed above is called In- 
ductive, 

116. — ^Pbop. To deduce from the last proposition the Bi^ 
nomicU Theorem; viz, 

1.2 1.3.3 

It was proved that the product of n fietctors 
ix+d)(x+b) . . . (a;+0=aj-+|),aj-»+p^-»+ . . . +^. 
Now let b=c=d= , . . =2=a; then the left-hand side 
of this equation becomes 

On the right-hand side, 

In p^ there are as many terms a5, oc, . . . as can be 

formed by taking the n letters 2 together, viz. — — , , 
and each term=a^ ; 

1.2 

Similarly p, contains ^y^ziZ>!*_ILy terms, each equal 

toa»; 

, n(n~i)(n~2)^, 

^* 1.2.3 

&C. 

1 . 2 
+'<"-'><"-'W-»+ . . . +a». 

1.2.3 

When the value of (05 -ha)" is obtained in this form it is 
said to be expanded, and the expression on the right-hand 
side is called the expansion of (aj+a)". 

Though in the proof it was convenient to obtam ^x -V aY » 



164 Binovfdal Theorem. 

yet in application it is frequently better to have a and x 
interchanged, so that the expansion may proceed by 
ascending powers of x, yiz. — 

1.3 

Ka=i, we have 
(i+aj> = i +na;+!^^!?ll^x»+ +na:f-»+sc«. 

1.2 

In the proof, a and x have had any valae : if a; be 
negative, its odd powers will be negative and its even 
powers positive ; and the above two lines become 

(a— a;)"=a*— na"~^sc+-^— ^^^a"~*x*— . . . 

I . a 

(i— a5V=i— na5+^>^^^^iya:*— 

1.2 

The last term in each line may be written as (— i)"af, 
the symbol (— i)" being + 1 when n is even, and — i when 
n is odd. 

The last term but one would in the same way have 
(— 1)"~* prefixed to it. 

The number of terms is obviously »+ 1. 

Ex. (1) (a + a;y=a«+5a*a; + iiiaV+5-ll^aV 

^ ' 1.2 1.2.3 

1.2.3.4 

= a* + 5a*a5 + loa'os* + ioa%c* + ^aa^ + a*. 

Ex. (2) (2X - zyy = (2xy^^(2xyzy + ^2xy(iyy 

1 . 2 

1.2.3 
= 1 605*— 960^^ + 21 6a^y^— 2i6xy^ + 8 ly*. 

The rth (or general) term in the expansion of 

(a-^xy wiU be <^-0,._L.-_(^!::i_^ + Oa--Haf-i 

1.2... (r— i) 

Note, — It will be convenient for application to observe 

that the factors in the numerator and denominator of the 

coefScient are the same in number ; and that the corre- 

sponding &ctors have theii Bum =u-vi. ^^^^ ^<b \25&t 
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factor of the denominator is the same as the index of x, 
and is i less than the number of the term. The indices 
of a and x together =n. 

Ex. (3) The 5th term of (aj+y)" ^m be 

12.11.10.9 ^ . 
1.2.3.4 ' 

= 495JB«y*. 

117. — ^Pbop. Prove that the coefficient qf the tth term 
from the beginning is equal to the coefficient <f the rth term 
from the end; or the (jL^x-\'2)th from the beginning. See 
(HI). 

118. — ^Pbop. Find the greatest coefficient in the expansion 
qfCsk+^y^. See (112). 

119. — ^If in the expansion of (i +a?)» we put aj= i, we 
obtain 

a«=i+n+nfczil)+ 

1.2 

i.e. the sumofaU the coefficients =2". 

If we put 05= I in the expansion of (i —05)" we obtain 

0=1— »+ "> ^— .... 

1 .2 

= snm of odd coefficients— sum of even coefficients. 

• . * . sum of odd coefficients = sum of even coefficients^ 

and as both together = 2", each sum = i of 2", i.e. 2"-*. 

Exercise 50. 

(1) In the product (« + 1) (a; + 2) (a; + 3) (x + 4) find the 
coefficient of x' ; also in (x + 1) (a— 2) (x— 3) (x + 4). 

Expand 

(2) (a+x)*. (3)(i + xy. (4:)(a-x)«. 
(6) (i + 2xy. (6) (x- 3^. (7) (2x- 3y)^ 

(8)(x-?y (^)(-?y 

(10) Find the 3rd term of (a+xy». 

(11) The 4th term of (2x-5y)^. 

(12) The 7th of (^+-Y°. 
CIS) The i2tb of(a^^axy\ 



klO 
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(14) The 8th of (sjc^y-axy*)*. 

(15) The middle term of (-+!)'. 

(16) The middle term of (- -|Y 

(17) The two middle terms of (--^\. 

(18) The rth from the begimiing and the rth from the 
endof (2a+aj)". 

(19) The (r +4)th of (a-aj)". 

(20) The middle term of (a +«)»". 

(21) The two middle terms of (a-a;)»»+'. 

(22) In the expansion of (a+x)" the coefficient of the 
5th term is f of that of the 4th ; find n. 

(23) Find the sum of the coefficients of (a+a;)"; and of 
(2a + sc)". And the smn of the terms when a = i, as = — 2. 

(24) Four consecutive terms in the expansion of (a-^xy 
become 22, 220, 1320^ 5280, when certain numerical values 
are substituted for a, x, n. What are these values ? 

(25) If ^ be the sum of the odd terms, and B of the 
even terms in the expansion of (a-\-xy, show that 

^«-J52=(tt2-aj«)-, 
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CHAPTER XXin. 
NOTATION. 

(ArithmetiCt chap, xzi.) 

120. — Notation is the method of expressing numbers of 
any magnitude by means of a small number of digits. 
One number is chosen as the base or radix, and any 
number may then be expressed in powers of this, with 
the help of digits for o and all numbers less than the 
basa In the commoi^ system lo is taken as the base, but 
any other base, s, 3, 4 . . . r, might be adopted, and 
numbers expressed in that scale, as it is termed. 

The process of representing a large nnmber by means of 
digits may be illustrated in this way. Suppose a heap 
of corn to be taken, and it is required to express the 
number of grains in the common scale. 
Count the grains first in lo's, giving (suppose) 

9i heaps of 10 each, with a grains left (a-< 10). 
Put these heaps together in lo's, giving 

q^ heaps of 100 grains, with h small heaps left (&•< 10). 
Put these together in lo's, giving 
9, heaps of 1000, with c of the second heaps left ; 
and so on, until the number of largest heaps becomes 
{where l<^io. 

Then the total number of grains will be 
0+6 heaps of lo+o heaps of 100+ &o. 
=a+io6+io2o+io»d+&o. . . . +io"Z. 

This, according to the ordinary convention, would be 
represented arithmetically by { . . . . dbca. 

The same process is expressed algebraically in the follow- 
ing proposition. 

121. — Pbop. To ea^esa any integral number "^ iu \\\x. 
tedle o/t. 
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Diyide N by r, with quotient ^i and remainder a^^r; 
Divide qi by r, with quotient q^ and remainder &-<r; 
and 80 on; nntii a quotient g. is obtained '^r; let qn=t 

Then Nzzq^r-^-ci, 

= g,r*+6r+a, 

= &c. 

= (3«r-i+*>+ . . . + br+a, 

= ?»-+^-i+ .... -f-cf^+ftr+a. 

To express therefore any number in a proposed scale, 
divide the number by the base, then the quotient by the base, 
and 80 on ; the successive remainders wUl be the successivt 
digits, beginning from the unifs place: and this method 
may be applied, in whatever manner the number may b3 
at first expressed : e.g, to express in any proposed scab 
a nnmber given in the common scale, or to transform i 
number from one scale to another. 

The number of digits will be i more than the highest 
index of r. 

122. — Peop. J^ tvtx) numbers containing respectiveHy p and 
q digits be multiplied together, their product wiU contain 
either p+qorp+q— i digits. 

For if a-\'br+, . . . 4-if*"* 

and o-f)8r+. . . . +Af«-i 

be the numbers, the highest power of r in their product will 
be contained in iKrP+f-^. 

Now I and A are each >- o, but ^r, 

. • . their product will be >• o, but ^r*. 
. • . ZArP+9-2 will contaiu as the highest power of r 
either rP-^-^ or rP+9-1, 
and the number of digits will consequently be 

p+q—i orjp+g. 

123. — Just as in the decimal scale it is convenient to 
express quantities which are less than i by means of de- 
cimal fractions, so radix fractions may be employed in 
any other scale ; i. e. fractions whose denominators are 
successive powers of the radix. 

Pbop. To express a quantity less than 1 in a series of 
radix fractions. 
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Let JIT be the quantity, and let a, iS, 7, .... be the 

numbers; then 

a $ y 
3f=-+j|3+p+ .... 

. • . multiplying by r, 

$ 7 
Afr=a+ -+Ja+ .... 

So that a is the integer obtained in the product. Mul- 
tiply the remainder by r, and the resulting integer will 
beiS. 

Similarly 7, . . . will be obtained. 



Exereise 51. 

(1) 6, 7, 8, 3, 3, bdog the digits "of a nnmber in *fche 
scale of r, beginning from, the right, write down the alge- 
braical value of the number. 

Also when o, 2, o, o, 7, 6 are the digits. 

(2) Multiply together 334 and 135, where r is the base 
of the scale. 

(3) Express 43897 and 386010 (common scale) in the 
scales of 6 and 8. 

(4) Express 3^6469 (in the scale of 13) in the common 
scale.. 

" (K.6. tj 6, stand for 10, 11.) 

(5) Express 593 in powers of 4; and loooo in powers 
of 9. 

(6) 140 (decimal scale) is represented in another scale 
as 353 ; find the radix of the latter. 

(7) Explain the principle of carrying figures in addition, 
by the example of 3763 + 9339 in the ordinary scale ; and 
by a-\-hr-^cr^-\- . . . and l-\-mr-\-m^'\- ... in the scale 
of r. 

(8) Multiply 3674by73i6in the scale of 8 ; and divide 
453 1 33 by 4 in the scale of 6. 

(9) Transform 37314 from the octonary (scale of 8) to 
the nonary scale. 

(10) Obtain the greatest and least numbers of 4 digits in 
the scales of 10 and r; and the greatest and least with n 
digits in the latter scale. 
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(11) If P, a number ofp digits, be exactly divisible by 0, 
a number of q digits, how many digits will there be in the 
quotient ? 

(Let X be the number, and deduce frmn (122).) 

(12) In what scale will the ordinary number 756 be ex- 
pressed by 530? 

(13) In what scale wiU 540 be the square of 23 ? 

(14) How many digits will the square of a number of p 
digits in any scale contain ? And if the given number be 
a perfect square, how many digits wiU there be in its 
square root ? 

(15) Show that 12 34331 will in any scale be a perfect 
square, and obtain its square root. 

(16) How many of the weights 8, 8*, 8', . . . lbs. will be 
required to weigh 5 tons, the smallest number possible 
being used? 

(17) Express f and '0625 in a series of radix tractions in 
the scale of 4. 

(18) Multiply 31*24 by -31 in the scale of 5 ; and express 
f in radix fractions in that scale. 

(19) In what scale will 212, iioi, 1220 be in arith- 
metical progression ? 

(20) How many digits will the cube of ^ number of p 
digits contain ? and how many will its cube root contain, 
supposing it to be an exact cube ? 
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MISCELLANEOUS EXAMPLES. 

Exercise 52. 

(1) Extract the square root of 

2 505*— 3oajc' + 49a'a5*— 2^(fix + 1 6a*. 

(2) SolTe the equations : — 

(i) (aa;— 3)»=8aj. 

(ii) 205 305—50 _I2X + 70 

15" 3(10 + a;) 190 
(iii) a5*+y*=5o, a;+y=8. 

(B) A former wishes to enclose a rectangular piece of 
land, to contain i acre 32 perches^ with 176 hurdles^ each 
2 yards long ; how many must he place in each side of the 
rectangle ? 

(4) What are eggs a dozen when two more in a shilling's 
wortii lowers the price a penny a dozen? 

(5) When is a series of numbers said to be in arith- 
metical or in geometrical progression? Find the last 
term and the sum of the series : — 

(i) 5 + li — 2 — &c. to 20 terms. 
00 3 + 3i + 4-^+&c. to 6 terms, 
(iii) 1 2 — 4 + 1^ — &c. to 8 terms, and to infinity. 

(6) Solve 



ac + i y— I 2 

._7 2_=i 

05—1 y + i 4' 

(7) Find a number of two digits such that it is equal 
to twice the square of the fbrst digit added to that of the 
second, and is also one less than five times the sum of 
the digits. 

(8) Sum the series : — 

(0 5 + 9 + 13+ &o. to 10 terms. 
(ii) 5 + 7i + iii+ &c. to 8 terms, 
(iii) i—ii+ii-^ &0. to 6 terms, aiid\oVa&Dite3- 
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(9) There are three numbers in harmonical progression, 
of which the third is double the first, and the second is 
ten less than the sum of the first and third. Find the 
numbers. 

(10) Two trains travel at equal rates along a railway in 
opposite directions, starting at eight o'clock and half- 
past eight respectively; and they pass one another at a 
quarter before eleven. If their rates were increased by 
lo miles an hour, and the latter started six minutes 
earlier, they would meet at the same point as before. 
Find ilie length of the line. 

(11) Solve 

(i) a;-.y = iEy=3a5+4y. 
(ii) jr»-.y"=a5y=3a;+4y. 
(iii) 9X+ i6y= 250 in positive integers. 

(12) The number of yards of carpet required for a room 
is two more than double the number of inches in its 
width; but if the width were diminished by 3 inches, 
7 yards more would be wanted. Find the length of the 
room, its breadth being 18 feet. 

(13) Extract the cube root of 

a?*— 6a5*y + 400;'^'— 96a;y*— 64^*. 

(14) Sum the series 

(0 !+!+¥+ ... to 17 terms; 
(ii) 5t+4l+3ii+ . • . to 7 terms, and to infinity; 
and find the 22nd term of the harmonic series 30^ 35» 42, . . . 

(15) A, who receives dd, the first month, has his wages 
doubled every month for a year. B receives 6d, the first 
month, and has his wages increased each month in arith- 
metical progression for the same time. In the last month 
£'s wages are its. less than half of A's ; how much does 
one receive more than the other in the course of the year? 

(16) Show that 

' -I- ^ 

(35— y)(aj— 2)(a+aj) (y— jc)(y— 2)(o+y) 

+ ^ = I 

(z— a;)(2— y)(a+z) (a+a;)(a+y)(a+«) 

(17) Find the number of peiroiatatLons, and of oombina- 
tiona, which, can be made m\i\i i^ \Xim^ b \»^>^^. 



Miscdlaneow Examples. 173 

(18) Two numbers are in the ratio 8 : ii, and when lo 
is added to each^ they are in the ratio 7:9; what are 
they? 

(19) Expand (y-5)«. 

(20) Transform 3793a from the nndenary to the duode- 
nary scale. 

(21) If x(x.y and yocz, and when « = 4, y = 5 ; and when 
y = 7, 2= 8 ; find x in terms of z, 

(22) Find the cnbe root of 

64 + 240* + 348SC' + 3450^ + 8 7JC* + 1 5«* + 05*. 

(23) Solve 

3X--3 5 ^ x—i 5 

x-\-i ""6 305+1" 3' 

(24) 4 and 6 are the first two terms of a progression; 
find the 8 th term, when the series is (i) arithmetical, (ii) 
geometrical, (iii) harmonical. 

(25) If the 26 letters of the alphabet were combined 
8 together, in how many of the combinations would w, x, 
y, z occtir? 

(26) Transfer 23*264 from the denary to the quinary 
scale. 

(27) The arithmetical and geometrical means between 
two numbers being a and g, find their harmonical mean. 

(28) Solve 6aj + 1 ly = 47 

(i) in positive integers ; 
(ii) so that y may be a multiple of x, and positive. 

« 

(29) In how many ways may 5 sentries be chosen from 
34 men? and in how many ways may their posts be 
allotted to each 5 ? 

(30) Sum 1 + 305 + 535^+70;*+ ... to 12 terms. 

(31) A and B set out at the same time ; A from P to go 
to Q, and B from Q to go to P ; they meet on the road 
when A has travelled 30 miles more than B, and find that 
if A continues at the same rate, he will reach Q in 4 days, 
and that B at his rate will reach P in 9 days. Find tiie 
distance P Q. 

(32) Ify=p+g'+r, where j3 is constant, qQC«,an!iTcr.-^\ 
and if when xz= i, 2, $,t/= 3, 5 J, 7 ; find y -^lafiXi «= v 
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(33) Solve 144a;*— 7305* +4=0. 

(34) If ^ =i, show that ^'-g^+^ =^'. 

(35) The fourth term of an arithmetical series being 36, 
and the seventh 57^ find the first term and the common 
difference. 

(36) SolvejB*— 4x'— i4a^+36x+45 = o. 

(37) Solve I— 4X— i4ic*+36a^+45a5*=o. 

(38) The sum of an infinite geometrical series is S, and 
the sum of the squares of the terms =t^; find the first 
term and the ratio. 

(39) A person travels part of a journey by rail, and the 
rest by coach ; and observes that if the rate of the train is 
30 miles an hour, and of the coach 8, he takes 3! hours 
altogether ; but if the rates are 30 and 9 miles, he takes 
2 hours 50 min. How long would he take to travel the 
whole by rail at the rate of 25 miles an hour ? 

(40) Insert 3 geometrical means between 16 and 625. 

(41) Solve (aJ— 3)(a5+4)(a5— 5)~o, 

and (a^— 305— 38) (05*— 2a;— 3)= o. 

(42) There are 3 companies of soldiers, each consisting 
of 20 men; in how many ways may 3 men be chosen, i 
from each company ? 

(43) How many different signals might be made by 
hoisting flags of the same colour on the three masts of a 
ship, each mast being capable of having 5 flags hoisted 
at once. 

(44) Solve 5a; + 6a5y + 5y= — 8. 

205-305^ + 3^ = 13. 

(45) In what scale will 72 be expressed by 243 ? and in 
what scale will '84 be expressed by '41 ? 

(46) Show that the total number of combinations that 

can be made with n things, i, 2, 3 . . . n together is 3*— i. 
(See (119).) 

How many different sums can be formed with a 
fartbingf a penny, a sixpence, a Ehilling« a half-crown, a 
crown, a halfHSOvereign, and a soNet^agJi'l 
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(47) Expand • 

.(acc+iy-^acc-fj; and 

and show that the latter contains the former. 

(48) If the odd numbers are arranged in groups^ i in 
the first gronp, 2 in the second^ 3 in the third, and so on ; 
show that the sum of the numbers in any group equals 
the cube of the number in the group. 

a-\-hx h-\-cx c-\-dx 

(*^) ^ s:rs=6=:^=c':::^=*^- *^^° «, ^ c, rf, 

will be in geometrical progression. 

(50) If m shillings in a row reach as &r as n sovereigns, 
and a pile of ^ shillings is as high as a pile of q sovereigns ; 
on the supposition that the coins are perfectly smooth, 
compare the values of equal bulks of gold and silver. 
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CHAPTEE XXIV. 
SURDS. NEGATIVE AND FRACTIONAL INDICES. 

124. — A Surd or Irratumal Quantity is a root which 

cannot be exactly obtained, as ^, ^a, ^a-\-b. The root 
which is required indicates what may be called the order 
of the surd; and surds are named according to their 
order, viz. quadratic, when the square root is required; 
cubic, when the cube root; biquadratic, when the fourth 
root is required. 

The product of a rational and a surd fiuHor is called a 

mixed surd, as a^^b; when there is no rational &ctor 
outside the radical sign, the surd is said to be entire, as 

125. — Since any root of a quantity may be obtained (60) 
by taking that root of each of its factors, we have 

y /ab = ^a X /JT 

and Voi = ^o" X ^h 

Hence inversely, 

^a X yt will equal "V^t 

i. e. tlie product of two surds of the same order wiU be the root 
of the product of the numbers which are under the radical 
signs. 

Similarly /Ja% = ^H^ x /JT =a^b, 
i. e. a factor under ike radical sign, whose root can be tdketty 
may by having the root taken be removed from under the 
radical sign. 

And inversely, a factor outside the radical sign may be 
placed under it by being raised to the corresponding power; 
thn8 _ 
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Also ^ A = vj 

ys /oft I , — 

A snrd is considered to be in its sim^dest form when 
the quantity nnder the radical sign is integral and as 
small as possible. The simplification will be effected by 
the above methods. 

Ex. V^ = ^4 X i/i = aVs- 

Sards which after being simplified have the same snrd 
factor are said to be similar. 

Exercise 53. 

(ArUhmetic, £x. 89, 90.) 



(1) Express as entire snrds 5^3, aV)^bc, x^ix^y* 



(2) Express as mixed snrds ^oc^y*2, A/Sa% '^S¥^*^y^» 

(3)^ Simplify aVs x sV^ 7^Tx 2^1^ V^ x VTs", 
5^30x2^48. __ 

(4) SimpUfy aJxy^h^Y* ^'axy.Jhx, ^^^X'^¥^, 



^a^> 



4^ 
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(6) Show that V^o, V45» \/ 7" *ro similar surds ; 

and also a-^o^, ^^W, \\/y 

126. — The order of a sard may be changed, by changing 
the power of the quantity under the radical sign. 

Thus -^ =>{'?'; VT= -yaJ' so conversely, as in (67), 
jyc^'m&j be reduced to ^a, 
4/a^y* may be reduced to V^> 
br expressed generally '^V = jJ/oT 

By this means surds of different orders may be reduced 
to the same order, and may then be compared, multiplied, 
or divided. 

Ex. (1) To compare ^Taml ^^3? 

^2=^8"; andVj = y^ 
. • . y 3 is the greater. 

Ex. (2) To multiply -^i^ by JZx. 

= yi6a« X 2i6a5», 

=j{/64 X 54a'a^, 
= 3y54a»a5». 

Exercise 54. 

^) Write in order of magnitude 2-^77 3 v'^* \/ ♦• 

(2) SimpHfy 

2^ ax X ^3^*6 X ^260:, and ^a^xy^ x J^a^xy, 

(3) SimpUfy 

3-^^^-i-V^a'556, and yl^« x ^^l^-^^ii^. 

127. — The sum or difference (when unequal) of two 
similar surds will be a surd; for mjJlo^n^lc=(jn±n)/j9'' \ 
but their product or quotient will be rational, for 
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128. — ^Fbop. The product or quotient of two dissimilar 
quadratic surds wiU he a quadratic surd. 

For every quadratic surd when simplifled will have under 
the radical sign a series of factors, each of which is raised 
only to the first power ; and two surds which are dissimilar 
cannot have aU these factors alike. 

Hence their product or quotient will have at least one 
factor raised only to the fir^t power, and will therefore be 
a surd. 

129. — Pbop. The sum of two dissimilar quadratic surds 
cannot he a rational number ; nor can it he expressed as a 
single surd. 

For if ffa+j^b could equal a rational number c, we 
should have by squaring, 

a+2js/ah+h=(^, 

. • . i^ah—f^—a—h. 

Now o', a, h, being all rational, the right-hand side of this 
equation would be rational, whereas by the last proposition 

tjab caunot be rational. 

Hence ^a-\-fJh cannot be rational. 

Similarly it may be proved that tJa-\-fJh cannot be 
expressed as a single surd fjc. 

Similarly^ the difference of two dissimilar quadratic surds 
is not rational, nor expressible as a single surd, 

130. — Pbop. Prove aa above that a quadratic surd cannot 
equal the sum of a rational number and a surd, 

131. — Compound expressions involving surds will be 
multiplied together by taking the products of the several 
terms. 

Thus __ _ 

To divide by a compound surd, both divisor and divi- 
dend must be multiplied by a fia^^tor which will rationalise 
the divisor. 

Such a factor will be found in this way : — If the ex- 
pression to be rationalised be binomial, and msoVq^ qt^ 
quadratic snids, the factor will consist oi t\ift «aaxi<b \feTcsi» 
but with a different sign between them. 
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Thufi 6+ 2 Vs will be ratioiialiBed by the factor 6 - iij^ ; 
forC6-|-2V5)(6-VT) = 36-20 = 16. 
If the expression be trinomial, two steps will be re- 
quired. 

Thus 

fjd+fj i — /j2 when multiplied by V6~(V3""V2) 

becomes 6-(V3— V-)* = 6-54-2^6 = 1 + W^* 

And I + 2^6 multiplied by i - 2^6 

becomes i— 24 = —23, 

The process for division will then be as in the following 
example : — 

T-Z'Jl ^ (7-3>v/5)( 6--a/5) ^ 7 2-33/5 ^ ?«2a/T 

6 + 2Vr (6 + 2^5) (6-2V5) ^^ 2 

The factor which will rationalise compound surds of a 
higher order will be longer; the method to be adopted 
will be seen in this example : — 

To rationalise 2'^ 2—^5. 

The surds here are both cubic. 

We know that «'— y' is divisible by aj— y with quotient 

.'. x — y when multiplied by a;'+a:y+y* will become 

Hence the above will become (2-^^)' — (^5)', t. e. 
16 - 5 = I r, if multiplied by (2-^2)« + 2^2 --^j^ (-^^)« 

132. — Pbop. If a + V^ = a5+Vy> ^^^ ft ^'^ equal x, 
and b will equal y. 

For by transposing, tjh—fjy^x—a, and if h were not 
equal to y, the difference of two unequal surds would here 
be rational, which has been proved to be impossible. 

, * . h—y^ and a—x. 

Similarly if a-y^/bsx— ^, a rmU equal x, and b wifl 
equal y. 

N.B.--The above propositions have for simplicity been 
proved of qtiadratic surds, but \ii6^ xoi^bt be extended to 
Buida ofhighei ordcxB. 
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133. — To extract the square root of a binomial snrd^ 
a + v^bT 



Let Va+V&= Va5+V^ (1) 

then a+V&=a:+2^jcy+y. 

. • . (131) a5+y=a, 

which are two equations for finding z and y. 

The above method may be shortened by noticing that, 
gince ^T= 2jjxy, 

Vo- V^=V»-Vy .... (2) 

Hence, maltiplymg (1) and (2), 

And as a;+y=a, 

05 and y will be found at once by addition and subtraction. 

Ex. To find the square root of 14 + 6^5. 

Let a/jH- Vy= V i4-h 6^, 

then ^'x- fjy=i ^14-6^57 

. • . multiplying, 05—^=^196 — 180, 

=Vi6'=4. 
Also 05+^=14, 

.-. a=9, y=j; 

and V«+Vy=3+V5- 



Exercise 55. 

(1) Simplify /?J - ijab^ + v^lIS?; and 
jji2 + a>v/27 — 4/48. 

(2) Multiply 5^a — 7 by i^/l + i ; and 2^15 + 3^S 
by 3.^/^ "" ^^bc, 

(3) Obtain the rationalising factors for >/7 + V5> 
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Extract the square roots of 

(5) 7 + WT (6) 20-8^6. (7) i7 + W7i: 



(8) 9-6^3. (9) ii-6Va. (10) 2a+2Va=-2^. 
(11) 3(a-6)-2V2a«-5a6 + 26«. (12) a«-2JV^^^- 
Simplify 

(13) --!-^ + -^. a*) ,, ]_ „ ;^v 
^ ^Vs + i VS-i ^ V(i4 + 8V3) 
" ._. I I I 

N.B. — A root may often be obtained by inspection ; for 

this purpose write the given expression in the form a+ ^ Vb* 
and determine what two numbers have their sum = a, and 
their product = 6. 

134. — Equations inyolying surds may often be solved 
by arranging the terms so as to have tiie sard quantity 
alone on one side, and then raising both sides to sach a 
power that the radical sign may be removed. 

Ex. Solve aj + ^a5^+a;=i. 



Transposing «— 1=— ^^a^+os; 
squaring, a?— 2aj+i=a?+aj (o) 

I 

Note. — It should be observed that the equation (a) 
would have also been obtained if the preceding line had 
been 



t.e. if the given equation had been x—^x^-{-x=^ i ; so that 
it would appear as if .05=- were the root of each of the 



equations, x + V*'+ » = i> 

and a— ^a;'+a;=i. 

It will be found on trial that it is the root only of the 
former ; the root of the latter indeed, if it could be found, 
would be clearly an impoBsiiVAft c);yxasv^V!> mf**-V« being 
obviously greater than x. 
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Exercise 56. 

Solve 



(1) -^85—5 = 2. (2) 3 — 3-/flc*— i = 3a;. 

(3) 2^305 + 4— a;=4, (4) ^^305— 2 = 2(x— 4). 

(5) 205-^8? +26 + 2 = 0. 



(6) >v/a5 + i+Va;+i6 = >v/a5 + 25. 



(7) V2a;+i— Va; + 4=->v^a:— 3. 
V7ac*+4— 2^325— I 



NEGATIVE AND FBACTIONAL INDICES. 

135. — Hitherto the only indices employed to indicate 
powers have been positive and integral, as in a^ ¥, a^, &c. 
But a meaning may also be attached to indices which are 
negative or fractional ; and such a meaning that the same 
roles may be applied to them as are applicable to those 
which are positive integers. 

Negative Indices, — The meaning of a negative index will 
be suggested by noticing that in a series of descending 
positive powers of a, 

a*, . . . . a*, a', a', a^, 

the subtraction of i from the index is a division by a. 
Suppose that the same principle extended feurther, to 

a , a , a , . , , , a , 
then a would equal - i*©- ^> 

-I . . I 

a ■•.••• I *^"Ct. 1.6. "". 

a' 

-2 I . . I 

and generally 

a- i; 
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that is, a negative power of a letter would be the reciprocal 
of the corresponding positive power. This, then, is the 
meaning which will be assigned to the power denoted by 
a n^atiye index ; and with this meaning the same rules 
will be applicable to negative as to positive indices. 

(i) a''xa-*=a''-*' 



_ __ _ I 

Par o xa =a x-v 

a 



^a^' by(12.iii)ifm>ii; 



r 

or =-t::5. ifm<n, 

a 



=a ~ by the above defiuition. 
Similarly it may be proved that 



o"*xo "=0"" 



a -i-a :sa 



a -i-a =a 



Therefore the rules for mtdtiplieation <md division will 
hold. 

^"^ -(o-)"-a"--" • 

Heiuw the role (56) d indices t» raiting to <My power 
is applicable. 

(iii) a-x5-= ^x j^ = ^ = (06)-: 

i.e. the product of the same power of two letters is equal to the 
product of the letters, raised to that power. 

136. — Fractional Indices, — The meaning of a fractional 

index will be suggested by noticing that the division of 

an index, when the index is exactly divisible, is equivalent 

to extracting a root ; thus a' is the square root of a* ; a* 

J8 the cube root of a^ ; &o. 
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If this extended to expressions whose indices are not 
exactly divisible, a" would be the square root of a' ; a^ 
would be the cube xoot of a ; a^ would be ^a' ; and gene- 
rally a" would be iy tt* : le. in a fractional index the nume- 
rator would indioaie a power to which the letter is to he raisetl^ 
and the denominator a root to be extracted. 

This meaning, then, will be assigned to a fractional 
index, and the rules which are applicaUe to integral in- 
dices may be proved to be also applicable to these. 

(i) For multijjiiccUion and division, 

m p mq np 



a'xa'' 


= a"' xa"', 




=>C>^a*^x^a , 




= ^a'^xa'"'by(125), 




^^^^+np^ 




mq+np 

=o "* by the defluition. 




m p 



m p m p 

Sinnlarly o" + 0^=0*"^ . 



(ii) For raising to any power. 
When the outer index is integral, 

(m\p m m 
a"y =a" xo" X . . , p factors. 



— + ^+ > • • 



n 



Hence also, taking the |>th root of each side, 

m p • wp 

a^'^y a"". 
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When the onter index ia fnotional, 






!!9' 
mv 

=0*' from above. 



(ill) Also a" X &" = V^a*" x V^6*, 



= (aJ)". 



The same rules may similarly be shown to hold when 
the indices are negative fractions. 

For instance, 



m p m 

o^xo"'=a" xi 

a' 



m p 



Exercise 57. 

(1) Write with positive indices a*', 305-*^-*, 6a;"*y, 

(2) Express with radical signs a», sc , a*6*, 4a;«y*, 

(3) Express with fractional indices jj^, «'^^, ia\Ja^ 

(4) Show that (a + J)'' + (a-6)-'= 2a(a»-62)-\ 

f5) Simplify 05^. a;«. y. ««. 3^*. aj». y*; and 
05^. 1/"*. oT^. if . x"*.*9* 
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(6) Multiply x*-2a;V+!^* ^7 a* + 2a;V+y*- 

(7) Write down the squares of ax*, 30*6*, 406"*, o*— 6*, 

(8) Diyide a- J by a*-a«6« +6^ 

(9) Simplify 

(a""'+6"*)«- (a""+6"") -2a-V"(a+5)(a-6)"'. 

(10) Ifa=4, ft=2, c=i, find the valnes of arb, ^arb^c, 
sab'\ 2(a5)* a'h'\^, I2a"'6~'. 

(11) Expand (a*-^*)', (aaj-'+x)*, (aJ-'-fty"*)'- 

(12) Simplify 

(13) Mxdtiply 

2a« — 3a*6« +o'5» — 40*6* by a + 2a«6« + 30*6*. 

(14) Divide 

o«6"'-2ia"''6+ 24a"V-8a"'*i< by a6*'-3 + a"*6. 

(15) Extract the sqnaro root of 

9a;"*— 1 8a5~'y * + 1 505"*^— 6x~'y* + y". 

(16) Extract the cube root of 



8x*+i2a!"— 3005— 35 +4505''+ 27a;" — 27»' . 



(17) 



Simplify 5 vo 35+3oa;v a »a5"*— 2^ , .i ; 



and \/a*6 x \/a*6« x 2 V^Ja^ -i- 3y^. 

(18) Besolve into prime factors with fractional indices 
yTi^ y 72, 15/96^ 15^64^ and mxdtiply them together. 

(19) Sum the series: — 

(i) 1 + ^ + 2+ to 12 terms; 

(ii) a— 2a6~* + 4a6-*— .... to 8 terms. 



(W) SimpUfyv^^a-'b^c^ x V^iaa»r*<?-T-^ \o'^a-^>H-^- 
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SolTe the equaticms : — 
(Jl) 4«*-3(«* + i)(«*-2)=ajKio-3a:*). 

(22) (x*-2)(x*-4)=x*(«*-i)"-ia. 

(23) a;»-4a;*=96. 

(24) «+«"*= 2-9. 

(25) (a; + i + 0(a;-i+0=5i. 

(26) 8i-^»+|^ = 52x. 

(27) 2a;* + 3y»=i2, 3;c*-ay»=5. 

(28) «* + 2a«x-* = 30. 

(29) 2((c*-i)-'-2(x*-4)- = 3(a;*-2)-\ 
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CHAPTEE XXV. 

THEORY OF QUADRATIC EQUATIONS. 

RESOLUTION INTO FACTORS. 

MAXIMA AND MINIMA. 

137. — Peop. If a and fi represent roots of a quadraiic 
ejuation, x^+px+q=o, then a+jS-s— p, and a/3=q. 

Solving the equation by transposing q and completing 
the square, ^ 

p I 

and aj=-^±-Vl>2-4g. 



P 



Hence, obeing -^+-^1^-43, 



P 



andiB ... -^--^ijS-45, 

o+i3= -p, 

P* I 
and aj3=^--(|)?-4g), 

=g. 
Hence the equation may be written, 

or (ic— a)(ic— i9)=o (1), 

a fonn which presents a and obvionsly as roots, since 
when either of them is written for x, one of the factors on 
the left side =0, and the equation is satisfied. 

It follows from (i) that a quadratic equation cannot haM^ 
more than ttw) roots, for no value of x exce'^X* a cm ^ ^:»s^ 
Biake either of the factors in (i) equal to o. 
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138. — The relations proved in the above proposition 
between the coefficients of an equation and its roots enable 
any symmetrical expression in a an*d jS to be expressed in 
terms of ^ and q. 

Ex. To find o'+zS* in terms of j? and q» 

a«+3aj3+i3«=iJ», 
and 2afi=2q, 

139. — ^If the given equation be 

oa.*+6a5 + 6=o, 

» h c 

then a +^ will =—-, and a^=-. 

p I —— — — 
140. —An inspection of the roots a = — - + ~>v/^— 4^, 



and P = -^--V2^-^q, 

of the equation a^ +px +q=o, 

will enable ns to determine some characteristics of the 

roots of an equation without actually solving it : — 



(i) As the two roots have the same surd VP^~49f tibey 
will either be both possible or both impossible ; 

and if they are possible, they will either be both rational 
or both surds : 

(ii) that the roots may be roMonalf p^—^q must be a 
perfect square, 

as in 05*— 5a;+6=o; 



(iii) if |}2=4g, ^^^-43=0, and the two roots will be 
eqttalt 

as in x^^6x-\-^=o; 



(iv) ifi)^>42, tJl^—Aq IS possible, and the roots will 
as in aj2+3a;+i=o; 



(v) if p2«<4^, /Jp^—^q is impossible, and the roots will 
be impoitBiblef 

as in sB^-fjaj 4-4=0; 

(vi) if ^ (L e. afi) be potiiU^e, 03l<& xooVa^M x«:A2^^«f^\a.H^ 
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the tame nign^ which will be opposite to that of p (since 

as ia 05^— 7»4- 1 3 = o ; 

if g be negative, the loots will have opposite signs ; and 
by (iv) they will be possible, 

as in »2_7a;— 30=0; 

(vii) ifp (i.e. a+iS) =0, the roots will be equaXj but of 
opposite signs ; in this case they will be possible or impos- 
sible according as ^ is negative or positive, 
as in aj*—4=o, »2+4=o. 

Exercise 58. 

If a and 3 are the roots of the equation a?+2xc+2=o, 
find in terms oip and q 

(1) a-/3. (2) a2-/32. (3) tf»3 + a0«. 

(4) aHiS*. (5) aH/S*. (6) uS/S-l-a^. 

(7) Find the sum of the squares, and of the cubes, of 
the roots of x* + 6x + 4 = o, and of 3x^—03— 1=0. 

Determine without solution the character of the roots 
of the following equations : — 

(8) a^+4ic— 5 = 0. (9) a;2-h4a; + i=o, 
(10) 05^—205-1-9=0. (11) 30;^— 425— 4=0. 
(12) 3a;"-8=o. (13) a^-l-8a;-l-i6 = o. 

Form, by (137), the equations whose roots are 

(14) 1,2. (15) -3, 7. (16)i,i. 

(17) -5,-i. (18) -3, -5. (ly) -i,f 

(20) a— a J, 3a -I- 26. 



BESOLUTION INTO FACTORS. 

141.— Since in (137) i? = -(a+/3), and 2= aft therefore 
for all values of x (whether they satisfy the equation 
X* + jxc + 2 = o or not) the expression 

«* -hjpa; + 2 = ^ ■" (" + i^)-^ + ^^* 
=(a;-a)(«-/3). 

This then supplies a method for resolving a quadratic 
expression into factors, viz. : Find a, ^, tfie two 'oaXue% o| 
X u/hick tmTl make the expression =0, thefa X — a aud *&.— ^ 
unlibe the /actors required* 
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If the expresaion be given in the form aa^-i-hx-^e, the 
factors will be a(ic— a)(a;— ^), and it will be found that, if 
a, b, c are integral, fieuitors of a may be combined with 
the binomial factors cc— a, x-^fi, so as to make them 
integral. 

Ex. Besolve 12x2 + 4405—45 into feictors. 

The roots of the equation i3aB'+44a;— 45 =0, 

5 9 

aw -r and — ^ ; 

Exercise 59. 

Besolve into fiEUitors — 

(1) as"— 4X— 221. (2) 6jc*— 4905+30. 

(3) 1403* +4705— 7. (4) 1005*— iiaj— 18. 

(5) a^+ax-6a«+ 506-52. 

(6) 0^+205^- 3y2_^aj^.y^^ 

(7) 05^- a^aj- 05 + a— a». 

(8) a^ftojs+a'asy- t'ajy— aJ*y*— Jc*o5— ac"y. 

142.— Peop, If x^tk be a factor (/x'+px+q /or all 
values of x,t?iena!^+]^ + qwiUequcd o. 

Three proofs may be given for this proposition : — 

(a) By (141) a must be a root of the equation 

and will therefore satisfy it, 

t.«. a2+jja+g=o, 
(i8) Dividing oj'+px+g by aj— a, 

x—a/x^-^px+q \ x+(a+p) 
x*—ax 

(a'\-p)x+q 
(a+p>— (q^-Vyx^ 
a*-V-pa-Vq 
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and as this "will be obviously the end of the division, the 
remainder should be o. 

(y) Suppose th^ division of a^+pz-^q by aj— o to be 
completed, so that the remainder may not contain x ; and 
let Q represent the quotient and B the remainder ; then 

a^+px+q=iQ(x-a)+B. 

Now as B does not contain 2, it will remain constant, 
whatever value may be given to x. 
Let X be made equal to a, then the above becomes 

a^+pa+q=Qy,o+B, 

=S (1) 

But if x—a is a factor of x^-^px+q, B must = o, 
. •. d'+pa+q^o, 

N.B.— If SB— o is 710^ a factor of a^+|MJ+g', (1) shows that 
the remainder after the division will be a*+pa+q, 

143.— Peop. Prove (as in 142. y) that */ 

x"+px""^+qx"-'+ +v 

he divided 6y x— a, the remainder tmll be 

a^+pa^'^+qa^^'^ . . . . +v. 

144. — Peop. If n he an odd integer, x^+y* rmU be exactly 
divisible byx-^-j, and x°— y" by x— y. 

The division of aj*+y" by a;+y having been carried on 
until the remainder does not contain x^ let Q be the 
quotient, and B the remainder : 

then »"+/= Q(a5+y)+-B- 
Now B will contain y but not x, and will therefore 
remain constant, whatever value may be given to x. 

Let »=— y, 

then (-y)"+y"= Q(-y+y)+JJ. 

But n being odd, (— j/)" = — y" ; 

.*. JJ=o, 

which proves the first part of the proposition. 

The second part will be proved in the same way, B being 
found by putting x equal to y, 

145.— Pbop. -^12 5e cm even integer, i^^'f^ ijoilX "be eawwll.'a 
iivt'eidle hy both x+y and X— y ; &u* x" +"5* 1>1| neitlvwr. 
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For with the aanie notaiion aa aboye, we hare after the 
diTiuon of »"— y* by x+y. 

Let x=— jf, 
thenll = (-y)"-y", 

=y"— jr" (sinoe n is even), 
=o (1) 

And after the division by x— y, 

a;*-y"=Q(x-y)+2?. 
Let x=y, 

then B=y"-/=o (2) 

But for the division of x"+y*> 

«"+y"=Q(x+y)+B, 
and if x= — y, 

5=(-y)"+y"=2y"....(3) 

Similarly if x^+y"=Q(x-y)+jB, 

when x=y, B= 2y" (4) 

. * . x"+y*) when n is even, is divisible by neither x+sr 

nor X— y. i 

j 
The last two propositions will be easily remembered by 

their simplest cases, viz. when n=i as an odd integer, j 

and when n = a as an even integer. | 

Exercise 60. I 

(1) Show without division that sc^— sx^+s**— S4 is 
exactly divisible by x— 2. 

(2) What number must be added to x' + x' in order that 
it may contain x + 3 as a factor ? 

(3) Determine the remainder when x*— x*+x*— x+i is 
divided by x + 6. 

(4) Show that if x" + px*~^-k- .... +v is divisible by 
X— i^ the sum of the coefficients will equal o; if by x+ii 
the sums of the coefficients of alternate terms are equal 

(5) Fmd the quotieBt v?\i<6xx x'^ — \j" ia divided by x— y ; 
and show that x*— nxy""HCn- iV ^ ^'"'Vss^iVkXii ^-■^. 
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MAXIMA AND MINIMA. 

146. — The solution of a quadratic equation is also 
useful for the determination of some cases of maxima and 
minima values, t'.e. for finding the greatest and least pos- 
sible yalues of quantities subject to certain conditions. 

Ex. 1. Find the maximum or minimum yalue of 
4 + 6x— jc^ for possible values of x. 

Let 4+^sc— a5^=t», 

then x^— 6a; =4— TO, 
»2-6»+9=i3-TO^ 

Now as a; is possible, 13— to cannot be negative, i.e. m 
cannot be greater than t 3 ; so that 1 3 is the maximum value 
of TO ; and for that value, x= 3. 

Ex. 2. The difference of two numbers being given = (/, 
determine their values in order that the third propor- 
tional to the less and greater may be a minimum. 

Let X and x+a be the numbers, 

(x-ray 
then ^ is to have its minunum value. 

Let — ^ — = TO, 

a;^+ 2ax+ a* = TOa;, 
a^+(20— to)x=— a* . . . (o) 

from which »= ??Ll3£^ ± ^^m^-^am. 

. • . TO^— 4am cannot be negative* 

or TO cannot be less than 4a ; 

in which case x=:ay and x+a=7a, 

N.R X would be possible in the above equation when 
TO=o, but the numbers would then be — a, c, which would 
not be a solution of the problem. 

Without actually solving the equation, (140. v) rop^ be 
applied. 

Thus in Ex. (2) we should have from (a), 
(2 a— to)' cannot be •<4aS 
i.e. 4am— m^ is not <o, 
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Exercise 6L 

Find the tnaTimft or mhnimi Tallies (detenniimig which) 
of the £cdk>wmg : — 

(1) i+i-x*. (2) X5+3X+4. (3) (a-.a;)(a;-.^). 

(7) Biyide a line a into two parts snch that (i) the srun 
of their squares may he the least possible, (ii) the rect- 
angle contained by the parts may be the greatest possible. 

(8) Find the firactioai which has the greatest excess 
uver itB square. 

(9) Describe a rightrangled triangle ofti a giyen hypo- 
thennse (a) snch that its area may be a iwATimTiTn 

(10) Having given a perimeter (2$) and a base (q) for a 
triangle, find the other sides so that its area may be the 
greatest possible. 

(SJB. X, y, being theotiior sidee, area = V<'-a)(t-a;) («'-y))- 
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CHAPTER XXVL 

ELIMINATION. 

147. — When two equations are given, which arc satis- 
fied by the same yalnes of one or more letters, a new 
equation may be formed from them, from which some one 
of these letters shall be excluded. • This letter is then said 
to be eliminated. 

The process of elimination has been already employed 
in the solution of both simple and quadratic equations of 
more than one unknown; but it may be employed for 
other purposes also, e.g. for finding the relations which 
must exist between the coefficients involyed in two equa- 
tions, in order that these may be simultaneous. 

For the elimination of a letter x from two simultaneous 
simple equations 

ax-\-hy-\-c=o (1) 

a'a5+yy+c' = o (2) 

the process given in (52. First Method) may be used ; viz. 
multiplying (1) by a', and (2) by a, and subtracting, 

then (a'b '-ab')y-\- (a'c — a>d) = o. 

148. — By the extension of this process, as in (53), two 
letters may be eliminated from three simultaneous simple 
equations : — 

OiC + ^+C2 + (?=0 (1) 

a'x-\-yy-\-€!z-{-d! = o .... (2) 
a"(B+2/'y + c"z + (i"=o . . . (3). 

But it will not be difficult to find in this case multi- 
pliers for each of the given equations, suchtb&^'^\iKCL'Osi^ 
three resulting equations are added toge\ihfii ox^'^ Q'OkSi ^1 
the unknowns will appear. 
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Let X, /*, r be the three multipliere, then X(l)+/«(2)+»<8) 
gives 

Now if y and z are to disappear &om this equation, their 
coefficients must =o, so that 



and Ac+fic'+yc" 



'4- 



X 6V'-6V 
From these ^^V^^IIb^ 

and ?l = ^'«-:jd^' 
y bc'-h'e ' 

These last resnlts may be written 



b'c"^h"e' - Vc-hc" - bc'^b'c' 

they show that the mnltipliers must be proportional to 
h'c"—h"c', 6"c— 6c", and Ixf-h'e, and may be taken eqvd 
to them. 

The above expressions will be easily remembered if the 

arrangement in them of the coefficients h'^cf, be 

observed. The method by which they were obtained is 
called that of Jndtterminate Mvltipliers. 

If the three given equations contain no term which is 
independent of the unknowns, it will be seen that the 
resulting equation obtained as above will contain x as 
a factor in all its terms. The equation may therefore be 
divided out by x, and the three letters will then all be 
eliminated. 

149. — ^When a letter is involved to the first degree in 
one equation, and to a higher degree in the other, it may 
be eliminated by substitution as in (74. First Method). 

If a letter is involved to the second or a higher degree 
in both equations, it may be eliminated as in the following 
example : — 

Let ax*-\-hxy-\'ey'^-{'d=o (1) 

and a'xH6'icy+tY+d'=o (2) 

he two simultaneous ec^uaWona^ ItoxcL '«\£l<c\^. x la to be 
eliminated. " 
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ilrst eliminate x* ; 

(l)xa'-(2) xagiTQS 

(o'6-.a5>y+ { (a'e^ae')f+a'd-aS } =o ... (3) 

Next eliminate between (1) and (2) the terms which do 
not involye x, 

(1) X (cy+cf) - (2) X (cy'-^-d) gives 
f (ac'-o'c)y*+a<r-a'<l } »*+ { 6c'-6'c)y*+M'-.6'<l } a:y=o, 
or, dividing by as, 

{ (ac'-o'c)y»+ad'-o<l } «+ J (6c'-6'c)^+6(r-6'd } y 

=o . . . (4) 

Between (3) and (4), x may then be eliminated, resulting 
in a biquadratic equation in y. 

The above example will show that elimination &om 
general equations doon becomes laborions: bnt in some 
particular cases, as in the following examples, means may 
be devi^ for efGscting it without difficulty. 



Exercise 62. 

(1) Find the relation which must exist between the 
coefficients in order that 

ajc*+&a;+c=o, 
and pa^-\-qx-\-r=o, 

may be satisfied by the same values of x, 

(2) Eliminate x and y from 

xy 



y=a \ 
y = C ] 



(3) Prom x^y= 

a? 



xy=c ) 



/'^x -n a^ y* aJ* y* 05* y* ^ 

(4) From -2+^=1, 52-^=0, ^4-^4=;^. 

(6) FromcB+y=a, aP+y^=l^, a5*+y'=c'. 

(6) Eliminate x, y, z from yz^d^^ zx=l^, owj = i?, wA 
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(7) From 

aa5+6y+(»=o, bx+cy-\-ae=o, and car+ay+Jzrro. 

(8) Prom a5(y+«)=a^, y(2+a?)=6*, z(a;+y)=c', and 

(9) From ix^-^^=2lxy, a^+s^=2mxz, y*+2*=2wy2. 
(10) Eliminate p, q, r from i\q+r)=a?, ^Xl'+O^y** 
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CHAPTER XXVII. 

HABDEB EQUATIONS. 

150.— ^Equations may be solved with respect to an ejo- 
jtression in the same manner as they have been solved 
with respect to a letter; and thus the methods which 
have been employed in quadratics may be applied to the 
solution of harder equations. 

Ex. (1) Solve (a2-a;)2-8(iB2-a5)+i2 = o. 

Begard (as*— a?) as the unknown quantity, 
(a;«-aj)*-8(a;«-aj) = -i2, 
and complete the square, 

(a;2-a;)2-8(a;«-aj)+i6=4. 
Extract the square root, 

a;2-a;-4=±2, 
x^—x=.t or 3. 



»« 


-aj4 


I 
4 


=?"!• 






aj- 


I 

2 


-i| 


or ± 


3 

2' 




and 


X 


I 


ic 


Wi^ 








=3 or 


- 2, 


or 2 or —I. 



Ex. (2) Solve 05^— 3a;— aVst^— 3a;— 3 + 2 = o. 
Here by transposing and annexing —3 to a;*— 3a}, 

(aj2-3aj-3)-6Va;*-3»-3 =-2-3, 

= -5, 
in which we have (a;'— 3x— 3) and its square root. This 

may therefore be solved like a quadratic with respect to 
V»'-3a-3, 



(a;«-3aj-3)-6VaJ*-3»-3+9=4, 



^aj«-3a;-3-3 = ±2, 

y^a;2— 3»— 3 = 5 or 1 . . . . Vy^i 
a;*— 3a;— 3= 2$ OTi , 
from which ac = 7 or — /v ^^ ^ ^^ "* ^ 
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The same remark applies here as (133, note), yvz, that in 
the squaring, new roots may have been introdnoed ; so 
that xmtil they have been tested it will not be certain that 
all the yalnee obtained for x will be roots of the given 
equation. 

In this example it wiU be foxmd that all the yalnes will 
satisfy the equation. 

A little consideration will show that the roots not be- 
longing to the original equation are those which spring 
from n^ative quantities on the right-hand side in the line 
(u) : such may therefore be disr^;arded. 





It is sometimes convenient to write another letter for 
the expression with respect to which the equiition is 
solved ; thus the equation above might have been written 

y beiDg written for V**— 335—3. 
Thenoe y = 5 or i, 

and y' or aj' — 3a}— 3 = 25 or i, 

and 80 on, as above. 

Ex. (3) Solve a*+aj+ ^+ Ji = 6^. 

Now by adding 1 to the (»*+3)» we have («*+2+j)» 
which is the square of (»+-]; and the above beoomee 

Solve with respect to (a; + I ), 

(x+i)V(.+i)+I=,.. 

^ S 7 
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2 ' 

&om which a; = 2 or -. 

3 



Or aj«+-^a:=-i, 

from which a? = — - (7±i^33). 

An equation such as the above, which ^vill remain 
unaltered when for x is written --. is called a Reciprocal 

equation. Its roots, if it is of an even degree, will form 
pairs which are reciprocals of one another : if of an odd 
d^ree, as 

Sx'+a?*— 43JC'— 43^'+a^+ 6 = o, 

one root will be + 1 or — i (according as the last term is 
n^atiye or positive) and tiie rest will form reciprocal 
pairs. 



Ex. (4) Solve f/lxTa + ^ 2x—a = K 

In this equation it may be noticed that the squares of 
the two terms on the left side are 22;+ a and 2a;— a, and the 
difference of these squares is 2a. 

Now the difference of the squares is divisible by the sum 
of the terms ; hence 



2a 2a 



iJ'ix->ra-\- ij2x—vi h 



ia 



beoomes ^Jix+a — ^20;— a = -r-« 

Add to the given equation, then 

, , 2a 



4a« 



. • . 8aj+4a = 6*+4a+ -p, 



A 



and » = -g -v j^. 
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Ex 


. (5) Solve aj*-aV+J^* = n 


■ • • • 


• d) 




jb"— ajy+y* = 3 




.(2) 




Transpose (2). 








aj«+y« = 


= «y+3, 






. • . squaring, sc^+aafV+y* = 


= ajV+6«y+9- 




Subtract (1) from this, and we 


shall obtain 




ajcV — 6xy = 


-4. 






from which xy = 


I or 2 . , 


.(3) 



Iffljy=i.(2)+(3)x3give8 

05*+ 2zy+y^ = 6, _ 
.-. a;+y= ±V6, 
and (2)-(3) gives 

»•— aojy+y* = 2, 
. • . 05— y = ±^2. 

Hence » = ^ (±V"6±V2), y = ^ (±a/1±^"2). 

If ay = 2, the same steps will give 

«+y= ±3, 
a;4-y = ±1, 
and SB= :k2 or ±1, y = :ki or :k2. 

Other methods of obtaining the roots of equations will 
suggest themselves after some practice. If one root (either 
for a letter or an expression) is observable^ (71) must be 
borne in mind. 

Exercise 63. 

Solve 

(1) (2x2— 3x)*— 2(2a/"*— 3Jc)=i5. 

(2) (aa;-6y+4a(aic-6) = — . 

4 

(3) 3(2i*'-aj) — ^225^— 05=2. 

(4) a;*+Va?^ = i9. (5) a^-Va^^^l^-f («+3). 
(7) v'^-i~+4=C«+3)C«^-O^V 



(8) V^+5 + V«— i^V*'*-^-^*-^^' 
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(10) a?+3x-|+^^^. ^ 

(11) V*+i+V*""i = 5« (12) CB+2— 4ajV»+2 = i3a* 
(13) V3i'+5-V3«-5 = 4. 

(14) ^9^'*+ 2105+ I — ^90^ + 605+ I = 305. 

(16) 05^— 4a?* + 4a;"*+a;"^=— -. 

4 __^ 

(16) a5+y + ,/aj+y=a, a;— y+Va'-py=^. 

(17) (2a;+3y)«-2(2a;+3y)=8, 

0!?— 2(^ = 21. 

(18) a"+y«+»+y=48, 

a5y=i2. 

(19)(05-y)a-3(x-y)=io, 

jB^y*— 3fl5y=54. 

c2 

(20) 6o5+ay+c>/aa5+Jy— c=c— — , 

4 

(a-6)(o5-y)=c*. 
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CHAPTEB XXYIIL 

INEQUAUTIKS. 

151. — ^Expressions involving any given letter (or, as 
they are termed. Functions of that letter) will have their 
values changed when different values are assigned to that 
letter ; and of two such expressions, one may be for some 
values of the letter larger, for others smaller^ than ihe 
other. 

Thus i+o+a' will clearly be greater than i --^a+a^ for 
all poBitive values of a, but less for negative values ; so a' 
is >> or •< than a aooording as a is ^ or *< than i. 

But one expression is sometimes so related to another 
that whatever values may be given to the letters, it can 
never become greater than that other. 

Thus 2a cannot be >• a*+ h whatever value be given to a. 

For determining whether such a relation holds between 
two expressions, the following is a fondamental pro- 
position : — 

Prop. Jf a and b are unequal, a' + b* > aab. 

For (a— &)' must be positive whatever a and 6 are; t'.e. 

(a-6)«>o. 
or o«-2a&+6'>o, 
aH&*>2a6. 

The principles upon which the solution of equations de- 
pends (22) are applicable to inequalities, except that if 
each side of an inequality have its sign changed, the in- 
eqimlity will be reversed; tTdus ii a>^, — a^^\ife<,— b. 
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Ex. (1) Which is the greater, a^+t* or a*6+aJ*, a and h 
being positive ? 

a*+6» is > or < a^h-k-aiP, 

according as (dividing each ude by a+&) 

a*— tt6+6* >> or •< ah, 
according as a'+6^ > or < 2ah, 

But a* +6* is > 2a6, 

.-. a»+&'is>a«6+a6». 

Ex. (2) Prove that a^+i^+c* is >a6+ac+^. 

a«-h62 > 2a6, 
a*-hc* > 2ac, 

6« + C* > 2&C, 

.*. 2o*+26*+2c2>' 2a6i-2ac+26c, 
or a^+ft^+c* > o6+ac+&c. 



Exercise 64. 



Show that (the letters being unequal and positive) 

X 

y 



(1) a«+ zV^ > 2b(a+b). (2) ^+f > 2. 



(3) a'6+aZ>»> 2a>Z;». 

(4) (a*+6*)(a*+i*)>(a8+J8y. 

(5) a*6+a2c+aZ>2+62g^^^jc»v^5^j^^ 

(6) (i+aHa*)>;(a+a8). 

(7) Which is the greater, (a' + 6«) (c* + cP) or («c + wy ? 

(8) Which is the greater, w*2+ w or m'+ 1 ? 

(9) Which is the greater, a*— M or 4a^a— 6) ? a> 6. 

(10) Which is the greater, V"^' + V^ - or V^ + V^ ? 
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CHAPTER XXIX. 

BINOMIAL THEOBEK WHEN THE INDEX IS 
FBACTIONAL OB NEGATIVK. 

152. — ^In Chapter XXII. it was proved that when a 
binomial is raised to any proposed power, for which the 
index is a positive integer, its expansion proceeds by 
certain laws, giving rise to one general formula. The 
same formula may be shown to hold also when the index 
is fractional or negative. 

Pbop. If the two expressions 

' m(m— i) .. 
i+mx+ ; ^ ^ ]^-H .... 

I . 2 



and i+nx 



+ Sfel^)x.+ .... 



be multiplied together, their product will be a series cf H^ 
same form, viz, 

, . (m+n)(m+n— i). 
i+(m+n)x+'' ^-^ ^1^+ .... 

For when any two ezpreeuons la a^ as 

i+aa5+6a;'+ .... 
and i+a'a;+6'a,*+ .... 

are multiplied together, their product will be an ezpreefflon 
in ascending powers of x, as 

i+Ax+Bx^+ .... 

in which the coefficients A, B, ... will be functions of 
a, 6, a', 6' .... ; i.e. will be made up of these letters in 
particular ways. And the way in which a, 6, a', &' .... 
enter into these functioua wVVV c\e&.T\^ \)^ >t^^ «kcq&^ ^bat- 
fiyer may be the t>alt*e« aasiguod Vo \\!kft\^\.Vw^. 
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So in the product of 

w(m— , 



«(n— i) . 
and i-hng-f \ ^ -g'-f . . . . 



I . 2 

the coefficients of x, x^, ... will be functions of m. and n, 
whose /orm will remain the same for all values of m and n. 

Now we can ascertain the form of the coefficients when 
7)^ and n are positive integenj, for in that case 

i+mX'\-^^^^-x^+ . . . isCi+ajr . . . (116) 

n(n— i) ^ 
and i-\-nx+~—-~-Z'+ . . . i8(i-t-x)"; 

Ami 

. • . their product is (i +x)"*'**, 
which when expanded becomes 

i+(m+»>+^ f- ^xH 

These forms therefore will also hold when m and n are 
fractional or negative. 



153. — ^If the above expressions are represented hj/(m) 
and /(w), their product, since it is formed with w+w in 
precisely the same way that they are formed with m 
and n, vnll be represented by /(m + w); and the proposi- 
tion will be 

/(m) x/(w) =/(w + n). 



Hence a.l8of(m) xf(n) x/(p) =/(rn-\-n)xf(p), 

and so on for any number of such factors. 

154.— Prop. To deduce the Binomiol Tlt-eorem j'or frat- 
ti'onal or neffative indices. 
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(i) Fractional, J(m) meaning the same as above, we 
have for aS valueti of m, n, p, . . . . 

f{m) . fin) ' fiV) ...» footora = y(*'»+»+l)+ . . . terms). 

If n, p, ... be each made = tn, this becomes 

{Ara)]'=fim£) 

where 9 is any positiYe integer. 

Now if ffw be any positive integer r, so that m becomes 

the positiTe fraction ^, the above (being true for aXL values 

9 

of m) becomes 

= (i+a^y since r is integral ; 

•••('W = /(7). 

•1 : ■).. . . . 



r 

» ^ 1.3 



1.6. the expansion of (i+x)', in which the index is a posi- 
tive fraction, is an expression of the same form as when tlis 
index is a positive integer. 

(ii) Negative, Again, fim),fin) =fim-{-n) being trns 
for all values of m and n, will hold when n = —m. 

Hence fim) .fi—m) =fio), which eqnnls f. 

= = from aboTB ; 

♦.6.(1 +«)""• =A-'»). 

.*. when the index is negative (whether integral or 
fractional) the formula of expansion is still true. 

Note. The above ia kaown aa EvW* v*^- 
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Ex. (1). 

t . Id-) i(f-Xi-) 



Ex. (2). 



Here 4a'— 30a! = /^i r— — j. 
. • . (4a«- sax)"' = (4aV { i - ^p' 



-3 -5 -3 -5 -7 



~8an' \ 3/4a"*" 1.2 \4a/ 1.2.} \4a/"*"* 

~ 8a»\ ^"^ 8a "*" I2»a2 "*" 1024a' ^~ • • • 



A root of a ntunber may sometimes be readily found 
by means of an expansion. 



Ex. (3) Find the cube root of 513 to six decimal places. 
5,j=5ij(i + ^J = 8'(i + ^^). 



= 8 { I +.000651 041— .0OO0QO^1'^'\ 

B 8.005204. 



^^ 



212 Biiiomial Theorem, 

Exercise 65. 

Expand to four terms 

(1) (i -hx)^ (2) (a-hx)^ (8) (i-x)"*. 

(4) («*-x»)^. (5) (a:* + xy)-*. (6) (ax-sy)"*. • 

(7) y r^si. (8) ^=^ • (9) a/ (,::^3y/ 

(10) (i-|-x + a:*)V 

(Expand first {n-(x+ic*)}» in terms of (x+x^)). 

(11) {I-x^-x2}* 

(12) Obtain the rth term of (a + x)^. (^8ee Art. 116.) 

(13) Obtain the rth term of (a-x)"\ 

(14) Find to five decimal places ^6jand -^igV 

(15) Find ^v/ 129 to six decimal places. 

(16) Expand (i — 2X + 3X') » to five t«rms. 

(17) Find the coefficient of x* in the exx>ansion of 

/ — ; — To : and of x' m 7 ^ 

(IS) Find -^ — to six decimal places. 
V999 

(19) By means of the expansion in (1) show that the 
limit of the series 

I I 1-3 I-3-5 .,— 

and that of the series 

I 1.3 1.3.5 

'■^T77+2T7.1^-^2.3.4.a» • • • ^^• 

(20) Find the coefficient of x' in the product of (i— x)'" 
and (i— a)~^; and by comparing this with that of x' in 
(i — a:)"^"^*^ find the Biim of the coefficients of the first r + 1 

tercasof (i— flc)~*. 
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CHAPTER XXX. 

INDETERMINATE COEFFICIENTS. 

156. — The theorem known, as the principle of Indettr-, 
miiuUe Coefficients is this : — 

1/ the tux) series a + bx + cx*+dx'+ .... 

and a'+b'x+cV+d'x»+ .... 

he equal for ail values if x, then 

a = a', b-=b', c=c', &o. 

The proof depends upon the preliminary proposition, 

J[fthe coefficients a, p,y , . . are finite, a sei-ies 

ax+i3x*+yx"+ .... 

may by taking x small enough he made less than any quati^ 
tity that may he assigned. 

For if /( be any assigned quantity, and k represent the 
greatest of the coefficients a, iS, . . . 

ca-^fix^-\ryx^'\- . . . is ^icaj+icaj^+icx'-l- . . . 

i. e. •< YZ^ if 05 be taken «< i. 

' KX 

If therefore - — - be taken «< ft, 

t.e. ifa;be<^-pj^, 
ax-j-fix'+yx*-^ ... will be <fc. 

To prove then the above theorem : — 

Since a+hx+cx'^-^ . . . = a'-\-h'x+c'x^-\- ... for all 
values of x, we have, by putting x = o, 

a = a'. 

Hence hx+cx^+ . . . = h'x+c'x^-^ . . . 
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Now by giving x a sufficiently small value, the right 
side may be made less than any quantity that may be 
assigned, and so may be made indefinitely small, 

. * . the difference between b and h' is indefinitely small ; 

i.e, 6 =r 6 . 

Similarly c = c\d = d\ &c 

The application of the theorem Vdll be seen by the 
following examples : — 

■ Ex. (1) Expand _ ^ in ascending powers of x. 

Let -r— :v2 = ^+J5«+Ca;8+Dx8+ 

I ^~x~^x 

then 2 + 3» = A+Bx-\-Cx^+Da^+ .... 

-^jB-Bx^-OcH .... 

+A»H^x'+ .... 
=A+(B-Ayx-\-(C-B-{-A)xH(D'-C+B)x^+ ... 

. • . by the theorem, 
A = 2, B-A = 3, C-B+A = o, D-C'\-B = c. 
.-. J5=^+3 = 5, C=^-^=3, D=C-B= -2, &o. 

Ex. (2) Find the fraction in the form . . ^ which 
will produce by its expansion the series 

I— 503 + 605^ + 805'— 4005*+ &c. 

As the first term of the series is i, we may assume 

i-{-Bx 
^ , ^ , ^ a to be the fraction required ; then (multiplying 

out by the denominator) 

i + Ba; = I — 505 + fta;'* + 8a;' — . . . 

+ Cx- 5Cx* + 6aB»+ . . . 

+ Dx^ -5l>aj»+ (a) 

.-. B= -5 + C, o = 6-5C+A = 8+60-5!?, 
from which J5 = — 3, 0=2, Z>=4. 

.-. the fraction is ^^'^^^^^,. 
yote, —An examinaUou oi t\vek ^tq^xvrX ^o^ ^st^ ^<sm 
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lat if M„ w^i, w^2 ^ *"y tJii^ consecutive terms of the 
yen series, 

u^^-i-Cx.u^^-^Da^.u^ will = o. 

A series, any given number of whose consecutive terms 
■e connected in this manner, is said to be recurring, and 
le expression i + Ca: + Dsi^ is called its scale of relation. 

Ex. (3) If y=ax+ftic*+ox'+ . . . find a; in terms of y, 

hetx = Ay + By^ + Cy* + . . . 

= Aax + Abx^ + Aex* + . . . 

-f J5aV + iBnba^ + . . . 

+ Ca^x'' + . . . 

.-. Aa = I, Ah+Ba' = o, Ac+iBab+Cki,* = o, 

from wliich A = -, B = -^, C = — ^ — 

y hy^ , 2¥^ae _ . 

.*.« = - ^ + 5 — 1/*— &c. 

a a* ' a* ^ 

-ATo^c. — The above is an example of Beversion of Series, 
b is evident a priori that since when a5= o in the given 
jries, y = o, there will be in the required series no term 
lear of y : but if the given series should be in the form 
+6a5+ca;*+ . . . . , then it would be necessary to 
ike y — a = z, so that 

2=2>a5 + ca5'+ .... 

nd expand x in terms of z, 

735+1 
Ex. (4) Eesolve (x^\7iZrr\ ^*^ ^*® partial fractions, 

.e. into the simplest fractions which will together be 
qual to it. 

The denominators will be a;+4, a;— 5. 

{x-^a)(x-Sj »+4 "^ x-s* 

then "jx+i = -4 (a;— 5) + 5(»+4), 

.'. -4+5=7, -5^+4J? = I. 
Whence -^ = 31 -B = 4» 

. 7»+i _ 3 ^ 
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Ex. (5) Besolye — y?(x-\-iY — ^^^ partial fractions. 
Here the denominators may be x, jb*, a:+ 1, («+ 1)*. 
Let "^-Z^-^Z^'l -^ + ?+J?_.^?- 
Then4ic*-x«-3»-2 = i4j<aj4 i)*+jB(z+i)« 

+ C^+2J5)x+5 

.-. J+C = 4 

2j-fjB+C+D = -I 

^+2^ = -3 

J5 = -2 

whence J = i, JB= —2, 0=3, D= —4; 
and the fraction = ^ - Jf + ^ « ^^^ 

■J 
Ex. (6) Resolve ^^ into partial fractions. 

The Actors ofx*— i arex— i and x*+x+ r, the latter of 
which cannot be resolved into simpler factors; for this 
denominator the numerator may be of the form JBx+0. 

3 = ^(x»+x+i) + (^x+0(x-i); 
whence as before ^= r, J5= — r, C= —2, 
3 I x4-2 



and 



X*— I X— I x'+x+i 



Note.— In all the above examples the numerator is 
of lower dimensions than the denominator ; when this is 
not the case, it is best to express the fraction as a mixed 
number, and then proceed as above. 

156. — Eesolution into partial fractions affords a simple 
method of ohtaininy any required term of an, expansion 
such as that of Ex. (1), when the denominator can be 
resolved into factors of the fttsl ^e^^. 
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Ex. (7) To find the terms involying as* and ar in the 

expansion of (i^^x) {^-^xY 

3H-8a; _ 2 _ 3 
(I— 2a;)(3+a:) "" i — aa; 3+a; 

2 I 

~ 1 — 235 "" X 

= 1 { i+2x+(,2xy+ . . . (ia;)«4 {2x)r+ .} 

-{-?*(!)■—(!)■—(-!)■-} 

.-.ooeflT.of ««= 2X2«— -,- = 127 f—. 

I 
Coeff. of af = 2 X 2*"--, if r is even, 

or 2 X 2^-\ — ^ if r is odd. 
These last two may be expressed in one formula : 

Exercise 66. 

(1) Expand to four terms in ascending powers of x, 

I 5 — 20; 3 — 205 

I — 2£C + 303^' I + 3a;— JC*' 4— 3a;* 

(2) If y=a;+2x^+3a^+ . . . find x in terms of y: 
alsoify=a:+ — + 7;^+ .... 

(3) Find the fractions of the form - ^^^^ 2 whose 
expansions produce the series 

1 + 33;+ 2aj*— «• — ..., 
3 + 2a;+ ^a^-\- ya^ + . . . . 



r.8 



3 3a; 633;^ 12 3x' 
4 16'^ 64 256 "**•*• • 
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Eesolve into partial fractions : 

(A\ sag- 7 6 sag- 1 

^^ (x-a)(x-3)' (x+3)(a;+4)' (2a;-i) (^-sT 
jc— a 



ar^— ja;— lo 

/^\ ^-^^ 3 3ap'-4 rag '-a? 5 

^^^ a;(a;«-4)' ar»(a; + 5/ (a;-i)2(x + 2y ajC^-iKaaj-i/ 

a;»+i~""' 
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CHAPTER XXXL 

LOGARITHMS. 

(See Arithmttiet chap. xyL) 

157.— Any nnmber a being taken as base, the index of 
the power to which a must be raised in order to equal 
another number n is called the Logarithm of n to the 
base a,' 

J£ n = a; X is log n to base a; or, as it is written, 
x=log,w. 

Thus since 9 = 3*, 2 = log, 9 ; 

since loooo = io\ 4 = log^o loooo. 

The number taken as base will be always considered 
positive and > i. 

158. — Peop. !Z%6 logarithm of the product of two numbers 
to any base is equal to the sum of their logarithms. 

For let m and n be two numbers, 

X and y their logarithms to base a. 

Then m =: a*^ n =^ a', 

mn = a'.oM — o»+». 

.*. logamn = as+y 

= log.iii+log«n. 

159. — Pbop. The logarithm of the quotient of two numbers 
is equal to the difference of their logarithms. 

For with the same notation as above, 

TO 

— = a*^af = a-^ 
n 

• •. loga- = x-y 

= logam-logsn* 
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Hence by suppoeiDg n=m, log. i =o ; 

if n > m, log, ^ is n^ative, 
i e. the logarithm of a number less than unity is negatiye. 

160. — ^Pbop. The logarithm of any power of a number is 
equal to the logarithm of the number, multiplied by the index 
pf the power. 

For if X = log..n, n = a*, 

.'. lpg,(n'") = 11105 = mlogafi. 

Since m may in the above proof be considered 
fractional (=~)> we haye also 

log. L') ^ log.;^ = ^ log.«i 

ic. ^^e logarithm of a root is equal to the logarithm of Ik 
number, divided by the index of the root. 

161.— Prop. Log^m = Log^m x Log, 6. 
Forletlog^m = y, and log;, & = z^ 
then m = 6", 6 = a*, 

.-. m = (a=> = a»', 
.*. log^m = yz = logbmxlogab. 

Hence Log^ m = T^" ,- , 
^ Log.6 

so that if the logarithms of numbers to any base a are 
given, their logarithms to another base b may be obtained 
by dividing by log„ b, 

lfm = a, the above formula becomes 

log„aori = logja X log. J 

.•.log,a = ^^. 
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Exercise 67 

(1) Write down the logarithms to base 9, of 9, 81^ 729, 
3. =.7, «87, y ^. ^. ;^. 

(2) Write down the numbers whose logarithms to base 
16 are 2, i, •5,2*5, -i, --5, --25, 0625. 

(3) If log„x=6, and log„ y=c, find the logarithms ot 
:/2y, oi^y*^ a:*yi, x^Y* ^^tTV 

(4) Haying given log 2= '301, and log 3= -477, find 
the logarithms of 6, 18, 73, 7^/25, •0416. 

(5) '2, '3, '4 being the logarithms of three numbers to 
base a, what will be their logarithms to base a^ ? 

(6) If a, 6, c are in geometrical progression, show that 
log, a, log, J, log, c are in arithmetical, and log;,w, log^w, 
log^Ti in harmonica], progression. 

(7) Having given logio 3 = *477, what power is 10 of 3 ; 
and 1000 of 9? 

(8) Prove that log„6 x logjC x log^d x . . . logj^k 
= log„ k. 

(9) Given logio2=-3oi, and logio3='477, find logg 3 
and logg 9 : and if in another scale log 2 = -693, find log 3 
in that scale. 

(10) Given log 5= 699 and log 7= -845, which is the 
greater, 5** or 7^°? and between what two powers of 5 
does the 12th power of 7 lie? 

162.— The construction of a table of logarithms is 
effected by obtaining an expansion for log C^ + ac) in 
terms of x; and this again depends \ipoii^\ie Ex*pofae^\.viX 
T/iearem, t. e. the expansion of a* in terms oi x> wa VJto^^ 
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163. — Pbqp. To expand a,' in a series of ascending powers 
o/x. 

By the Binomial Theorem, 

a' ={i+(a-i)}'= i+aKa-O + '^'^a-iy 

a <g-i)(g-2) 

+ — ^x] («-!)•+• • • 

Now if each coefficient in this series were expanded, it 
would consist of powers of x, and the whole series might 
be then rearranged in ascending powers of x. 

The coefficient of x would be 

(a-i)-J(a-iy+J(«-0*-J(a-i)*+ &c. 
which may be denoted by A. 

And if J9, C, . . . . be employed to denote the co- 
efficients of x^, a;', .... , the first series may be written 

a« = i+Ax-{-Bx^+Cx*+ 

in which A has been found, but JB, C, .... are still to 
be determined. 

They may be found in terms of A : for, since the above 
is true for all values of x^ we have 

a'+v = i-f-^(a;+y)+JB(a;+y)»+C<a;+y)»+ . . . . 

But a'+v = a^^a* = o* { i+Ax-{-Bx^'{-Cx*+ . . . } ; 
and these two series will be identically equal. Hence by 
(.155) the coefficients of x in tlie two series will be equal 
viz. 

A+2Bp+iOy^+ . , . , = Aay 

= Aii+Ay+By^+Cy^ ) 

But these expressions are equal for aU values of y, there- 
fore the coefficients of y, y\ y', .... in one are equal to 
those in the other ; so that 

2JB = A\ zC = AB, &e. 

• • ^ - 1.2' ^ - 3 " rr^'*®- 

and therefore 

. , . ^V . A*x* 
a> = x+^a.+ — +^-^^+ 

A being, as found a\)o\e, ^a— ^^— Vv«.- ^^■V>k«'-^'t- Hr. 
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Now M Ax := I, or a; = 2, the last leries becomes 

a^ = n.i + JL+_l_ + 

1.2 1.2.3 

a Belies whose value can be easily foand to be 2* 7182818 . . . 
and which U usually denoted by e. 

Hence a^ = e, . * . a = e^, and A = log«a. 
. • . a' = I +(log.a)a!+(log.a)«— +0og^a)»Y7^^ + . . . 

N.B.— If a = e, then log^a =1, and 

164. — Pbop. 2o expand log^ (i +x) *w terms ofT. 
In the above proof we have 

log^a = .1 = (a-i)-K«-^y+K«-i)*- .... 
If then for a we write 1 4-a;, 

log.(H-«) = x-*' + ^ _ ^ + . . . . 

165. — ^The above series, though obtained for all values 
of Xy would be of no practical use for values of x greater 
than unity, and for smaller values (unless very small) 
would require a large number of terms to be used. It is 
necessary, therefore, to obtain from it other formulae, in 
the following way : — 

Since log, (r+a;) = a;-^-f^-^+.... 

234 



aj* aj' ai* , 

— ^ — "!"••• 



. • . by writing — x for x, 

iog.(.->=)= -«-^ _ t. _ :i 

Subtracting^ log, ( i + x) — log, ( 1 — x) or 

IjOt ;— - bu written —-, so that x = ::TTZi, 
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If«=I,l0g,«=2|^j^+4(^+ . . . .} 

a series from which the logarithms of the small numbers 
2, 3, may be obtained. 



m'—n 



Again, if m = n+ 1, then ^^q;^ =? ^^^jT^, 

and log/^' <>^l«g>+0-log.n==2|^^+4^^-^^ 

. • . log>+i)=log.«+2 l^+i^-^^^ 

by wliicli the logarithm of any number may be readily 
obtained from that of the preceding number. 

166. — Logarithms to the base e are those which are 
obtained most simply, and are known as natural; or 
Xapierian, from their having been invented by Napier of 
Merchiston, and published by him in 1614. 

The common system, which is much more convenient 
for practical use, is known as Briggs^s, or the dtctmal, 
system, and is calculated to the base lo. It may be 
obtained from the Napierian by means of (161), for if 
K be any number, 

log. lO 

The multiplier ,— — , by means of which every natural 

logarithm may be reduced to the corresponding decimal 
logarithm, is called the modulus of the common system, 
and ='4342944819. 

167. — The last series in (165) may be readily adapted 
to the common system, for if /x represent the modulus, 
logio(^i + i)-logio» = ^log. (/i+i)-filog.w 

= '''{^^+*(2Ti"iy+ • • ) 

and by means of this a \ogan.l\mi \o. \3aft cotomon system 
also may be inunediately obtamsd itom 'Csxa ^T^cft^ccDi%^sQfe. 
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168. — In obtaiuing the logarithm of a number wliich con- 
sists of more digits than are given in the tables, it is 
assumed Arithmetic^ Art. lOO) that if a large number be 
slightly increased, the increase produced ia the logarithm 
will be proportional to that given to the number. 
To prove this, we have now 

logio(«+<i)-logion = log,o(i+^) 

= Miog.(.+g 

_ id d" d' \ 

But in the taMes referred to, the lop;arithms of successive 
tmuibers of 5 digits are given, so that for the present pur- 
lK)se « may be considered to consist of 5 dififits ; and if d is 
small, viz. unity or a proper fi-action, the terms of the right- 
hand side after the first will be exceedingly small, and may 

be neglected, so that logj^ {fi+d) — logjon = - d. 

Here fi is constant, and n is a given number, 
. • . logio (n+d}-logio» a d. 

If d = I, logio(»+i) - logio« = ~, 

u 
t*. €. D the tabular difference = - ; 

hence logio(«4-d) — logi^n =dDf 

or log^o(n+d) = log,o» +dD, 
which is the formula to be practically applied. 

Conversely, for finding a number corresponding to a 
given logarithm not exactly found in the tables ; if 8 be 
the excess of the given logarithm above log n, and the 
number required be n+x, we have 

« = logio {n+x) - logio n = -x 

= Dx. 
• x = ^ 
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Exercise 68. 

(1) Find log^ 2 and log^ 3 to six decimal places. 

(2) With the modulus giyen in (166) find logioc, and 

logio ^^ 

(3) Having given logio 150= 2*1760913, find logioisi- 

(4) Find logio loi to seven decimal places. 

(5) By making m=aj*, w=aj*— i, in the formula for 

m 
log^ — in (165) show that 

log, (aJi-i)=alog,x-log, (a;-i)-a{-^+j^^^y 

+ . . . .[ 

and thence, having given logio2= '3010300, logio? 
= '4771213, find logio 8a and logio 79* 
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CHAPTER XXXn. 

INTEREST AND ANNUITIES. 

(See AritkmetiCf ch. zi.) 

169. — The meaniiig of the terms Principal, Inte^-est, &c. 
will be already understood from Arithmetic, the only 
alteration which will be made in their use here being that 
instead of a rate per cent, which is convenient practically 
in arithmetic, it is simpler in algebra to employ a symbol 
(r) to indicate the interest on one pound for a year. 

The principal will be represented by P, 
interest on £i for a year .... r, 

amount of £i in a year B, 

number of years n, 

amount M. 

Then the following relations will be readily seen to 
subsist between the symbols : — 

i? = i + r . . . . (i) 

Simple interest on P for a year = Pr (ii) 

Amount = PB .... (iii) 

Simple interest on P for n years = Pnr .... (iv) 
Amount (Jlf) =P(i+wr). . (v) 

From (v) any three of the quantities P, n, r, M, being 
given, the lourth may be found. 

170. — Since P will in n years amount to M, P paid at 
the present time may be considered as equivalent in value 
to JIf due at the end of n years, so that we may either 
regard M as the amount of the given present sum P, 

or P as the present value of a given future sum M. 

171.— If Cbmpound Interest is reokoned, oivQl VSaa Ss^^^& 
18 payable yearly. 
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the amoant in one year will be P(i +r) = PB, 

two years .... P^(i +r) = P5*, 
three = FB^ 

and generally, M = PB* (vi) 

Hence also P = — i (yu) 

If componnd interest is reckoned, payable half-yearly, 
the amount for h year = P( i + - j, 

I year = P^ 1+ ^ j , 

liyear =-^1+2)* 
&c. 

w years = pf i + - j , 
Similarly, if the interest is due q times a year, 

M=p(^i+^y (viii) 

If the last formula be expanded. 



= P I 



nln 1 n{ n )(»— "rl 

\ ol ^, \ gJX 57 



i+7ir+ ~- — ; — »^+ TT":; ^ +• • • 

1.2 1.2.3 

Now suppose the interest to become due at indefinitely 
small intervals, i.e. every instant; then q becomes inde- 
finitely large, and the fractions -, -, &c. may be neglected. 
In this case 

= Pe" (ix) 
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Exercise 69. 

(1) Obtain the values of r and R, for the rates 5, 4, 3, 

3 
si, per cent; and the rates per cent when r = '02, — , 

• 05 ; and when R = r, i* 045, I'oS?. 

(2) £A amount in n years to £B, find r and the rate 
per cent, (i) if simple interest is reckoned, (ii) if compound. 

(3) In how many years will £A amount to £B (i) at 
simple interest, (ii) at compound interest due yearly, 
(iii) at compound interest due every instant; using r 
and B in their usual sense ? 

(4) Find the difference (to five places of decimals) be- 
tween the amount of £1 in two years at 6 per cent, per 
annum compound interest, according as the interest is 
due yearly or monthly. ( Use logarithms,) 

(5) What Is the true annual rate of interest in the for- 
mulje (viii) and (ix) above ? 



172. — An Annuity is a sum which is payable yearly : it 
may be due either all at once each year, or in parts at 
fixed periods in the year. Unless specially expressed, the 
former is understood to be the case. 

In computing annuities compound interest must be 
reckoned. 

An annuity will be represented by A. 

173.— An annuity which has been left unpaid for n 
years will at the end of that time amount to 

For the sum (A) which was due at the end of the first 
year has been left unpaid for (»— 1) years, and by (vi) 

amoxmts in that time to ADT"'^ \ 

^ due at the end of the 2nd year anio\m\a \a AR \ 
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Henci- for the whole amount, 

If = J(^-'+B""*+ +5+1) 

= ^^'^ by (100). 

174. — The Present Valve of an annmty to be paid for 
n years (commencing at the end of the first) is 

R-i ' Br- 

For its value at the end of n years is -^ — - A, 

the present value of which is by (vii) 

JT-i A 

Or the present value may be found in this way: 
Present value of A due in i year = ^ 

A -A 

^ • • • 2 years ^ n^* 
J. . . . n years = — . 

sr 

. * . taking the sum of all, 

P= ^4. A+ + A. 

= (jr-^+jr-*+...+i)|i 

_ JB'- 1 A 

If the annuity is to be perpetual, the number of terms 
in the above series is unlimited; and then by (101) 

A 
J, ^ A A 

175.— In either o! the 'wajft «Ao^\fi^ «Jqcs^,\\. \sisc^ >cfc 
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proved that if an annmty is to (xmunence at the end of p 
years and to continue q years, 

If it is to commence at the end of p years and to be 
perpetual^ 

176. — If the present value of an annuity be mAy it is 
said to be worth m years* purchase. 

An annuity which is to continue for a fixed number of 
years is said to be certain : a life annuity is one which is 
to continue during a person's life. 

The calculation of life annuities is effected on the same 
general principles as above, but in order to determine the 
number of years for which the annuity may be expected 
to be payable, it is necessary to employ tables based upon 
observation, which show for any age the probable duration 
of life. 

177. — The calculation of life insurances depends upon 
the same principles, but applied inversely. In order that 
a certain sum may be secured, to be payable at the death 
of a person, he pays yearly a fixed premium, and it becomes 
necessary to determine the amount of this premium. It 
may be payable either for a definite period, or for the 
whole of his life. 

If A represent the premium to be paid for n years to 

insure an amount M to be paid immediately after the last 

premium, we have by (173) 

• A - ^(^- ' ) ^^ 



or 



If ilf is to be paid a year after the last premium, then 

&TX^ A = ^- — . 
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Exercise 70. 

(JJse logarithms wherever advantageous^ 

(1) At 5 per cent, per anntiin find the amount of an 
annuity which has been left unpaid for 4 years. 

(2) Find the present value of an annuity of £30 for 5 
years, reckoning interest at 4 per cent. 

(3) What annuity for 10 years ;nay be bought for £1000, 
the annual rate of interest being J^ of the principal ? 

(4) A perpetual annuity of £250 is to be bought, to 
commence at the end of 10 years : reckoning interest at 
li per cent., what should be paid for it ? 

(5) Find the present value of an annuity of £200 pay- 
able quarterly, to begin at the end of 2 years, and to 
continue 10 years, at 4 per cent, per annum interest. 

(6) Find the perpetual annuity which, commencing at 
the end of one year, will be equivalent to a perpetual 
annuity (-4) which is to commence at the end of n years. 

Ex. To an annuity of £100 to commence after 8 years, 
interest at 5 per cent. 

(7) A debt of £185 is discharged by two payments of 
£100 at the end of one and two years : what rate of interest 
is paid ? 

(8) What sum should be paid for 10 years in order to 
secure an annuity of £300 to be paid for the next 10 years, 
or for the next 20 years ; interest at 4 per cent. ? 

(9) Reckoning interest at 4 "p&r cent., what annual pre- 
mium should be paid for 30 years in order to secure £2000 
to be paid at the end of that time ; the premium being 
due at the commencement of each year ? 

(10) £30 annual premium is paid' to a life insurance 
society for insuring £1000 ; at 4 per cent, interest, for how 
many years must the premium be p^iid that the society 
may sustain no loss ? 
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CHAPTER XXXm. 

CONTINUED FRACTIONS. 

(Arithmetic^ chap, xix.) 

178.— The term Continued Fraction, though applicable 
to any fraction of the fonn 

a 



6 + 



d ^ 



"^/+ &c. 

is commonly restricted to one whose numerators are 
each = I, viz. 



p + .-i 



r + &c. 

For the arithmetical application of continued fractions 
the following propositions are needed. 

179. — V&OT. Any proper fraction in its lowest terms may 
be converted into a terminated continued fraction. 



Lef - be a fraction, in which 6 < a ; 

€v 

then - = - = 



b ^^b 



(if p be the quotient, and c the remainder, of a + 6) 



2+ 
e 



P+ 



li ' 



r4- &c. 



234 Continued Fractions. 

The Buccessiye steps of the division are the same as 
those for finding the G. C. M. of a and 5; and since these 
are prime to one another, there will be at length a re- 
mainder I, and the fraction will then terminate. 

The continued fraction may be more conyeniently 

written as |q: iq: ^^&c. 

180. — The fractions formed by taking one, two, three, 
&c. of the quotients p,q,r, , . . are called the convergent 
fractions, and will be proved to be alternately greater and 
less than the trae value, and to approach successively 
more nearly to it. 

Prop. The successive convergents are alternately > and < 

the truLe value. 

Let A be the true valae of —r — r ~t «. 
then p, g, r, . . . being all positive integers, 

I I 

• * • o ^ T 1. e. ^ il. 



P 



P+r-r 



g+ Ac 



Again, q < 9+^ &o. 

• • flf -^ I 



'-< -^ Le.<^. 



and 80 on. 



q ^+ 4*5. 



181. — Prop. If ~, -^, -^, he any three consecutive coti' 

^l ^2 *8 

vergents ; mj, mg, mg, the quotients which produced thm ; 
then will 
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For the first three quotients being p, g, r, 
the firbt three convergents are -, — r, r— . . . (i) 



9 «+i 

r 

or when simplified, -, ^^, (p^+^y+y 



(ii) 



In (i) it will be noticed that the second convergent is 
formed from the first by writing in it p+ - for p ; and the 

third from the second by writing g+- for q ; and this 

will be the way in which any convergent will be formed 
from the preceding one. 

Hence, — ' will be formed from — * by using fn, + ^ 

3 2 3 

instead of m. 

In (ii) a further law of formation is observable; for 
the third convergent has its 

numerator = r (2nd numerator) + (ist numerator), 
and its 
denominator = r (2nd denominator) + (rst denominator). 

And if the fourth convergent be obtained, it will be found 
that its 

numerator = 8 (3rd numerator) + (2nd numerator), 
and its 
<lenominator = 8 (3rd denominator) + (2nd denominator). 

Now assume that this law holds up to the three con- 
secutive convergents ^, -*, -^ : so that 

«o »i «« 

then since by (i) — is formed from ~ by having m»-\'—- 
written instead of m,. 
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Therefore the law will hold for ^ ; and being shown above 
to be true for the third convergent, will be tme for all. 

182. — Pbop. The difference between two successive con- 
vergeuts ^ avd 5i is --L. 

Vi Vj V,V2 

This proposition is true for the first two convergents, for 
Assume it to be true for — and — , so 



that -^ 0>^ -^ — — - ; 






then^<^^ = 






»i»a 



I 



by the assumption. 



Hence being true for any one pair of consecutive cou- 
vergents, the proposition will be true for the next pair: 
and having been shown to be true for the first pair, will be 
always true. 

183.— Since the real value A lies between two successive 

convergents - and — S - will differ from -4 by a quantity 

less than - '^--, t.c.< — ; so that the error made by 



V Vj' ^ VVi 



taking - for -4 is <^, and a fortiori'^ ^, 

184. — Pbop. Any convergent - unU he in its lowest terms. 

For if u, V, had any common factor, it would also be a 
factor of uvi ^^ u^Vj t. e, of i. 

185, — Pbop. The successive cou'oeTgenfit& a-pn^TWMiJw twcw* 
nearly to the true value A. 
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For any convergent ^^ (=f^-^- '+^+^ 

differe &om a(=^^. . ^^^^^^^ ■ ■ ) 

by having m, used instead of '»*2+^~r • • • 

= n*i+- suppose, 
where /i > wi, > r. 

yH + -)f I + t'o 
K^Mji?! +t;o)+r, 

I 

And, — m>»^ A = - f^ T- 

_. M 

ViCMt'a + ^i)* 

Now I < /A, and t?, > Vj, for both which reasons 

«2 ^ t?l 

t. e. a convergent — is nearer to A than — is. 

17- t^i 



u 



186, — ^Pbop. Any converge^it - is nearer to the true value 
A than any other fraction with a smaller denominator, 

X 

For let - be a fraction in which y-^v. 

y 

If -bo one of the convergents, it is shown in the laei 

V 

u 

prnposition to be farther from A than •- ia. 
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If it be not one of the oonvergents, and be nearer to A 
than - is, it mnst (since A lies between - and — | be 



Hi H 

nearer to — than — is ; t . e. 



V, V 

X Ut tt tt, 

or - <^ — , 

and since y *< v, this would reqnire v^x ^^ u^y to be •< i ; 
which is impofisible, since 2, y^ Ui, o, are integers. 

187. — The value of a continued fraction in which the 
quotients recur may be obtained by a quadratic equation. 

Ex. To find the value of-.r.-.r.o^ 

Let X be the value, then 

_ _i H*_ . 

* - , I "" a5+aaj+i* 

.', cu^+abx = 6, 
from which x may be found. 

Note.— a and b being positive, (140. vi) shows that the 
roots will be real. 

188. — A quadratic surd may be expressed in the form 
of a continued fraction, as in the following example. 

Ex. To find v'Tas a continued fraction. 

The greatest integer in ^^3 is obviously i. 

Suppose V3 = ^+y 

then i = ^3-1 ; 

.-. a = Tf- = V3±iby(181) 
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or 



.•. h 




Vi-i 




I 
• • e 


= 


V3+I-2 


= VT-i, 


e 


= 


I 


= a above; 


. vi 


^ 


I I 

'+7+ 7+ 

• • 

'+7 + 7^ 


I I 

I+"2+ &c. 



the conyergents of which will be found to be 
T , 1 7 £9 26 71 
'' ^' 3' 4' II' 15' 41' 

Exercise 71. 

(1) rind the continued fractions equal to 

31 123 ,—. ,— ,— 

^, --, V5, V", 4V6; 

and the fifth convergent to each. 

(2) Verify (182) by the convergents in the first and last 
of the above examples. 

(3) Find the proper fraction which, when converted into 
a continued fraction, will have quotients i, 7, 5, 2. 

(4) Two convergents being -^ and g^, and the next 
quotient 5, find the next convergent. 

(5) Find a fraction with denominator < 100 which 

shall difier from /v/2 by less than . 

^ "^ 1 0000 

(6) Find the surd values of 

■ • • • • 

I II I I , I I I 

■ J + T + 6' 1 + r + 6' "^^ ' + 2 + i + ;• 
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MISCELLANEOUS EXAMPLES. 
Exercise 72. 

(1) I^ ,7Z6 = ^-^Z show that „j^:^^ =^?=:^ 



(2) If 8 = findtheyalneof ^«(8— a)(s— 6)(«— c) 

in terms of a, 6, c, alone. 

If a, I, c, are the sides of a right-angled triangle, show 

that A/s(8—a) («— 6) (s— c) is eqnal to the area of the 
triangle. 

(3) Eeduce to its simplest form the expression 

(yz — fljc)* — (ca — y'^) (ab — z*) 
(6c — oj*) (^yz — ax) — (za; —by) {xy — cz)* 

(4) Extract the cube root of 
0,9 — 3x''— 3x'*+ 3a:^ + 6x* + 3a;5— 305*— 30;— 1. 

(5) Solve the equations— 

,.v I _J i__ _i__ 

^^^ £c— a ■*" x—b " x-^a '•"fc + ft' 

W "a2 + aa; + a^" + a^-aa; + a« " ^^• 

(6) Solve— 

lx-\- my-\- nz = a, 
Px-^m^y + nh = a*, 
/''j; + m'?/ + w^z = a'. 

(7) Two vessels, A and B, contain each a mixture of 
water and wine, A in the ratio of 2 : 5 ; i? in that of 3 : 11. 
What quantity must be taken from' each to form a 

' niixiure which shall conBiBt ol s ?>^^^aiis. ol^«.ter and 13 
of wine ? 
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(8) Solve the equations — 

(U\ ^"-"^ - ^''-^^ _ ^ _ °' 

^ ^ 05—6 x—a a b' 

(9) If a, p, are the roots of the equation a^—px-^-q = o, 
show that a+p =p, afi =q; and obtain in terms of a, ^, ' 
the equation whose roots are p and q, 

(10) Two trains starting from the termini A and jB of a 
railway meet at a point i2i miles nearer A than B: had 
each iiavelled 5 miles an hour slower, they would have 
met half an hour later 15 miles nearer A than B, Find 
the length of the line. 

6 2 

(11) Which is the greater ,- or — 7= — , and by 

6+V3 2^3^! 

how much ? Find the square root of 9 — f ^ 3 5. 

(12) If a'+a-' = 6, find a'-a"'. * 

(13) If a, h, c, are proportionals, show that 

(a-J)2 : (b-cf : laic, 
and that a + c > 26. 

(14) Solve 4cc'+24a52+47x + 3o = o, its roots being in 
arithmetical progression. 

(15) There are three numbers in geometrical progression ; 
and if 1 be taken from the second and 5 from the third, 
or if the first be multiplied by 4, the second by 3, and 
the third by 2, they will be in arithmetical progression : 
find them. 

(16) Expand {x^—yV ; and (x^—y^y to four terms. 
' Write down the (r + i)th term of the latter. 

(17) Write down the quotients of i — i6a3* by i + ix, and 
a+ajby -^a^+ ^J/acT 

(18) Kesolve 

a~'— 8, 205"^— 1 6x"^ + 24, and 3 {rri^-'ri?)'^ + s(?*^ ""^ '*^T* 
into their simplest factors with positive indieea. 
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(19) Fmd the sqnare loot of 

-1 -i -1 -± -A -. 

1+4X » — 2x *— 40; +25X ■—2435 *-f-i6x ; 

and of 17 + 13^3. • 

(20) Reduce to its simplest terms 

--'+*-+'=-'__. when «-' =-*"'+<'-' 



,_a-'6-'-a-'c-'-6-'c-'' i-r'e"'- 

(21) Solve 

(22) The combinations of n things taken r, r+i, r+2, 
together are proportional to 3^ 8^ 14 ; find n and r. 

(23) Solve 7x+iiy = 145 in podtive integers; and find 
the least integer which, when divided by 5, 7, 11 respec- 
tively, will have remainders 3, 4, 7. 

(24) Expand (a*— ax)"* to five terms; and show that the 
(r+i)th term 

/ir 



ilL-'J 



a-^-'a;'. 



(25) An officer can form his men into a hollow square 
4 deep, or into a hollow square 8 deep, and the front in 
the latter formation contains 16 men fewer than in the 
former. Find the number of men. 

(26) Find the price of eggs per score when 10 more in 
half-a-crown's worth lowers the price is. 36?. per hundred. 

(27) If 

^ \ . . wi(m— i) _ 7»(m— i)(m— 2) , 

1.2 1.2.3 

show by multiplication to four terms that 

(28) Write down the 5th, nth, and middle terms of 
(a +6)"; and the term involving x^ in the expansion of 



M7- 
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(29) Solve a*'-8a'+7 = o; and 2^ = 2*+'+ 33. 

(30) Find the present value of an annuity of £100 for 
1 2 years ; interest 4 "per cent, per annnnh 

(31) Simplify (aT'-x'-'} • {af+'+x^}-r-{a;'^-a'^*'}- 

(32) Find the relaticm between a, h, c when x*+(ix+b is 
exactly divisible by « + c, 

(33) K the geometrical mean between a and b : har- 
monical mean : : m : n, find the ratio ofalb, 

(34) Simplify— 

... i x-^b ^ ag + 2q i 

30;^ + ?>ic + 2ax— 2a& 
"^ a^ + 2aic + iaj + 2a5 ' 

^^ V2 + V7 + 3VT ^/ 2 + ^7-3^/1' 

(35) Show that the roots of the equation 

(sc— m)(a;— n) = TTina^ 
will be real if m and n are real. 

(36) If a, 5, c are proportionals, (a* — &* + c^) >(a — 5 + cy*, 

(37) Solve- 

i^+v2»-f2 a^+_8«+^ _ a;*H-4CC + 6 a;*H-6a;+i2 
^^^ 03 + 1 "^ a; + 4 ~ a;+2 "*" 0+3 

(ii) 



Va(a+2^a5)+ VK*— cwc) + VaKa+*ac)(6-aic) = ^/a^ + b^ 

(iii) 72^3 = 2401 ; 6* a = 1296. 

(38) The diameter of a cube is a foot longer than its 
side ; find the side^ and the area of the section thro^ugh 
two opposite edges. 

(39) A contractor undertook to complete some work in 
210 days, and engaged 15 men to do it. But after 100 
days he found it necessary to engage 10 men more, and 
then he accomplished the work 5 days too soon. Ho^ 
many days behindhand would he have "been il \ie\ia^^<^^» 
engaged the 10 additional men ? 
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114 

(40) If '^^:Zh "■ jc^ ~ a^' * ^'"^ ^ *^ arithmetical 

mean between a and h, 

(41) If a, 6, c, are the j^th, ^h, and rth terms of a geo- 
metrical scries, a*^ . V . <^ = i. 

(42) A and ^, who are 91 miles apart, set ont to meet 
one another. A goes 1 5 miles the first day, 1 3 the second, 
1 1 the third, and so on. B goes i mile the first day, 2 the 
second, 3 the third, and so on. In how many days will 
they meet ? Explain the doable answer. 

(43) The sum of three numbers in harmonical pro- 
gression is 13, and the difference between the greatest 
and least is three. What are the numbers? 

(44) Show by an inductive proof that 

i'+2»+3»+ . . . +w» = (1+3+3+ . . . +^y. 

(45) One root of the equation 6x«— 505— 17a* + 6 s= o is 
4 ; find the other roots. 

(46) Solve the equation 

(x-i)(x-2) + (x-2)(x-3)+(a;-3Xic-4) = a; 
and thence solve 

(x*— a — i)(a*— X— 2)+(x*— X— 2)(a:'— a;-"3) 

+ (x'— X— 3)(x*— X— 4) = 3. 

(47) Half of the contents of a vessel full of wine are 
drawn off, and the vessel is then filled up with water. 
Find the quantity of wine remaining in the vessel after 
this process has been repeated n times, and show that the 
quantity of wine drawn off will be to the quantitiy of water 
drawn off, as 

2"— I : (n— 2)2""'+!. 

(48) Find the sum of the square roots of the roots of the 
equation x*— x+i6 = o. 

(49) Sum the following series : — 

(i) 7= + 2 + f- + &c. to eight terma 

2 + V3 a— >/a 

(ii) i + 2r+3?'* + 4r*+ , . .X^uXftxaa, 
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_8 



(60) Expand (a*— ac*)"^ to 5 terms, and show that the 
middle term in the expansion of Ix + -^ j is eqnal to 

_/£^_ 1.3.5 ♦ ' » . (2n^i) 
2* (/nf ^' 1.2.3 .... n 

(51) Solve the equations — 

0) ";7 — 3«« = V4«'+9aar*+ -— . 

(ii) 35*— 335'— 30^+705+6 = o. 
(iii) xy-^yz = 8 



+y2= 8 1 

+ 0525 = 5> 

— jcy = 7) 



(52) In how many different orders may a cricket eleven 
have their innings, the first two being considered to go in 
simnltaneoosly. 

1235—1 

(53) Kesolve ^^2_ ^ into its partial fractions. 

(54) Which is the greater, 2^2—^5 or 3^2— ^^7? 

(55) Simplify 

(56) Extract the square root of 15— 4>y 14 ; and express 
as a single snrd j^2X ^Tx 4^4 x Vs- 

(57) Form an equation whose roots shall be the squares 
of those of 2x2 + 3a; + 4 = o. 

(58) 17 books are contained in one shelf, of which 8 
volumes form one set and 3 another, the rest being single. 
In how many ways may they be arranged, the volumes of 
each set being arranged from left to right ? 

(59) Expand (z + ^dy to 4 terms. 

Supply the sign and index of (i x) that the ex- 
pansion may have its ?th term always ras'"*. 

(60) What perpetual annuity, to begin at the end of 
6 years, should.be purchasable fox £1000 \i \ii\fit<i^V& 
reckoned at 5 per cent per annum ? 
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(61) Having given A the area of a righi-cmgled triangle, 
find the sides containing the right angle when thieir sum 
is the least possible. 

(62) If 2/ = a: + 42:* + 70::'+ 1 ox* . . . find cc in terms of ^. 

(63) If the number of permutations of 24 things taken r 
tf>gether be double of that of 33 things taken r together, 
find r. 

(64) How many different numbers of four digits can be 
formed with three fours, two fives, and one six, and what 
would be the sum of all ? 

a. 

(65) Expand (2a:— 3^)* to four terms, and find the value 

of the sixth term when x = 2}, 2/ = f . 

(fiO)) If a, h,c . . . are the digits of a number N, begin- 
ning from the unit's place, show that N is divisible by 6 
if a + 2^b + 2^c + 2®c?+ &c. is so divisible 

(67) Kcsolve into their partial fractions 

5 and ^'^*^"^^^^"'^ 



(2X— i)(a;*— i) x*-\-x^y^-{-y* * 

(68) Find the fractions cbnvergent to J^. Express V 13 
in the form of a continued fraction, and write down its 
sixth convergent. 

(69) Eliminate x, y, z, from the equations 

x\y-\-z) = a\ yXz-^-x) = ¥, 2*(a?+y) = c", xyz =zabc. 

28 2* 

(70) If jc = 2— — + — — &c., and y = 2 Vi— y*, find y 

in a series of ascending powers of x, 

(71) Solve the equations — 

(i) 3'^'-3vr= 3"- -I. 

(ii)Ca+5)»a,+ (^y(4-|)=.a6. . 

(iii) x-\-y-\- Jxy = 28. 
x^^-y^^rxy = 336. 

(72) There is a number of two digits which, when divided 
hy the sum of its digits, gvveft «i c^\xa\aftuH» ^^\«t \s^ -x 
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than the first digit; and if the digits be inverted^ and 
divided by a number greater by i than the stun of the 
digits, the quotient is greater by a than the preceding 
quotient. Find it. 

(73) A person starts to walk at a uniform speed without 
stopping from C to D and back, at the same time that 
anotiier person starts to walk at a uniform speed without 
stopping from D to C and back. They meet a mile and a 
half from 7), and again, an hour after, a mile from C\ 
Find the distance from C to D, and their rates of walking. 

(74) K iSj, S^S^ , , .5, are the sums of 7i arithmetical 

progressions, each to n terms, whose first terms are 
I, 2, 3, ... n, and common differences i, 3, 5, . . . an— i 
respectively ; show that 

Oi + i^+08+ . . . +oi» = ;; . 

(75) The first term of a geometrical progression is 6*— c*, 

and the third is (6+cy-6(6+c)c + i2c2-j-;j:^: find the 
sum of the series to infinity. 

(76) If P, be the wth and nth terms of a progression, 
show that the m + nth term is equal to 

m-n ' \(^) ' mQ'-nP ' 

according as the series is arithmetic, geometric, or har- 
monic. 

(77) Sum to n terms the series 



1 
1.5 — 2.-2 +3»^"~» • 



• • 



(78) What space of ground will be required for a square 
pyramid containing 385 lo-inch shells? 

(79) Prove that 

(a + 6+c)*-(6 + c)4-(c+ay-(a-vV^-Va*'-V\>^^'e^ 
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QiO) Beduoe to its simplest form the expression 

and extract the square roots of 14+4-^/6, and aj+ a^jc— i. 

(81) In a race between two boats a spectator walkmg at 
the rate of 5* miles an hour is |^ of a mile ahead of th6 
first boat at starting, and when it passes him, the interval 
between the two boats, which was 30 yards at starting, is 
reduced to 10. At the distance of li mile from the place 
where it started, the first boat is overtaken by the second. 
Find the duration of the race. 

(82) Solve (i) a:*+y«+2« =11, 

xy-\-xz-\-yz = — i, 
a+y— 2= —3; 

and (ii) Vg'+Vy— iv/T=6, 

^l^+V^^+Vy* = II, 
X +y— « = 6. 

(83) A person rides from ^ to ^ and back at a uniform 
rate. But the clock at B being 3' slow, he apx)ears, if he 
reckons his time at B by that, to have gone at the rate of 
8^ miles, and to have returned at the rate of 6^ miles 
per hour. Find his actual rate and the distance from 
^to^. 

(84) Show that a« + 6» is divisible by a» + ate + 6* if 
(20;+ 1)* = 5. 

(85) Find the relation between a, 5, c, d, in order that 
aa^ + hxy^c, axy-^-hy^ = d, and a*(a5+y)*+6*(a;— y)* = ac'\-})d, 
may be satisfied by the same values of x and y. And 
show that if c and d have the same sign, a cannot be 
greater than h, 

(86) K as+c be the G.C.M. of jB"+aa;+5 and a^+a'ftj+y, 
their L.C.M. will be 

a^ + (« + a' — c)a5* + (oa' — c*)aj + (a — c) (a' — c)c. 

(87) Solve the equations t 
^az(ax-^by)-^ijhx(j)x—aiy')'\' iJ(<ix-{-by) (bx-^ay) 
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(88) Simplify ^2 . {/6 . >J'32 . ^27 . ^^96-*, and 

V — 8 + 3>v/7 > ^^^ ^<^ ^ A continued fraction the sqnare 

- I I I I 
^^^ + 1+5+7+2+- • • 

(89) If a and )3 are the roots of the equation a? + jxc + j = o, 
show that the equation whose roots are 33 and -o is 

(90) If the present worth of a sum of money due in 
8 years is f of its amount in the same time at the same 
rate, find the rate (i) at simple, (ii) at compound interest. 

(91) If a, 5, c . . . are tne coefficients of (i +a;)" where 
w is a positive integer; find, by comparing (i +a5)".(i +.1:)" 
with (i +ia5)**, ab^-hc^-cd-^- ... in terms of w. 

(92) If the value of diamonds varies as the square of 
their weight, and the square of the value of rubies varies 
as the cube of their weight ; and a diamond of a carats is 
worth m times a ruby of h carats, both together being 
£c; find the value of a diamond and of a ruby, each 
weighing n carats. 

(93) If a, 6, c . . . are in geometrical progression, find 
to ?» terms 

(a2+5T'+(^+c^"*+(c*+c^T* + 
and (aHM)*+(6HcO*+(c*+<^0*+ • 



• • • • 



_ - l-log« 



(94) If y = e '"'**' and 2 = 6 '"'**«' ; then x = e 

208 

(95) Divide -— into three fractions with prime deno- 
minators; and 4 . o into its partial fractions. 

(96) Prove that(a+5-c)8+(a+c-5)»+(6+c-a)»>3a&c. 

(97) Solve 05*— 3a? = o»+ -3; and find the value of 

I I I I 
5 -/-/-/- J -/-J* 
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(98) BeeolTA into feu^rs aac*— 42xy — 44y* + 68y— «— 3. 

(99) Two lines a and h are divided in the same ratio: 
determine this ratio in order that the squares on one cor- 
responding part of each with twice the rectangle contained 
by the other parts may be the least possible. 

(100) From the formula (i+a:)'" . (i+a:)" = (i+x)"^ 
show that if C^ denote the number of combinations of m 

things r tc^ther, and e^ the combinations of n things r 

together, the combinations of m+n things r together 

= c; + C^,c, + c;.3r,+ 

Show that the last examjde in Ex. 49 is a particular 
case of this. 
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ANSWERS TO EXAMPLEa 



Ex. 1. 

(1) 2, 3, I, 4, i; 2, I, 3> i; I, 3, 5. 

(2) 2X+$y; 20?— 3y. 

(3) 5, i8, o, 24, 21, 12, -36, o, -54. 
W 9, 24,7,0. (5) 13; 3. 

(6) 8, 120, 1728, 24, 18, 12. (7) 18, 24. 

(8) — 4a*6a;, a^bx, (9) 11, 7, 4, 3, 6. 
(10) sa'flcy, 2&x^2^*, Jic*. (11) 2, I, sh o- 
(12) 81, 162, 160, 2, 8, A. (13) a2J3, 2aaV. 

36 7y 36— 2y 
(16) 25. (17) 784. (18) 3i. (19) A. (i^) '7-29 

Ex.2. 

(1) 19a; 805; iiy. (2) a*6, —S^y^l — 9a'6c. 

(3) 8a+2& + 5C. (4) a;— 2^. 

(5) ioa^b'-7a^-\-^' (6) -5aV + 6ax». 

(7) -c* + c + 8. (8) x^-j^. 

(9) — 2xy + 4X2— 8y^— yz— 2^. 

(10) I2a'a;— 9ax'. 

(11) 6m*— m^;i + 2m'w*+ 3771^'— 4mn*+ 5»'. 

(12) — 9a6xy— 5&V- 

Ex. a 

(1) 2a; —3a; 6a; 9a; —6a; —2a. 

(2) a+5+2<;, — tt6— 5&c + 4ac. 

(3) — 4xy + 2a»— 2^2^^y2j_22^ 

(4) aar*+7aia;— 5a52+62x+i2J8+a;». 

(5) — 2a5* + 3a;y'— 2/»— i4aj*+2Jcy— ioy*+6. 

(6) -a*-8a^+6*. 

(7) — 2X*+4a:*y— Sary*- 8y*. 

(8) a'h^''za%c^vt¥c-a^<^'-abc'^l^. 

(9) 20+46- 9c +ci. 

(10) h^a; a^+a^+edly^-^V'. 
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Ex.4. 

(1) 6a'6'; aoaVy; ycWa^ff*; lox^y'z*. 

(2) -I2a6«c; -i4a»&»c»; al^c^dr^; i8a*6c. 

(3) — 840;'^; 4a*I^a^y*; —120^^; 2oa*b*c^<P, 

(4) Sa'J— laa^fc^ + aooi*; — i5JC*y + ioa5*y*-f-35iw*y* 

(5) a^iB*y — 5a'a;*y + a'sD'y + aaa^y ; 2 70^6* — 9a*5' + 1 20V 

+ 30^'. 

(6) 3a*+5a5 + 26«; 6a*b^2za^h^+2odt^; — 4a» + i6rt»6* 

(7) aHa^J^ + i*; a^^sa^^+^oa^^^ioa^b^ + s^^*-^- 

(8) cc*— i6y*; Six^y— 272?*^'*— 9ajV+32^^- 

(9) 24cc*^;^+i2a^y'z*— 6sc*y*2— 3xy*; 150^+30^* 

— 25x^2^— Sy*. 

(10) 25a76-9a«&»+22a*6*-4a8&»+a53^. 

(11) 4aV + 8aV-64aY-i28ay. 

(12) 6 w^i — 1 8r?i V + 1 8m'w*— 6mn'. 

(13) 3a25-2a2c+6a52-4aJc+358-26*c; 
2oa^6-ioa'^68_25fl^4j4^^a«6« + i2a26«+4a67-&8^ 

(14) 24a''6-26a»6»+4a*&«-6a8&7«5a*i^+4aJ9_jjio^ 

(15) a^ + aiV+y®- 

(16) 3 2a76-. 8aV + 8o»&»- 6a45*- za^h^-w'W -f- oJ^ 

(17) a;* + aa5* — 2 ja^nc^'-' 1 3a^sc* + 1 34a*a5 + 1 20a*. 

(18) 53i44i«'^-^'". 

(19) -.2^^-32^ (20) 3a*&-a'&2-.9«W • 

Ex. 5. 

(1) 3a*6^; 50?^*; 4a*; 6a*x. 

(2) ^soc^y; — 4a*c; 2aa;2/*. 

(3) 2a2-3a6 + 66«; -4x2/2 + 52,^^ + 80^. 

x' 
(4) 2x"+3xy— i; — 3 + 2a&+o*6". 

y 

(5) —2— 2X2^ + $7^7?^ 6x^y* + z^y^z, 

(6) a+6; a— &. (7) a+3&; a^— jxy, 

(8) a26 + 2a63 + 2&8; a^-oJ+J^. 

(9) X*— 3x2/— y^ (10) 4X*+2xy+y». 
(11) -.8a8+2a26-a62. 

Ci^; ^7i»'+92C*2/ + 3Xt/Hl/'-, a?-*an)-VA»aJ?~W. 
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(13) i+a;-3X«; -i-.3a5-i3a»6l 

(14) iX!*-\-2a^y-\-2a^y^-\-xy^; ar*— 4aj + 8. 

(15) x^-zx'y+zxy^^y^. (16) a^+a^ja+sJl 

(17) lya^y—iZxy^-gy^. (18) a2+2aJ+42>»;8a&»rem. 

(19) a* + 3{B8y + 8cc*2/2-82/*. 

(20) 4aH4a6 + 3&'. (21) a^. 

(22) a3+2a2+3a + 4; -sa + S- 

(23) aj2 + 2ccy+2^2 (24) 2-6x + 4JB"-3ac8. 

Ex, 6. 

(1) «, A y, 2/^ ajy> a;y*, ^y ; 

2, 5, lo, X, 2X, sx, lox, 2^, 2y, sy, loy, xy, 2xy, say. 

(2) a', a*6, a*c, ah^, ahc, fc^c. 

(3) jc^y; a%(?\ ^xy. (4) Jc; 43^. 

(5) a%*; i2X^y^; ^oaha^yz^, (6) 6olm*n^; i2oa^h^cd*(^, 

(7) a*x, a^ha^y^ ; 6x*y*, 1 20Q^yH, 

(8) 2, a, a^, c, 3c/, 2(j?t 2C, ac, a?c, 2ac, 2(j?c, 

(9) xy^z, (10) a*, a6, ac, Jc. 
(11) 2x22, ^z\ (12) a^W, aZ>*c*, a|>ac8, 

(13) ^:- (1*) ^,- (15) g. 

(16)^. (17) .. (18) ^. 

(1») — . (^0) -^ (21) — ;j5i— 

(22) 3^z+52/'+»igy' /23) Sicy'— ica' 



(24)5^. (25)?^. (26)a_,o+^ 

(27) x+«-i|. (28) 2c-45-i^. 

(29) -j.«+^-2f5. (30) ^£±^^ 

yz^ ' abc "* 

rqq\ 24a^;V i2orZ>c 36a^&*c 



(34.) 



5x^2 xy 2 

23?//^ lOX^yh 2XZ 



pa^' 27u^0^c*' 27^^' 
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(35) ^'^-S"!/'- 
i ixtfz 




C37) «'+J"*. 


(^> /si 


(^9) -^.- 


(40) ^^ 


Ex.7. 




(1) C5-&. 


(2) 4fl, oc. (3) 6om, ^. 


2 2 


(5) am— &m yardB. 


(6) ^, ^ shillings. (7) 55^ 


/8) aoy— 2oa;; -. 

X 


— ? shiUings. 


(9) "», 9* . 
n 2oa 


(10) 2a+36ft., ad sq.ft. 



(11) 2ac + 26c sq. ft. (12) ~ ; 2^ pence. 

(13) 20a— ftc+c?— — (14) 2X + 5 pounds. 

12 

(15) 205 + 4, 4X— 3. (16) 50— 2X. 

(17)a« + 5; l^-a^-5' (18)—. 

400 

(19) oJ+c. (20) i6/»-64. 

(21) iL. (22) b-\-C'-a, 

12 

(23)?. (24) a +1? shillings. 

,,..v ohc a^— 108 „„.^ /OCX <*& 

<"-^'> 1^8' — JT- y*^*- ^^^> 7- 

(27) 4"+ 6; 50. (28) 22=^ttl. 

C 

(29) ioa+5. (30) x-i3? + U£ ponnda 
Ex. 8. a; = 

Ci; 4- (2) ». (?) V ^^"i -». 
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(5) ~i. 


(6)1. 


(7) -I. 


(8) -18. 


(9) 5i. 


(10) A. 


(11) 6. 


(12) 20. 


(13) 5. 


(14) 12. 


(15) 3. 


(16) -5. 


(17) I*. 


(18) -2. 


(19) -II. 


(20) -9. 


(21) -I. 


(22) -loo. 


(23) 10. 


(24) 3. 


(25) 12. 


(26) II. 


(27) -i. 


(28) 4h 


(29) 15. 


(30) 7. 






Sx. 9. 
(1)8. 


(2) 24. 


(3) 168. 


(4) 80. 


(5)8. 


(6) 9, 6. 


(7) 30s. 


(8) 30s. 


(9) I 6. 


(10)5 


fl. 6cr. 


(11) 119. 



(12) In 2^ hrs. ; 16 m. from ist place. 

(13) 10, 15, 35 yards. (14) 24s., 13.S. 

(15) IOC?., 120?., ^d., 22c?. (16) 9s., i8s., 27.1., 36s. 
(17) 18. (18) 812. (19) 8,4. 

(20) A, I2S. 6d,; B, 7s. 6d, (21) 39.S. 

(22) 19, 20, 21, 22. (23) 9, 19, 14. 

(24) At 50 miles. (25) 16^ min. past 3. (26) 26| days. 

(27) 97. (28) 180. (29) 10. (30) In 20 sec. 

Ex. 10. 

(1) 2&. (2) a + 6-2C. (3) 32c-3y-2. 

(4) a—h + c, (5) — 2X. (6) ^gb+i^c, 

(7) 3a— &— c. (8) 405— y— 2. (9) — & + 10C. . 

(10) -5a. (11) 5« + 6i-7c. (12) 6a-ii&-c 

(13) -2a;. (14) 6bX'\-^hy, (15) -c. 

(16) -25a;. (17) 5a. (18) a. 
(19) 2&a5 + 2ay. (20) 2aa5— 32«;— ay. 

(21) — 2iria5— i47ny. (22) o. 

(23) -3&a;. (24) -6aj. 

Ex.11. 

(1) (2a-3&)-(4C-e^) + (3e-2/); 
(2a-3&—4c) + (c?+3c-2/). 

(2) (a-2a;) + (4y-32)-(26-c); 
(a— 2a;+4y)— (32+26— c). 

(3) (a» + 3aO-(2aH4«*)+(a-i); 
(a° + 3a*-2a9-(4a8-a + i). 
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(4) -(3a + 26)+(2C-5d)-(e+2/); 
— (30 + 26— 3c)— (sd+c+a/). 

(5) (oic— fcy)— (c2+&c)+(cy+a2); 

(6) (aar*— 3a?*y) + (4aV— 5a^y*)+C«y*— ay^; 

(2x*— 305*^ + ^^y^)'-(5^y*—^ + ay*). 

(7) {2a-(36 + 4c)} + {c; + (3e.-2/)}. 
{a-(2a;-4y)}-{3z+(26-c)}. 
{a« + (3a*-2a3)}-.{40*-(a-i)}. 
-{3a + (26-2c)}-{5(i+(e + 2/)}. 
{ax— (6y+c2)} — {Ja;— (cy+az)}. 
{2a;«-(3x*y-4X»^)} — {5JcV-(xy*— 2y«)}. 

(8) 3(a-26)-4(c-2rf). (9) a(x+y)-6(a;-y). 

(10) 2a(ic— 3y)+46(2— £c)— c(2a; + 3y). 

(11) 5aj(a:— 2y)— 3y(y— 3?) + 2(a5+22). 

(12) (a— Z»)x + (2a + 3)y + (4a— 36— 2)2. 

(13) (a— 46— 2c)x— (a + 26 + 3c)y + (a + 46 + 50)2. 

(14) (a + c)x— (a— %— (6 + c)z. 

(15) 3(4a — 5c)x + 2(6a + 2& + 30)^—6(26 + c)2. 

(16) (a + 26 + 3c)a5— ay— (a + 2c)2. 

(17) 3aa;— 2cy + (26 + 3c)2. (18) 2(a— &)«— (3&+c)y. 

(19) Jc^— (a— 6+c)ic*— (a6— ac + 6c)x+aJc. 

(20) (a + 26 + 3c)x + (tt— 36— 6c)y + (2a— 6— 3c)2. 

Ex. 12. 

(1) x*+2xy+y*; y^'^2yz-\-:^; 4X* + 4a; + i 

4a* + 200^ + 256*; I— 2X* + X*. 

(2) ga^x^^ 24(107* + 1 6x* ; i — 14a + 49a^ ; 2 5X^y" + 20xy + 4 ; 

a*6* + lahcd + (^d^ ; gm^n^ — 2 4mn + 16. 

(3) 144 + 120X + 25X'; i6x*y*— 8xy®2* + yV; 

(4) a^^y^; 4a*— 6^; 9— x^. 

(5) 9a^6^— 46*; i6x*— 9y*; a^x*- J^^. 

(6) 36xV— 25y*; i6x'°— i; 1—90*6*. 

(7) a*-8aV+i6x4; leftV-yaftVy'^+Six^y*. 

(8) a«-x8. (9) 2a2 + 2&2. (10) 4^. 
(11) -2a2-i6aJ + 46^. (12) o. 

(13) a2-j2a6 + 566*. (14) x^-sx^y+xy^-sy". 

(15) 2sa*—2sh^. (^^ 24^ab— \icft?. 
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(17) =*V+3^-3^. (18) o. 

(19) 4o'6*-(>'. <20) 46". 



<1) o + ic; 3x-y; 40^-311^; i+ay". 

(2) 5-4*; a'b-yib'c'; rz'-jsw', 

(3) 4o'-4a6+*', 4r'-203^ + J5<f*. 

(4) ±3ux; ±4i»y; ±100=6; iiazy. 

(5) a»; 4a'i ^; I; ^. (6) 4**, ±46^, ,-gv 
<7) (x+6y)(x-6}/); (2<i+z)(2a-zy. 

(8) M;s'**+»<!')(5»i-ac'); syc*«'+s*^)C*«*-5*^); 

(io + ii/)(io-!r!/), 

(9) (ic+oc*-.); ^-C^+OC^-O; (•+3«**)('-j':^); 

a( 503^+4) (300:*— 4). 

(10) (a-&)Ca+S)<<."+i'); (a^-i)(«+.)(4a^+i); 
(a-OCa + .)(a' + .)C»^-l-0; 

xif(,x-y)ix + y}(^ + y'). 

(11) a+6; a:-i; aa:-aty; Sa'+sS*. 
p2) ai!— y; jasu + i; 4a'— 5a:y. 

Ex. 14. 

(1) a;' + ;ie+6; i[? + 6a: + s; ic*— 91C + 18. 

(2) a;*— 9a;-f-8;. x'-7a;-8; i^+je— jo. 

(3) »* + 4Ji— ai; ic'-eiE + B; a?'+ri3H-ii. 

(4) ic> + (K:-6a»; i^-(e + a)x + cd; x'-zicy-iy^. 

(5) a»-7oi+io6"; ic'+jaV+^y'; ^-i^—y?f. 

Es.15. 

(1) (^+j)(«+4); (»:-0C^ 6); f«+3)-(«=+8); 

(«+0(»^+')- 

(2) («-,)(x-4); (==-0<^+!); (y+OCy-5); 

(y+OCv-s)- 

(3) («+,)Cx+6); (i«-.)(^+;'); (a:-»)Cx-4y); 

(a-6)C«-.i). ■ 

(4) sC'e+OC'^-O; 3(y-5)0/+7>; (m+5a)(m-.oo> 

(5) (a,-a>(x+a)(a?-3o»); a^z-OC^-6); 

(ax+6)(oa3-9). 
ffij) a'— p; jai—lt. 
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Ex.16. 

(1) a*+3aa;+ac*+4a+4a;-|t3; sc*— 405— o*+6a— 5. 

(2) o*-2a6+&"-c«; ir<-a^+aa;-i. 

(3) a«-aa6+&"-c«+2cd-(?; ir«-a2cy+y'-2«. 

(4) 4— a;*— 2ic»— a?*; a^+a't^H-JV 

(5) (a— 6+a:)(a— 6— «); (aj+2y + 22)(x + 3^—22); 

(a— 6+c+ri)(a— 6— c— rf). 

(6) (a;-y)(«+y+a); («+y)(«-y+a); 

(a+sc— 3y)(a— (B + ay). 

(7) (a— 6 + c)(a— 6— c); (d + 6— c)(a— &+c); 

(a+6 + 2)(a-*6— 2). 

(8) (a^+a:y+y«)(a^-«y+y«); 

(a5"+a;y— y*)(a5"— a^y— y»); (aHa+i)(o*— a+i-). 

(9) a*+aaft + 3ac+Z>»+2Jc+c*; 

05^— axy— 2a;z+y* + 2y2+2*; aJ*— 40^+1005'— 1235 + 9; 
43;^ + 4a;* — 4a;^ + «• — 2aj + 1 . 

(11) (a+a;— i)(a + «— 2); (a'~b)(a-^c), 

(12) («+y+a)(a; + y-3); (a;«+a; + i)(a^+a>+3). 

Ex. 17. 

(1) (x + 6)(y-2); (a^h)Q>^c). 

(2) (aJ-y)(aj+2); (3«-y)(a5-2)- 

(3) (a+a)(a— a;— &); (a— «)(a— aj+i). 

(4) (a5-y)(3aJ+3y-a); ('»+n)(m-w)(;)-y> 

(5) a^a; + i)(a^+i); (aa;— i)(a'a^oa;— i). 

(6) (3a'-2y)(aj-3y)(a; + 3y)- (2«-i)(3a^+a^+i). 

(7) (i-a;)(i+a^); {i-^xf{i-^x), 

(8) (a;+y+i)(a;+y-ajy— i). 

(9) 2(a— c?)(a+6+c+d). 

(10) (a;+y-2)(a;-y+2+i). 

(11) (a-36)(a + 2Z>-.4). 

(12) (a;-2y + i)(a;-2)(a;+a). 

Ex. 18. 

(1) 7«-4. (2) ao«ay(3a;-y). 

(3) 2(]tJc. (4) a;-^3. (5) a(ct+6). 

(6) 6a^aj-.y). (7) 3<a'+4). (8) <a -6). 

(9) sy(x-sy), (lQ>a<x+i): (11) 3(x-i). 
(12) 2(a-5). 
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Ex.19. 

(1) 5X-I. (2)a;+i. (3) a(3a-i). (4) 9«»-4. 
(5) 3a:(3a5"— aj + i). (6) 3(0:— a). 

Ex.20. 
(1) 205—5. (2) a(a— 335). (3) 305"— 3X+3. 

(4) p-y. (5) 5<6aj-i). (6) y(3«-4y). 

Ex. 21. 

(I) 3«- 5. (2) 4« + 1 . (3) 3(x + 3). 

(4) a^+a;y+y«. (6) a-a. (6) aOy + s)- 

(7) s<2X»-.5). (8) <c»-.5« + i. 

(9) 7aJ+i. (10) Ksaj'-ay-sy'). 

Ex.22. 

(1) «-!. (2) iB»+a;+i. (3) aj+i. 

(4) 2(05 +y). (6) «*— ajy+y*. (6) xy^x-^y), 

Ex. 23. 

(1) 6x«(a?+i). (2) 24aV(a«-.c2). 

(3) i2a^yX«*-y«)«. (4) 24o(a;«-i)(ar2-.4). 

(5) 2oa*6(a — 26) (a — 6) (a + 3&). 

(6) (a-ft) (6-c) (c-o). (7) (a-&) (a-c) (&-c). 

(8) a^-ft*. (9) arXa;- i)(a;- 3) (x + 4). 

(10) i2xy(x^y)\ 

(11) (a+6+c + rfXa+&— c— rfXa— &+C— c?)(a— *— c + rf). 

(12) 6oJcy(a^-y*). (13) 6o(a;-2)Xjc-3). 
(14) aj8-y«. (15) 3oa62(a«-4&«). 

(16)(5aJ-i)(a;+4)(2a5 + 3). 

(17) 2(3a5-22/)(4a5+3y)(3a;+5y). 

(18) 2i(a;-i)(a^-.«-i)(ar*+i). 

(19) a^(a;*-.i). 

(20) i2(a;-.3)(4a5«-i)(3X + 2). 

Ex.24. 

(1) 2a: + 3+.J^. (2) a+l)^ *^ 



a?— 4 a— \) 
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/-x X* ycv ao*— aft— 6* ^^yv x— i 

(O) ;^. (6) — ^j— (7) — . 



(16) 3^^ a7) i^l^. 

'■ -' (o-J)(&-c)(c-o) • 

(19) 4y-3«' (20) ^ 7"-'/ ^ . 

^ -' (o-.j:)(a+3!«;y ^ -* (o-6)(6-e)(a-cy 

(23), ■ -\, . (24) -»q-'y+y') 

(x-i)(x-i)(x-3) ^ ' X!<«-y) 

(25) ;(^-°). (26) »»'-5^y+ioV+5y'. 

(27) '(°*-'''°'+'^-'^. (28) I. 
oar 

(29) ""^ 



C30) (6-c)(6+c--a) 

(33) o. (34) o. 

i'gQ\ O + J + C 

^ ' (o— 6— c)(o— i+'c) (a+6— cy 

(39) ;^^ (40) ^L^ (41) ^+1 



ii^p- ^^•'(irviy 



^« 
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(42) ^. (43) -^^. (44) * 



2 x+a (aj— 2)(y— O 

(45) 5^«=^. (16) ^ 5^—,. 

(47) -r-i"— a- (48) ^^. 

^ ' a'+oJ+M^ ^ ' ax— by 

(50) a. (49) ^iO(y±^(£±^) 



Ex. 25. x= 

(1) 4. (2) 18. (3) -J. (4) J. 

(5) i. (6) i6. (7) 10. (8) $7. 

(9) -4^. (10) 6. (11) 8. (12) 9. 

(13) -ii. (14) -X. (15)i||. (16)1 

(17) 7. (18) -5. (19) -"aas. (20) 7. 

(21) 4. (22) 1. (23)^- (24) a*+6». 



2C ,oi\ acrf+6*rf+Jc» 



(25)^. (26) |. (27)5. (28) -|i. 



(29) -i. (80)J^j. (31)?^:^ 

(32) J. (33) t (34) a. (35) s- 

(86) -9. (87) i (38) o. (89) -$6. 

(40) o. (41) jl. (42) ?^g^^. 

(48) ^. (44) ?*=--r»?. 

(49) ^±^=^*. (60) o. 
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Ex. 26. 

(1) 13, 4. (2) 428,, 36*. (3) 55, 24. 

(4) 62, 63, 64, 65. (5) 175 miles. (6) 13 ft., 8 ft. 
(7) ii»., i3«., i9«. (8) £3 la*.; los, (9) 30, 5. 

(10) 56i ft. (11) 60. 

(12) 3 miles, 5 miles. 

(13) 6«. 6d., 5«. 6d,f 4«. 6d., $k, 6d, 

(14) 6«. lod,; i3». 2<f. (15) 32. 

(16) 37. (17) 36 gaUons. (18) £15. 

(19) £69, £32. (20) 378 inches. (21) £18 i2«. 

(22) 18. (23) lo. (24) 4. (25) 63. 

(26) 12, 20, 4, 64. (27) 70, 35, i7i lirs. 

(28) 2, 4, li hrs. (29) 30, 15 miles. (30) 10 hrs. 40 Bt 

(31) 94. (32) 1 1 1, «9 lbs. 

(33) ^±^, ^^. (34) £!?^. 

^ "^ 2a 2a ^ -^ m+i 

(35) J^ (36) 37, 33, 39. 

0—0 

(37) 126 miles. 0^8) 32, 40. 

(39) 1 2^000 sq. yds.; 25. 30?. (40) 1320 yds. 

Ex.27. 

(1) x=2,y = i. (2) «=2,y=-.i. 

(3) a;=2,y = 8. (4) aj = 29,y=23. 

(5) x=f,y=-i. (6) x=6,y = z. 

(7) «=9,y=8. (8) a6 = --3,y=-2. 

(9) x=i,y=8. (10) a;=-76,y = -.a6. 

(ll)x = -x.y = 5. (12).= ^.y=-J 

(13) x = ,^„.y=„^,. 

(16) a;=i,y=i. (16) «=l|,y=o. 

(17) a;=6-a, y^a-^h. (18) aj= -i, y= -4. 

/ow) ^~ «K^+^) . a»-y 
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Ex.28. 

(1) 35= I, y= 3, 2= -3. (2) a;=i,y--i, 2=2. 

(3) aj= — li, y = 3i, 2=6i. 

(4) a5 = -4,y=-3|,2=-4i. 

(6) a5=6,y=-i2,z=i8. (6) «=!, y=i,2=J. 

(7) x= — -.y= -^j_^j . 

^— 3^— a&— ac— y 

'(8)«=i,y=i,2=.i 

(9) a5=o,y = -i, 2=3,v=-4. 

(10) a;=-i,y=-2,2=-.3, M = -4,v=— 5. 

(11) aj = i7, y=33, 2=— 35. 

(12) x=-(a + 6),y=(^Lt^)Cj=^=£j 

a+6 + c 

^_ (a4-g)(g+6-c) 
a+6+c. 

Bx. 29. 

(1) 8 florins, iihalfcrowns. (2) A, yis.; B, 275. 

(3) --. (4) 4«. 4c?.; 15. 7<f. 

I o 

(5) 48, 28. (6) 7i tons, 14 tons. (7) 3 m., 4 m. 

(8) 69. (9) ? J. (10) 2660 yds. 
(11) 2i6m., 5 hrs. 24'mm. (12) 9s., 4s. 6c?. 
(13)^. (14) 8 m., 10 m., per hour. 

(15) 54, 36. (16) 717. 

(17) 36 days, 45 days. (18) 6«. 3c?., 5s. 

(19) 45 turkeys, 60 geese. (20) 7. 

(21) A, £10 ; B, £6 ; C, £4. (22) 360, 72 yds. ; 20, 1 2 yds. 

(23) 200, i6o7dfl. (24) £25 45. 

(25) 16, 20, 43. (26) 315 miles. 

(27) A, io«.; B, 55.; 0, 28, (28) 30 miles per hour. 

(29) 36, 18, 10 galls. (30) 9, 8A- 



264 Antwers to Examples (pp. 87-90). 

Ex.30. 
(1) 3392. (2) 3iB^— aV+3«iy'. 

(3) 4a*- 190*6 + 380^+50**. 

(4) 40«+2o6+6«. (5) «+^. 

(6) o, o*, h, ah; «, a;«, y, ay, a:«y. 

oJ^+acM^ 

(7) 70— 6x; oi+oc— 6c; g^ — . 

(8) (a:+2y)(x-2y); 3«y(«+y)(«-y); (« + 0(«-9). 

(9) 3; -2; -*; 7,6. (10) a?-^x^i. 

(11) 36. (12) 55, -If; I A, *«. 

(13) — 2m'+m*n + 3mn*+7n'. 

(14) 8o*6-26a*6*+i6o»6» + i40«6*-i2a6». 

(16) 3x» + x«y-xy». (16) 6oo*6»<^; ZaH^xy^. 

^^^-^ a ' io2»' ^^^^ c • 

(19) 1^; I J. (30) -2a»-3«». 

(21) o*-a»6-2a26* + 8o6»+26*. 

(22) 8x»y-26iB»y*+2a;y». (23) 3«»+2x«y-y*. 

(24) 7aVy, i^oaH>7^i^, (25) '^"*"^""^ - 

(26)0-^+-^;'-^^+^. 
v-""/ "* 30^240' 21 ^253 

(27) 5. (28) 5iB*+4flj'+3«*+aaJ+i. 

(29) SEffr- (30) 5; -107. 

(31) 28; 4a^2/ + 7a?y'+y*. 

(32) 3^-7; Sox^yXx-^t/yix^-y). 

/QQN -a^-a^6-3a^-^y 4 

^^-^ o6(a2-62) » 3(0;+ 1)- 

(34) 23%; -A, -i; 3,4, I. 

(35) f . (36) 5A' and i W past », 

(37) 40^6(0-6); 4o6(o+6)(a-6); 1206(^-6) (0+36). 

(38) 6oa^y»2*. (39) if 

(41) a*6+a86*-a«6»-a6*; a», a«6, o6«, 6», 

(42) 20; 279; 107. 

(43) a*-a«62 + 6*; a*-6a»6-3a«62+2a6»-6*. 

(44) 5a'a;*— 2io*x* + 2Cf'x"— iio^x*— 30^05. 
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(47) ^. (48) -?. (49) ^^. 5". ,'. 

(50) (x+y-2-i) (»-y-2+ 1). (61) o. 

(52) ^. (53) 5a'-3«'c + 5ac«. 

(54) 2Sx*^^so!^t^+iSxy^', Sa^ib. 

(55) o; 2ioa-86. (66) {(a +&)-(c-d)}(e' +!/'). 

(57) -3*. 

(58) i2(a;-3); (a+3)(«-3); (»+3)(«+3); 
(a;-a)(a;+3); i3(ic2-.4)(a;«-9). 

(59)2(2a-6). (60) ^^^^j:^^; ^,^^^,^ . 

(61) '-^. (62) a+6+c. 

(63) a»-aa6+aJ^-6»+o»c-6^. 

(64) 405* + y^. (65) 6a*c, 05(30; + y). 

/«A\ 2^ ^+_2xV+i^_+y 

^^^-^ (a-6)(6-c) ' x'fix^y) 

(67) 120; 1; 4, -I. (68) £760. (70) iia-96. 

(71) 4. (72) cc«-a«. (73) 5x«+ca;-e. 

(74)<x-a). (75) 2; A. 

(76) A; -A;A;f,i. (77)^, ^^. 

(78) 22 crowns, 33«. (79) ^. 

(80) JB^+ax + i. (81) 5a-J; ii-jb^^ 

(82) (jK+i) (03-3); (« + (a;-i); 3aj(aj-3); 
2a:(jB2-i)(a;-3). (83) 2a-&. 

.Q.. gg-fy+g . 3 

^°*'' a;-y+2' (a;-i)(a3-2)(a>^- 

(85) 14; -^qpj; 3, -1, 3. (86) 13a. 

(88) --016. (89) 13 miles. 

(90) —2xy(x-^y)\ s(x-~y)(x-~zy). 

(91) a6(4a-6); 6a262(4a-6)(3a-36)(5a + 3J). 

^^^^ q(p+r) ' (^^^^-3!?T 

(93)f; -A, -§!• (94)7. (95)33. 

(97)i) + 22+r. 
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Ex. 31. 
(1) a*, «'", flc*/, ^cMM, a5«Vy*, 49m'»Vy'; 

(3) a'+30^+30x'+jc'; i6a5*— 3aa:*y + a4JcV— 8a^+y*; 
«>«/- 1 ax^^ + 6oa:»V- 1 6oa^j/» + a4oa;*^<^- i9a«V 

+ 64x«y"; 
aW-aio«6«+T89a'^-9450<&* + a835a*i?-5X03oV 

+ 510306— ai87. 

(4) I — aa— a*+aa' + o*; 

8 — 3605 + loaa^— 1 7 ix* + ao4a5f*— 14405* + 6406' ; 
a" + 5a»y + 1 5aV + joaV + 45aV + 5 laV + 45^^ 

+ 3oaV+ I5«y + S^y'+y**- 

Ex.32. 

(1) a', oj*, aa'6, 3ar'2/*, 7003^, lomnVy's^, 

(2) 4, {r«, aa'Jc", iic^d^xf. (3) aaJ»c. 
(4) 36x»y»«>. (6) 9a. (6) 40. 

Ex.33. 
(1) 3a+a6. (2) saJ-a&c. (3)a*+aa-i. 

(4) jc*— asy+y", (5) aa'— 30^— aa^. 

(6) 4P'-4/>9' + l?^. (7) 3x^-^x1/- zy^. 

(8) 2a* + 4aV— 4c*. (9) m*— am' + 3m'— 4m +5. 

(10) 5aJ»-3«'y-4ajy" + 2^. (11) a»+3a«6+3a6«+J». 



(12) x'-ixy-y'. 




(13) a^-ao^+y*-^. 


(14) ?!_3-+f. 




(15) 1 +.M+^ 


(16) a:«-(a«6)x+o&. 




<vr> i- 1 +5. 


(18)^n-8 + ,6-ia8- 
(20) ioa»+aaft+J8. 


(i«)'-^l-.^+£- 


Ex.34. 
. (1) a+2h. (2) 

(4; ^*-5y. (5) 


aa-V-a. ^3) «y+4y*. 
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(7) rta-2a-i. (8) 4flc» + 4a-i. 

(9) I — 3a; + 4a5». (10) x^-^zxy—gy'. 

(11) .-x.^-«.. (12)..^-^^^. 

Ex. 35. 
(1) 3a2«562. (2) a -a?. (8) i-j/". 

(1) ±5. (2) ±3. (3) ±2. (4) ±1. 

(6) a, -6. (6) 8, -a. (7) 8, -i. (8) i, ii*. 

(9) 3, -2. (10) i,i. (11) a J, -I. (12) 6, -li. 

(13) I, -f (14) i, -J. (15) 14, -i. (16) o, I*. 

(17) a,f. (18)4,-2. (19)o, II. 

(20) -3, -3f. (21) o, -a. (22) o,|. 

(23) o, 3. (24) 5, -I. (25) 5, i«. 

(26) 10, -8f. (27) -I, -as. (28) i, -4*. 

(29)-,^. (30) a-6,6-3a. (31) i^IS. 

(32) ±/i. (33) 3,-1. (34) i±V7. 

(35) 3, -6. (36) o, -i«. (37) ±Vi. 

(38) ^, ^. (89) -a, -6. (40) a +6. 

(41) o, ±6. (42) I, a, 3. (48) o, -li^l 

(44) ±1, ±a. (46) I, a, 4, -3. 
(46) I, -I. (47) o , a, ±b, 

(48) a-a, -i {a + i±^-3a2 + 6a+i}. 

(49) i{iifc /r^} . Ifa = i. 

(50) h {jp^A/^—^q}. q=2i; p= ±6. 



Ex. 37. 






(1) ±i,±2. 


(2) 


±3, ±i. (3)i, -a. 


(4) ±1, M. 


(5) 


o,h -i^- (6) I, i. 


CO I, -3, 5. 




(8) 2, 3, i, -i. 


(9) 0, 1, 2, 3, 4. 




ao) i, ±h li- 


Ex. 38. 






(1) 4 or -5. 




(2) ±6. (?^^ io^,,^.^^\. 


C<) ^^. 16, 




(5) lain. (JS> -i,^,v 
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(7) i6 in., i6 in., 28 in. (8) 8 or —3^. (9) ij yds. 
(10) 36 hrs., 45 hrs. (11) 60 yds. at 5*. ; or 6 yds. at 6d, 
(12) 8 a, 4i lbs. (13) 15, 36, 39 ft- 

(14) i6d. (16) 20, 15. (16) 39. 

(17) 15, 9, 6 yds. ; or 80, 48, 32 in. 

(18) 56. (19) 6 ft. (20) 4 ft. 
(21) 3s., 9t. 6d. (22) 2| yds. 

(23) 20^, 24^ miles. (24) 12-360 . . 7*639 . . in. 

(25) 14 acres at £75. (26) 10". 

(27) 56s., 35«. (28) Bad. = 2 -414 . . in. 

(29) 40, 30. (30) 5| m. per hour. 

Ex. 39. (Jmposmhie roots are omitted.) 

(1) «=J,y=a; or 05= 12, y= -7. 

(2) 05=4, y= I ; or a5=— 2i,y=— li. 

(3) 4, -3 ; or -3, 4. (*) 4* -3; or 3, -4. 

7 3 

(5) ±5, ±2; or ±-7=, ±-7=. 

(6) 8,1 ; or -3, -4. (7) ±1, ±7; or ±7, ±1. 

(8) 2, -I ; or -4if, -2|f. (9) 8, -i ; or i, -8. 
(10) 2i, li; or -li, -ai. (11) 3, 4; or -3+, -3ii. 
(12) ±1, =ti. (13) ±i, ±f 

(14) 4, -4. (15) 3, a; or -2, -3. 

(16) ±2, =Fi; or ±1, =F3. 



10 



(17) ±1, =Ft; or ±-7^, ± , . 

V 171 V ' ' 

(18) -^, -^. (19) ± -^35-, ± ^^^. 

(20) ± (a + J), ± (a-&). (21) J, J ; or i, i. 
(22) 6i, li ; or if, -^. (23) 2, -i ; or i, -.2. 

(24) ±f, ±f; ±^3, :Fi^3. 

(25) o, ±4 ; or ±4, o. (26) o, —a ; or a, o. 

(27) 6, 4; or -3t, -3ife. (28) ±^, t^. 

(29) ±K2a-36), ±K2&-3«). 

(30) jc, —205; or —205, x. 
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Ex.40. 












(1) 7, 5. 


(2) 


", 


i6. (3)|,i. 


W8, 


10 ft. 


(5) 37, 73 


1 


(6) 


88, 55 y<is. 


(7)4 


miles. 


(8) ao. 




(9) 


laoyds. 


(10) 390 yd& 


Ex. 41. 






• 






(1) 8, 3 ; 


0119,: 


r. 


(2) i,n; 


014,4. 




(3) 5, 4. 






(4) 19, 1 ; 


or 9, a. 




(5) 7, 5 ; 


or 15, 


a. 


(6)'4, 13; 


or 9, 5. 




(7) 6, a. 






(8)8,15; 


or 18,8; 


or a8» I. 


(9) x=s. 


19, 33, 


1 • • 


. , y=i, 6, II 


, • • • 




(10) x= 3, 


lo, 17, 


• • 


. > y=5i 17, 29, . . . 




(11) 8, 1. 






(12) 31, 13. 






(13) Two. 






(14)6,17; 


oris, 7. 





(15) 3«. 2d., 18. lod. ; or 3«. 7c?., ii'A 

(16) 35, i|; 4f I*; 4A> lA; &c. 

(17) 3, -a; I, i; -1,4; -3,7; &c. 
(18)i, li. (19) 1,4; 4,4; 7,1 

(20) 4, 5, I ; 5, 3, 2 ; or 6, i, 3. 

(21) 3, I, 3 ; or 3, 3, I. 

(22) 34, 14, 33 ; 18, 38, 34; or 13, 43, 16. 

(23) 10, 14, 176. (24) 149. 

(26) 34, 13, I ; 37, 8, 3 ; or 40, 3, 5. 

(27) 905, 3630 sq. yds. 

(28) 34 in., 4 in. ; or 13 in., 16 in. 

(29) Larger 34, 13}, 9f, 8i, feet. 

Smaller 17, 4^, 3^, i^, .... feet 

(30) (i) 31, 33. (ii) 41, I. (iii) i, 65. 

Ex.42. 
(1) 34 : 35; first; second. (2) 10 : 9. 

(4) 15, 35. (5) 68., 7«. 6(fc, iSa, 
(12) 3 orf (14) oori; ±a. 

(16) 70. (17) 3 : 7 ; 45 • 104. 

(18) 7 : 5. (20) 35 : 34. 

Ex. 43. 

(l)^ = *5,9f (2)|. (3)8. (4)15. 

(5) 161 J ft.; 403J ft. (6) 9\^ 
(7) 2of ft (Jft) £s*o. 
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(9) 33 lb6. 4' 3 oz. (10) 30 lbs. 10* 368 oz. 

^«v o^ /b^a 2ah\ 
(11)-»J85... (13)— j(— +^j. 

(14) I inch. (16) 357-5 : i nearly. 

Ex.44. 

(1) 53; -6; 13; -29; a+2i6; a+7&. 
(2)7*;6;a«. (3) ^5th. (4) -7. 

(5) 7i' (6) si, 10, 14^ ; I, 5, 9, 13. 

(7) r(a;-y)-i(x-5y). 

(8) 185; -48; 35; -93; ^'^—Y ' "(«+9i). 

(9) I, ^h Zh Sh 6f, 8. (10) 9. 
(11) -10. (12) 6, 14. (13) 6. 

(14) 3, 5, 7. (15) 8. (16) 14. 

a7) 10. (19) 3, 6, 9, 13, 15. (20) 10". i. 

Ex.45. 

(1) 1458; 96; Tf¥; -i^; *"; v^^***- 

(2) 10; I ; 9a»i*; zoa^. (3) 3, 193. 

(4) 4. (5) 30,50; 38,56, iia. 

(6) 5th. (7) W«^'. 

(8) 765; -183,547; i5f}; 1953-1; }^wi; j;;4(^z^. 

(9) 3. (10) im. (12) i I, 3, 4. 

(13) 13, 18, 37; or 13, —6, 3. 

-liir)' (^^) -59049 of Whola 

n7\ (^""^)' 0»--^)»-a'^+wg«-'5 
(18) I, 3i. (19) 6. 

Ex. 46. 
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Ex.47. 

(1) "5 ^\^ JS^' (n-.i)a-(n-a)6- 

(2) I3i, I4t^* .... I7|, i8A- 

,ov - ,, . (m+iVxft (m + i)a5 

(3) »f, .3H. '5. I6A. '8; \^. ^a^iraZ'p " 

(5) Sixth. (-6) 6. 6|, 6f , 7 A- 

Ex. 48. 

(1) 2300, ^^^ ^ (2) 3805. 

(3) 8128. (4) - 



(K\2^ 1. 411 J_ 
^"^^ 2187' 4* 2187' i6' 



{i^xf 



Ex. 49. 

(2) 6. (3) 120. (4) 13. 

(5) 4845, 969, 3876. (6) 95040. 

(7) 5040, 144. (8) 31824. 

(9) 720, 1956. (10) 60. 

(11) 720, 90720, 45360, 129729600. 

(12) 6160. (13) 16x700. 
(14) 1368000. (15) 56; 3268. 

(16) 120; 24 times; 3999960. (17) 15. 

/i«\ ^( ^""i ) . . . (m— r+i) 72 (71—1) . . . (n— 8 + i) 

^^^^ /r * Js^ 

/m . /n 
/r . jm^T . /« . /n— g' 

(19) 1296. (20) 181440. (21) 17. 
(22) 186648; 924. (23) II, 3. (24) 5775^ 

Ex.50. 
(1) 35; -15. (2) aH4a*xA-eitt^^-V\a^^^' 



or 
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(4) a*— 6a'x+i5a*a:'— 200*0:'+ 150*0;*— 6aa;*+a5*, 
(6) i + ioa: + 40«*+8oa^+8oa5*+3aa;*. 

(6) x*— 24x^+25205*— 151 2sc'+ 5670**— '13608a:' 

+ 2041 2a5'— 1 7496X + 6561. 

(7) r6fl5*— 96a:V+ai^«y— ai6a:y» + 8iy*. 

xox • 28 , 14 . 14 - 28 . 4 , 

(8) I — 3X + 4ar — r^+ X*— ^arH — —x* ^-^ 

I - I - 

729 ^9683 

(10) i9oa"x». (11) — i4o8ooooa^y*. 

(12) tI^^V. 03) -ijfisa-x". 

(14) -ii53oo!BUy»». (15) 70. 

(16) -as*. (17) -35^-1) 

(18) VrTTT . (r-o (»«>-'^'«^- ; 

n(n-i) . . . (n-r+ a) . ^y.._^, 

^r:^ (r_i)- ("/ '*'^'- 

r^nv ^ » n(n— i) . . . («— r— 3) . ^. 

(19)(-'> ,.3 ■ ■ . . (rTi)- '^^'''^• 
^■^^ 3n(3n-.)...(n + .) ^^^^^ 

^^ 1.2 n ' (/^y 

/2n+i 

(21) ( - 0- z;^^:^ (a-+V-a X-+0. 

(22) 9. (23) 4096,531441; I, a 
(24) I, 2, II. 

Ex.51. 

(1) 2r*+3r» + 8r»+7r+6; 6r»+7r*+3r. 

(2) 2r*+ 7^^ + 201^+ 2 3r+ 20. 

(3) 530333,10044042; 123621,105647a. 

(4) 964941. 

(5) <4*)+(4») + (4*)-^i-, (,9*^^^^^*^^^<i«H<9Hl. 

(6) 6. i^ \6,\\\\\^\ \.\v^%%. 
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(9) 23861. (10) 9999, 1000; r*— I, r'; r"— i, ^*-'. 

(11) p^q or i>-j+ 1. (12) 7. (13) 9. 

(14) ap or ap— i; -or . (15) mi. 

(16) 2(80+5(8»)+7(8«). (17) -32, -oi. 

(18) 20-2444, -40. (19) 3. 

(20) 3i>, 3/>-i,or3/)-3; -, ^-, — . 

Ex.62. 

(1) 5CC*— 3aa5+4a'« 

(2) (i) i, 4i ; (ii) 10, -29 ; (iii) 7, i ; i, 7. 

(3) 66, 22. (4) 9d 

(5) -61^, -565 ; 6«|i, 27im; -tI^, 8«*, 9. 

(6) I, -i; or II, 19. (7) 34. 

(8) 230; 246^; 1/1^,1*. 

(9) 6, 8, 12. (10) 200 miles. 

(11) (i) o, o ; or -3i, i*; (ii) — -^ ^ i±2>v/l ; 
(iii) 10, lo; or 26, i. 

(12) 21 feet. (13) jB«-2xy-4y«. 

(14) i04f; 22*1^,281; -15. 

(15) B £48 IS. 6d, more than A, 

(17) 1235520,1716. (18) 32,44. 

(19) y*—3oy°+ 3752/^—25003/3+93753^- 18750^+15625. 

(20) itetz, (21) ^z. (22) 4 + 5a; + aj*. 

(23) 3, -A- (24) i8,68H, -3. 

(25) 7315. (26(43-113. (27)^. 

(28) (i) 6, i; (ii) a; = i||, i^, tJ, . . . 2/=3A, 3A, 

3 2ft* • . • 

(29) 42504, 120. (30) ~^^ + ob)'^ • 
(31) 150 miles. (32) 8i. 

(33) ±i,±J. • (35) 15,1, 

(36) -J, ±5, 5. (37) -1, :k\,V 
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(38) ^, ^, (39) I hr. 43V. 

(40) 40, 100, 250. (41) 3, -4, 5 ; 3» -I, 7, -4. 

(42) 8000. (43) 215. 

(44) 3, -I ; or -i, 3. (46) 5 ; 5- (46) 255. 

(47) I2a5«y+^; 1920?^ + 4oay + ^. 
(50) 2on^q I m^. 

Ex. 53.' 

(1) a/Ts, J^c, v^, ^jp^. 

(2) xyl^z, 2a//2ab, z^y^2aa^, ^ac^ softV. 

(3) 6,^^10, 14^12, 10^, 204^90. 

(4) 06^^, x^'^, ft'o^y^^ Sf^hVs^' 

(5) iV^* -^2^?, i^2or7jy 8^5, -^^/zhcxy. 

Ex. 54. 

(1) 3^/1, a^T, 1^4. (2) 2aaiffiSfi, dJ^iJfiS^. 

(3) |.V^^, s'^S^ 

Ex. 55. 

(1) (a— 26+c)^aJ; 4^3. 

(2) 23 — 16,^^2; 6aJ—6&c+ 56^00. 

(3) ^'i-a/'s; a/'s + ^/e; a + ^; ^^-^S+^R 

(4)5^3-6; 30 + 12^6"; j^(v^+V^c); 
2(2c--y)y^+^3^ 

«y— 4^* 

(5) 2 + V3._ (6) 2^3-2^1. (7) 2VI + V5. 

(8) V6-V3. (9)_3->v/j^ 

(10) V^a+"6 + Va-*. (11) V2a-i-/v^a-a6. 

(12) &-^a^^ (13) 5. 
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Ex. 56. 
(1) 86. 
(5) i -|. 



(2) i^. (3) o, 4. (4) 6. 
(6) o. (7) 12, 3. (8) I, 2^. 



Ex. 67. 



I 3 6y 4a*ic* il^xi^ 



(■*■) //-i* /y.*/3> 



a 



jri/S' a5«» fe3^«' la 



(5) ^y* ; S 



3 /T 

4 V 2/2- 
(3) x^, xy^, 3a*, a'6», 5«&'c*a;. 

(6) X— 2X*y'+y. 

(7) 4X,9aM, i6a26-2, a-2aM+&, aHa+a"", 
4068— 46 + a"*6s. 

(8) a*+a*6«-aV-6t (9) - ^^^. 

(10) 4, 6, 10, 4, f, ^. 

S 1 X 8 

(11) a2 — 3a6«^3a*68— 6; i6a;"*+32a;-'^+24 + 8ar*+sc*; 

(12) 2a^i^ + ii6. 

(13) 2a fi +aS6«+a25s_,xa¥52_j^^8 — laaJe. 

(14) a6->+3 + 8a-i6-8a-W 

(15) 322"^— 3aJ~V +y. (16) 2a; + i — 3CC-». 

(17) eJx^; iahix^^. 

AX 4 1 5. 1. i 

(18) 23-33, 2*- 3*, 26-36, 2*; 24. 

(19) 63(^2 + 1) ; ""fj^^-lf. (20) 2c^y^. 



(21) a; = 4. 
(23) a; = 2^18. 
(25) 05= ±2 or ±i. 
(27) a; = 9, y = 8. 

(29) x=o or 9. 



(22) a; = 8. 

(24) 05=2*5 or 4 

(26)x=3i 

(28) x=a^ or 4^a^. 

(30^ X = TjT^^^ ■^^. 
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EX.5S. 

(1) >vV^2. (2) "P^/T^q- 

(3) "M. (4) -Kl'^-S?). 

(5) f>*-iP^/ + a3«. (6) q(]f-2q). 

(7) a8, -144; f. «. 

(8) national^ ufuquai^ opposite in s»^. 
(!^) 5ttrt2, Mme sip. 

(10) Impossible, 

(11) Bafionai^ unequaJj opposite in sign. 

(12) Equai^ opposite in sign, 

(13) Equals same sign (— ). 

(l-t) X*— 3x + a = o. * (15) 05*— 45c— 21=0. 

(16) 6a:*-5X + i = o. (17) 2«*+iia5+5 = o. 

(18) x*--8x+-i5. (19) 63X«-.32X-63=o. 

(20) X*— 4ax+3a"— 406— 4&' = o. 

Ex. 69. 

(1) (ic+i3)(x-i7). (2) (3»-i) 0^-15). 

(3) (ax + 7) (7x-i> (4) (x-2) (10X + 9). 

(5) (x— 2a+6) (x+3a— 6). (6) (»— y— i) (x + 3y— 4) 
(J) (x-i +a) (x-a— a«). 

(8) (a«x-6«y-c«)(6x+oy). 

Ex.60. 

(2) -486. (8) 1555. 

Ex. 61. 
(1) I, max. (2) i, mtn. (3) i(a-6)*, wax. 

(4) i, max., —J, mtn., i.e. all values Ke between 
i and — i. 

(5) 3, min., —2, max.; t.e. no values between 2 and —2. 

40^ 

(6) X ^vg, mm. unless «=o. 

a a 

(7) J, -. (8) *. 

(9) Each side = -^. OSS) ^EJM^^i ^^^= « -*. 
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Ex.62. 

(1) (ar^cpf — ((iq^hp) (Jbr^cq). 

(2) a* = J+ ac. (3) a* + 4a«c =■- J«. 
(4) (k-\-hyi* = (/.•-A)&*. (5) a«-3aJ«+ 2C« = o. 

(6) a*6HaV + JV = a«/)«c«. 

(7) a« + i> + c8 = 3a6c, i.e. 

0+6 + C = o, or o'+J'+c" = a5+ac+6c. 

(8) a* + 2>* + c« = ±2ab^. (9) ? + w»«+n« = a/wn + i. 
(10) aHy*+2?+flcya=o. 

Ex.63. 

(l)-i,|,^±^^5. (2)^ + i, ^-2 

(8) I, -i. (4) ±4- (5) 5. -a*. 

(6) 2. -3, J(-i±V5)- (7) 4. -3. 

(8) 4, -6. _ (9) -I. i(i±V-3). 

(10) I. -}. T^-«3±^3i3> _ 

(11)6t%. (12) 1. ir|.^iJ. 

(13) iJi. ^ (14) i, o. 

(15) ±2^1: ±-j^. ±j(5±^;i)i 

(16) X = i(2a + 25+2 -^4a +i -^46 + i); 
y = i (2a— 2fe— v^4a+H-v^46+i). 

(17) a; = 5, -8t;i(4±3V^, 

y = -2, 6f I (-2^V^o9). __ 

(18) 05 =^ 2, 6, i (-9±V33); y = 6, 2, i (-9:^^33). 

(19) X = 3, 2, =^^.11+1, ±^7S-i, ±V^-i, 

2 

y= -», -3. =^'^*'~5, i/T^+i, ±/-5+i. 

2 

,oAx ^ c (a-i-3?>>^ c (9a- sh y 

{^) « - a+6 + 4(a«-62), « + 6 + ^f(S*:r5i) » 

c_ (3a + ft )<^ c (5a— 9&)c* 

y " ^H^~4(a«-6«)' a + 6 + "4(a*-.J«)- 

Ex. 64. 

(7) i^orwicr. (8) Laeter. 
^P) Former. (10") Former. 
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Ex.65. 

(2)a*ji+J--A-.+xf^-,-...f 

(3) I +405 + 10x^+300:'+ . . . 

(4) a«-f/a5«+V«^-A«"'^*+ • • • 
(6) x-8-fa;-V + Va5-Y-?fa;-V+ . . . 

(6) (2x)-Mi+fx-»y + tftx-V+^{^a;-V+ . . .{ 

(7) i-a5-2X*-6x»- . . . 

(8)a-ij,+-+|^+^,+ ...f 

(9) i+|y+VJ^+WJ^+..- 

(10) i+|a; + |x«-if«!'+ . . . 

(11) i-fx+Vx»-iia!»+. . . 

(12) (-.y '-^-V-^;;ir~^^ at-v-. 

(13)<^>a-^-%.-'. 

(14) 8*06235; 1*01098. (15) 2*003334. 

(16) i+fx-^aj«-|ffx»+Ai|jB*- . . . 

(17) 351; 3r— I. (18) -100033 . . . 
(20) x+«+^>+ ... +^?^^^>-^(^±^:=^; 

( n+i ) (^jh a)_^ . . ( n+r ) 

/r 

Ex.66. 

(1) 1+335 + 0;^— 40^; 5 — 1705+5605*— 18505^; 
3 X xx^ gx^ 

4^16^64 ^256* 
(2) y-3y*+53/*-i42^+ • • • ; y-iy^+iy'-iy*+ . . . . 

^ ^ 1—35 + 0.** 1 — 305 + 0;^ 4 + 35—50^' 

3 I 6 6 —I 8__ 

^ ^ 05— 3 a;— 2' a5+3~'a + 4» 3(205— i) 3(05— 5)* 

4_ . ^ S 

7(aj+2)"*"7Cx-5y 
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^*^^ ^ 8(a;-a)^8(a; + a)' 25a; 5a^^25(«+5)' 



II 2 10 



3(0;— 1)^(0;— i)*^3(x+3)' ac— I «* 

10 4.x + 7 

3(x + 1)"" 3(0:*— 03 + 1)' 

Ex.67. 

(1) I, 2, 3, '5, 1-5, 3*5, -'5, -a, -3*5, --125 

(2) 256, 16, 4, 1024, A, i, i, ya. 

(3) 26 + c, 3^ + 4c, - + -, 3C-26, 6p--. 

(4) -778, 1-255, 1*857, -I -079, •—•60a, —1-380. 

(5) I, -15, -2. 

(7) 2*096 . . .; 3*144 . . . 
(9) 1*584...; 1*056...; 1*098... 
(10) 7'°; Hth and 15th. 

Ex.68. 

(1) *693i47; 1*098612. (2) -434294, -868588. 

(3) 2*1789769. (4) 2-0043214. 

(6) i'9i38i39> 1 '8976271. 

Ex.69. 

(1) A> 2V '03, '055; a, a, 1-03, 1-055; 3, 6, 5|; 
i6f, 4i, 8i. 

(iii) l{log.B-log^A). 

(4) £-00356. (5)(i+^)'-i er-i. 

Ex.70. 
(1) ^X4'3ioia5. (2) £S9'o'i(>i. 

(3) £119 48. Sd. (4) £506^- Til. 
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(6) £1516' 13. (6) jsn; £71 i«.4rf* 

(7) 5*358 . . percent 

(8) £303 138. 4d,; £339 lis. Sd. 

(9) £34 5«. 9d. (10) 33. 



Ex.71. 

n\ L L L L ^ ii?. 
^^3 + 3 + 3 + 1 + 1 + 2' 39' 

I£££I£££II£ I 683 

I + 3 + I + I + I + I + I + I + 2' 14' ^"'■4' 305' 

1 i 1257 £ I I i 921 

^''"3 + 6' 379 ' ^''" I + 3 + 1 + 18' H' 

(3) Z2. (4) ^. (5) 99 

^ ^ 90 ^ '^ 459 ^ -^ 70 

(6) //15; i(^/T97-i3); f^(\/i093-!i3). 



Ex.72. _ 

(2) V 2a*5^+ 2^+36»c«-a*-6*-c*. 

(3) ^. (4) a;»-«-i. 

(5) (i) ±ViJ; (ii) ±v^P=5«. 

a( a— m) (o— n) a(o— Q (o—n) 

^^^ * ~ 7(^-771) (Z-n) ' y"7»(7»-0 (m-n)' 
a(a— Z) (a—m) 
~* w(»— Z) (n— m)* 
(7) 16 gall., 2 gall. (8) (i) i6 ; (ii) o or a+&. 

(9) a5«-(a+0+aj3)a;+ii)3(o+0) = o^ (10) 150 miles. 

(11) Latter, by ^(6^3-10); K\/"-Vi5). . 

(12) 4>/T. (14) -Ii, -3, -2i. 

(15) 3, 6, 12. 

(16) 03* — 7a;y' + 2ia;*y— 35ajy* + 35a*y — 3ixy* 






r . (1 



S-14r 

2«- 
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(17) i-2iK + 4i»2-8ar»; ^a^-^g^+Aj^^. ' 

.,Q. (i- 2a) (1 + 20 + 402) 2(1 — 6a;) (i — aog) 
(i»; ^8 , ^ , 

2(47^—?/) 



(m + w)^(w— w)* 

_i 9 -1 

(19) 1+23; 3 — 3a;"s + 4aj ; 3 + 3>/a. 

(^^^-^ " (r + i^)(i+c«)- 

(21) 6, 12; or -4i, -9. 

(22) 10, 2. 

(23) 5, 10; or 16, 3; 18. 

(24) a-i + ia-2a5+|o-8a,-2 + ^-4jB8+^|y^a-«aj<. 

(25) 640. (26) IS. 3c?. 

(28) looioiofe*, iooia*¥^, 3432aW; -560^. 

(29) o, log„7; 3, 2+log2(-i). 

(30) £938 I OS. nearly. 

(31) x\ (32) c*-ac+6 = o. 

(33) m+^m^^^ : m-^m^^n^ 

(^) (i-')-(^)' iC2-V^). 

(37)(i)o, -2i; (ii)^, .^, -or 

(iii) 4, 6. _ 
(38) ^^l±i, V^+iVf- (39) 65. 

2 2 

(42) 7 (or 26). (43) 3, 4, 6 ; or - 1|, i si ij. 

(45) i. (46) 2, 3; », -I. i^-?- 

, (47) ^ of the whole. (48) 3. 

(49) 36 + 10 V 2 ; ( J — v^a- 71:7. 

(60) a-» + fo-»x2+ yo-V+f|a-«>a;«+{i|o-"a». 

(51) (i; j^(o±V«Htt); or - (a:k J a^ -V ^a^\ 

(ii) -I, 2, 3; Cm) ^^. :k^. ^V 
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(52) 19958400. (53) i-i(^+ 2(^'^. 

(54) Latter. (55) -„--'^^ 



^a . ^a^h 



— 6; 



(56) 2^3—^7; 2V1125. (57) 4yH7y+i6 = o. 
(58) 40320. (59) ;^ J3 + 3«?-7+^f f; (i-a?)-^. 

(60) £67 OS. I • irf. (61) BBfih = V^. 

(62) s^— 42/*+252r'— 1902^ 

(63) 12. (64) 38, 205535. _ 

(65)(2.)*{i-^-^.-^-^l; -'-^?*^. 
^ '^ ^ '^ I \ox loox looox'J ' 4000000 

^^^^ 6^+"i)"*"r(^^"30^1)' 

5« +2y_ _ _ 5^+_3y_ 
(68) I, \. \, \, A; 3+7+7+7+7+J; W. 

(69) (aH6c) (ft^+oc) (c»+o6) = i. 

(71) (i)iorlog,(9_vl). 

(72) 24. (73) 3i, 4, 3 miles. 
^5N (*±^(irf) ._ (6+c)' (ft-c) 

^ '^ 26 2C * 

(77) ^-9(-J^)V • (78) 69 sq. ft. 64 in. 

(80) 5^6"; 2^7+//^; ^^x-i + i. 

(81) 12I minutes. 

(82) (i) ±1, =Fi, 3; i(-3±Vn), K-3=FV"i3;, o. 

(ii) I, 9> 4; or 9, I, 4. 

(83) 7I mfles an hour*, \\ miles. 

(85; (ad'-hcf = iCb^-aV-d. 



t 
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(87) x = h, y= -a, ^, ^{s^-a^iVCa'+F^^rie'c*?} ; 

or j/ = a, x= -6, j, - • "o^.+c* ' 

where c = /^a^-\-i^-^^ab. 

(88) iVl. (a/7-i)-/^; 7+;+^ 

(90) (i) 6i per ceni ; (ii) si per cent, (nearly). 

'' ■' 1.2 (n-i) /n-i '/n+t 

(92) ,-!?-?!^; , "*" 






X X 

2 



(97)a4or-i{.+i^x-i)v^);^l:^ 

(98) (2a; + 2y— 3)(ac— 2ay+i). 

(99) 2ab : a«+6^. 
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ILatm anl) ^xttt (t\^^% iSoo&d. 

By the Rev. P. Frost, M.A., St. John's College, 

Cambridge. 

[NALECTA Graeca Minora. With Introductory 
Sentences, English Notes, and a Dictionary. New Edition, 
Fcap. 8vo. Zs. Qd, 

Eclogse Latinse. A New Elementary Latin Beading 

Book, with a Dictionary. A New Edition. 2s. 6d, 

This volume is arranged like the ** Analecta Greeca Minora," it has 
a Lexicon at the end, and is graduated so that the pupil after passing 
through it may take up Ovid or Cssar. 

Materials for Latin Prose Composition. Third Edition, 12mo. 

25. 6rf. Key, 45. 
Materials for Greek Prose Composition. Fcap. 8vo. 3<. 6d» 

Key, 55. 
A Latin Verse Book, an Introductory work on Hexameters and 

Pentameters, with Introduction and Notes. Fcap. 8vo. Zs. Key, 6s, 
Taciti Germania et Agricola. See page 2, 
Xenophontis Memorabilia. See page 2. 




ORPUS Poetarum Latinorum. Edited by Walker. 8vo. 

185. 

Titi Livii Historiae. The first five Books, with English 
Notes. By J. Prendeville. 12mo. roan, 5s. Or sepajrately. 
Books I. to III. 35. 6d. IV. and V. 35. 6rf. 

Propertius, with English' Notes. Edited by F. A. Paley, M.A. ' 

Second Edition, carefully revised. Demy 8vo., 95. 

Scala Graeca. A series of Elementary Greek Exercises. By the 
Rev. J. W. Davis, M.A., and R. W. Baddeley, M.A. 25. 6rf. 

Selections from Ovid : Amores,Tristia,Heroides. Metamorphoses. 
With English Notes, by the Rev. A. J. Macleane, M.A. New Edition. 
Fcap. 8to. 85. 6d. • 

A Latin Grammar. By T. Hewitt Key, M.A., F.RS., Professor 
of Comparative Grammar, and Head Master of the Junior School, in 
University College. Sixth Thousand, corrected and enlarged. Post 8vo. 85. 

A Short Latin Grammar, for Schools. By T. H. Key, M. A., 

F.R.8. Seventh Edition. Post 8vo. 85. 6d. 

A First Cheque Book for Latin Verse Makers. By the Rev, 

F. Gretton, Stamford Free Grammar School. l5. 6d. Key, 25. 9d. 

Reddenrla ; or Passages with Parallel Hints for translation into 
Latin Prose and Verse. By the Rev. F. E. Gretton. Crown 8vo. 45. 6d. 

Passages from English Poetry: Reddenda Beddita.. With a 
Latin Verse Translation, by F. E. Gretton, B.D., Rector of Oddin^on, 
Gloucestershire; some time Fellow of St. John's College, Cambridge. 
8vo. 65. 

Latin Prose Lessons. By the Rev. A. Church, M.A., one of the 
Masters of Merchant Taylors' School. A New Edition. Fcay. 8vq. 
25. 6rf. 

The Persians of -^schylus. TranaXate^ *m\A^ ^xtfgJv^^ f ^^ 
the Rev. William Gumey, M.A., T\xe GitMMaa.T ^cJSkoo^.^a^^^^^^ • **' 
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(ttlaggical Cables, 8vo. 

OTABILIA Qusedam : or, the principal tenses of sach 
Irregalar Greek Verbs and such elementary Oreek, Latin, 
and French Constructions as are of constant occurrence. Is. 6tf. 

Greek Accidence. By the Rev. P. Frost, M. A. 1«. 

Latin Accidence. By the Rev. P. Frost, M. A. Is. 

Latin Versification. Is. 

The Principles of Latin Syntax, li. 

Homeric Dialect : its leading Forms and Peculiarities. By J. S. 
Baird, T.C.D. Is. 6rf. 

A Catalogue of Greek Verbs, Irre^lar and Defective; their 
leading formations, tenses in use, and dialectic inflexions ; with a copious 
Appendix, containing Paradigms for conjugation. Rules for formation of 
tenses, /fee. &c. B7 J. 8. Baird, T.C.D. Neio Edition, revised. 2s. 6d, 

Richmond Rules to form the Ovidian Distich, &c. By J. Tate, 
M.A. New Edition, revised. Is. 6d. 

Notes on Greek Accents (on a card). 6<2. 

iaat^ematics, &c* 

;R OLIVER BYRNE'S New System of Mathematics. 

Among the many remarkable and liitherio unattainable results 
vliich this science accoinplislies, the following may be men- 
tioned : the involution and evolntiun of niinibera to any root 
or power whatever; the direct calcnhtion or' ihe logarithm 
of any nnmber to any bare; and the general methods of determining nu- 
merit ai roots rf all orders of equations, and also of exponential and tran- 
scendental t-quHtions, whether the bases be linown or unknown, without 
the use of Tables. 

Byrne's Dual Arithmetic ; or, the Calculus of Concrete Quanti- 
ties, Known and Unknown, Exponential and Transcendental, including 
Angular Magnitudes. With Analysis. In it will be found several new pro- 
cesses for shortening laborious calculations, disoeusing with the use of all 
tablt-s. a method of obtaining the logarithm or any nnmber in a few mi- 
nutes by direct calculation; a method of solving equations involving expo- 
nential, lotearithmic, and circular functions, &c. 8vo- 14j. 

Byrne's Dual Arithmetic. Part. IL The Descending Branch, 
completing the Science, and containing the theory of the application of 
both Branchei*. 8vo. lOf. 6d. 

Byrne's Tables of Dual Logarithms, Dual Numbers, and Cor- 
respondinjg Natural Numbers, and also I'ables of Angular Magnitudes. Tri- 
gononietrical Lines and Differences to the hundredth part of a second for 
six dieits. 

To t1u4 volume Is prefixed an Explanation of Dual Numbers and Dual 
Logarithms, by which a person who has no previous knowledge of the 
theory of Dual Arithmetic may learn to make use of the Tables. 4to. 2U. 

Euclid : the First Two Books Explained to Beginners. By C. P. 
Mason, B.A. Second Edition, enlarged. Fcap. 8to., 2s. 6d. 

The Elements of Euclid. Books I.— VI. XI. 1- 21 ; XII. 1,2; 

a new text, based on that of Simson, with Exercises. Edited by H. J. 
Hose, late Mathematical Master of Westminster School. Fcap. Is. dd. 

A Graduated Series of Exercises on the Elements of Euclid : 
JBoolcB I.^VI. ; XI. 1—21 ; XII. 1, 2. BAectedL a-u^L %xt«x^^<&^\^i ^«axy 
J. Hoae, 3f.A. 12mo. Is. 
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The Elements of Euclid. The first six Books, with a Commen- 
tary by Dr. Dionysius Lardner. Svo, 10th Edition, %s. 

The Enunciations and Figures belonging to the Propositions in 

the First Six and part of the Eleventh Books of Enclid's Elements, 
(usually read in the Universities,) prepared for Students in Geometry. 
By the Rev. J. Brosse, D.D. New Edition. Fcap. Svo. 1«. On cards, 
in case, bs, 6d. ; without the Figures, 6d. 

A Collection of Elementary Examples in Pure Mathematics, ar- 
ranged in Rxatiiinitiion Papers, with Occasional Hints, Solutions, &c. 
Designed cliietly lur tlieuseot' Students for the Military and Civil Service 
Examinations. By John Taylor, Member of the Mathematical Society, 
and late Military Tutor, Woolwich Common. Svo. 7*. &/. 

A Compendium of Facts and Formulae in Pure and Mixed 
Mathematics. For the use of Mathematical Students. By O. R. 
Smalley, B.A., F.Ii.A.S. Fcap. Svo. ds. 6d. 

A Table of Anti-Logarithms ; containing to seven places of deci- 
mals, natural numbers, answerinff to all Logarithms f]:x>m '00001 to '99999; 
and an improved table of Grauss' Logarithms, by wlich may be found the 
Logarithm of the sum or difference of two quantitie^With an Appendix, 
containing a Table of Annuities for three Joint Lives at 8 per cent. Car- 
lisle. By H. E. Filipowski. Third Edition. Svo. 15s. 

Arithmetic. By Rev. C. Elsee, M.A., late Fellow of St. 
John's College, Cambridge ; Assistant Master at Rugby. Intended for 
the use of Rugby School. Fcap. Svo. Third Edition. 3s. M. 

Elements of Algebra. By the Rev. C. Elsee. Fcap. Svo. Second 

Edition, enlarged, is. 

Handbook of the Double Slide Rule, showing its applicability to 
Navigation, including some remarks on Great Circle Sailing, with nseftil 
Astronomical Memoranda. By W. H. Bayley. 12mo. 25. Qd, 

The Mechanics of Construction ; including the Theories on the 
Strength of Materials, Roofs, Arches, and Suspension Bridges, \inith 
numerous Examples. By Stephen Fenwick, Esq., of the Royal Militarj 
Academy, Woolwich. Svo. 12s. 

Double Entry Elucidated- By B. W. Foster. Tenth JSdiiian, 
4to. 85. 6d. 

The design of this work is to elucidate the immntable principles tf 
Double Entry, and to exemplify the art as it is actually practised oy the 
most intelligent accountants at home and abroad. 

A New Manual of Book -Keeping, combining the theory and 
practice, with specimens of a set of books. By Philip Crellin« Accountant. 
Ci own Svo. 'is.Gd. 

dFrenci) antu ®erman dtlM^ iSooftja;. 

A Nbw French Course, bt Mons. F. E. A. Gasc, M.A. 

IRST French Book ; being a New, Practical, and Easy 
Method of Learning the Elements of the French Language. 
New Edition. Fcap. Svo. Is. M. 

^^^«** Second French Book •, be'm^ a Otx^CDLToax ^wV^-s^tew^ 
Book, on anew and practical plan, and\ntexiAea.a» «b%ftsv5M^^*^^*'*^^^**' 
French Book." New Edition. Fcap. ftvo. *ix, W. 
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A Key to the First and Second French Books. Fcap. Svo. 3«. 6^ 

French Fables, for Be^nners, in Prose, with an Index of all the 
words at the end of the work. New Edition. Fcap. Svo. 2a. 

Histoires Amusantes et Instructives ; or, Selections of Complete 
Stories firom the Jiest French Modern Authors who have written for the 
Yonng. With English Notes. New Edition. Fcap. Svo. 2s. i6d. 

Practical Guide to Modern French Conversation : containing : — 
I. The most current and useful Phrases in £very-Day Talk ; II. Erery^ 
body's Necessary Questions and Answers in Travel-Talk. New Edition* 
Fcap. 2s. 6d. 

French Poetry for the Young. With English Notes, and pre- 
ceded hj a few plain Rules of French Prosody. Fcap. Svo. 2s. 

Materials for Freijch Prose Composition ; or, Selections from the 
best English I^Mse Writers. Witn copious Foot Notes, and Hints for 
Idiomatic Renderings. Neio Edition. Fcap. Svo. 4;;. Cd. Key, As. 

Prosateurs Contemporains j or Selections in Prose, chiefly from 
contemporary French Literature. With English Notes. Fcap.'Svo. 6s, 

Le Petit Compagnon : a French Talk-book for Beginners. 16mo. 
2s. M. 

An Improved Modem Pocket-Dictionary of the French and 
English Languages, in two Parts, French-English and English-French, 
for the Every-day Purposes of Travellers and Students, containing more 
than Five Thousand Modern and Current Words, Senses, and Idiomatic 
Phrases and Renderings not found in any other Dictionary of the two 
Languages. Sq. 16mo. Price is. 

Dictionary of the French and English Languages, with upwards 
of Fifteen Thousand New Words, Senses, &c. Svo. 16»., or in Four 
Parts, Ss. 6d. each. 




FRENCH Grammar for Public Schools. By the 
Rev. A. C. Clapin, M.A., St. John's College, Cambridge, 
•and Bnchelier-es-lettres of the University of France. Fcap. 
Svo. Second Edition^ greatly enlarged. 2s. 6d. Or in two 
parts, separately. 
Part I. Accidence. 2s. 

Part II. Syntax. Is. 6rf. 

Twenty Lessons in French ; with a Double Vocabulary giving 
the pronunciation of French words, notes and appendices. By W. 
Brebner. Post Svo. 4.*. 

lie Nouveau Tresor : or, French Student's Companion : designed 
to facilitate the Translation of English into French at Sight. Sixteenth 
Edition. Fcap. Svo. Roan, Zs. 6a. 

A. I^W!tical and Theoretical AT\a\ys\a of Modem French Pro- 
aaaciation. Principally intended for iVie xxft'ft oi T?w\»\vi ^^Vw\\. ^-j 
Cbarlea H&vn-wall, of Brightou CoWe^ft. Yc%.^. \s. 'JA, 
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The French Drama : bein^ a Selection of the best Tragedies 
and Comedies of Moli^re, llacine, P. Corneille, T. Corneille, and 
Voltaire. With Arguments in English at the head of each scene, and 
Notes, Critical and Explanatory, by A. Gtombert. 18mo. Sold sepa- 
rately at Is. each. Half- bound. Is. 6d. each. 

Comedies by Molierb.— Le Misanthrope. L'Avare. Le Bonrgeoi» 
Gentilhomme. Le Tartuffe. Le Malade tmaginaire. Les Femmes Sa- 
vantes. Les Fourberies de Scapin. Les Pr^ienses Ridicules. L'Ecole- 
des Femmes. L'Ecole des Maris. Le Medecin Malgre Lui. M. de* 
Pourceaugnac. Amphitryon. 

Tbaoedies, &c. by Hacike. La Th§baYde, on les Frdres Ennemis.. 
Alexandre le Grand. Andromaque. Les Plaideai*s, (^Com.) Britannicns. 
Berenice. Bajazet. Mithridate. Iphig^nie. Phddre. Esther. Athalie. 

Tragedies, iScc. by P-. Cor>'eille. Le Cid. Horace. Cinna. Folyencto 
Pomp6e. 

Tragedy by T. Corkeille. Arlan'e. 

Plays by Voltaire. Bruttis. Zaire. Alzire. Orestes. Le Fanatisme;. 
Merope. La Mort de Cesar. Semiramis. 

Materials for German Prose Composition : consisting of Selection* 
from Modern English Writers,\viih Grainniatical Notes, Idiomatic Renderings 
of Difficult Fassiigea,and a General Introihiction. By Dr. Biichlieim, Pro- 
fessor of Grrniaii LdngnaKe and Literature in King's Collei>e, and Exam- 
iner in German to the London University. A New Edition thoroughly re- 
vised. Fcap. 4s. 6d. 

Der Gefangcne (The Prisoner). By Kotzebue. A German Play, 
suitable for ocbool reading or acting. Edited, with foot-notes, by Dr. Strom- 
berg, of Bonn. It. 

German Grammar for Public Schools. By the Rev. A. C. Clapin^ 

M.A., Assistant-Ma^ter at tlie King'b School, Sherborne; and F. Holl-Miil- 
ler, Phil. Doc, Assistant-Master ai the Bruton Grammar School. Fcpv 
•2i. 6d, 

dPoreign dtlamt^. 

With English Notes for Schools. Uniform with the Gbammab Schooa 

Classics. Fcap. 8vo. 

ERMAN Ballads from Uhland, Goethe, and Schiller, 

with Introductions to each Poem, copions Explanatory Note» 
and Biographical Notices. Edited by C. L. Bielefeld. 35. 6d, 

Schiller's Wallen stein, complete Text, comprising 
the Lager, Piccolomini, and Wallenstein's Tod. With Notes, Critical 
and Historical Introductions, and Arguments to each Act. Edited 
by Dr. A. Buchheim, Professor of German in King's College, Loudon. 
6«. 6(/., or in two parts, 3.'. 6d. each. New edition, revised. 

Picciola, by X. B. Saintine. Edited by Dr. Dubuc. Fourth 

Edition^ revised. 3s. 6d. 

This interesting story has been selected with the intention of providiiw 
for schools and young persons a good specimen of contemporary Frencn 
literature, free from the solecisms met with in writers of a past age. 

Select Fables of La Fontaine. Neio Edition, revised. Edited by 
F. Gasc, M.A. 3*. 

7^ above volumes have been selected at various times for the Cambridge Middle 

Class Examination. 

Histoire de Charles XII. par Voltaire. Edited by L. Dire^* 
Third Edition^ revised. 35. <id. 

Aventures de T^J^maque, par ¥^T\€VoTi. ^^Xft^V^ ^«^ .^^ySSSsfe, 

Second JEdition^ revised, 4s. 6d. 
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fSiX\mt%^ antu ^nglisi^ (St\K%fi ISooiid, Sit. 

N Atlas of Classical Geography, containing 24 Maps, 
constructed by W. Hnghes, and edited hy G. Long. New AH- 
tion^ with coloured outlines, and an Index of Places, lis, 6d. 

A Grammar School Atlas of Classical Geography. The Maps 
constructed by W. Hughes, and edited by G. Long. Imp. 8to. 5f. 

Chronological Maps. By D. Beale, author of " The Text-Book 
of English and General History." No. I. England. 2s. 6d. No. II. An- 
cient History. 2s , together, Zs. 6d. 

First Classical Maps, with Chronological Tables of Grecian and 
Roman History, Tables of Jewish Chronology, and a Map of Palestine. 
By the Rev. J. Tate, M.A. T/urd Edition. Imp. 8vo. 7s. 6d. 

The following are the distineiiish'.ng features of tiii!« Atlas. 

Ist. The page is not overloaded with names ot unimportant places. 

2nd. Tiie relative importance of various localities is indicated by marked 
diflferences of type. 

3rd. The priiicipal physical characteristics of the regions represented (as 
mnritime bunndaries. mountain ranges, &c.) are very holdly displayed, so 
as to impress themselves easily on the memory of young stuilents. 

"The Elements of the English Language for Schools and Colleges. 
By Ernest Adams, Ph. D., late of University College School, now Head- 
Master in Victoria Park School, Manchester. New Edition. Crown Svo. 
4s. 6d. 

^Tho Rudiments of English Grammar and Analysis. By Ernest 

Adams. New Edition. Fcap. 8vo. 25. 

Intended for the Junior Classes of Middle and Classical Schools. The 
nomenclature is assimilated to that of the best Latin Grammars, and it 
serves as an intioduction to the foregoing work. 

Knowledge is Power. A Popular Manual of Political Economy. 
By Charles Knight. Post 8vo. Illustrated. 55. 

Elements of General History, Ancient and Modem. By Pro- 
fessor Tytler. With additions, corrections, and illustrations, «nd » 
continuation to the present time. 12mo. 35. 6d. ; roan, 45. 

The Geographical Text-Book ; a Practical Geography, calculated 
to facilitate the study of that useful science, by a constant reference to 

the Blank Maps. By M. £ . . . S Seventh Edition. 12mo. 2$. 

II. The Blank Maps done up separately. 4to. 2s. coloured. 

Notes on the Catechism. For the Use of Confirmation Classes Ib 
Schools. By the Rev. Dr. Alfred Barry, Principal of King's College, 
London. Fcap. Third Edition. 2t. 

Catechetical Hints and Helps. A Manual for Parents and 
Teachers ou giving instruction to Young Children in the Catechism of the 
Church of England. By Rev. £. J. Boyce, M.A. Second Edition^ enlarged, 
Fcp. 25. 

Lessons on Ct^nfirmation ; or, Heads of Instruction to Candidates 
for Confirmation. By Rev. Peter Young, Author of '* Daily Readings 
for a Year." Cloth, fcap. 25. 6rf. 

Brief Words on School Life. A Selection from short Addresses 
baaed on a coarse of Scripturtt readiiifi; Va ^cV\oo\. B7 the Rer. J. Kemp- 
tborae, late Fellow of Trinity CoW. C»m\>T\dk%ft, wA l^«^l&aa\Kt 5jl 
leath Proprietory School. Fcp. ^. ^. 
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The Church Teacher's Manual of Christian Instruction. Being 
the Church Catechism expanded and explained in question and answer, 
for the use of Clergymen, Parents, and Teachers. By the Rev. M. F. 
Sadler, author of " Church Doctrine— Bible Truth," &c. , &c. Fcap. 8vo. 
price 28. 6d. ^ 

The Winton Church Catechist, Questions and Answers on the 
Teaching of the Church Catechism. By Rev. Dr. Monsell, author of 
" Our New Vicar." In four parts. Part I., 6rf. Part II., III., and 
IV., 9d. each ; 32mo., cloth, price 35. 

A Practical Synopsis of English History: or, A General Sum* 
mary of Dates and Events for the use of Schools, Families, and Candidates 
for Public Examinations. By Arthur Bowes. Fourth Edition. 8vo. 2s. 

Under Government : an Official Key to the Civil Service, and 
Guide for Candidates seeking Appointments under the Crown. By J. C. 
Parkinson, Inland Revenue, Somerset House. Fifth Edition. Cr. 8v«. 
2s. 6c;. 

Bishop Jewel's Ap<»lopy for the Church of England, with his 
famous Epistle on the Council of Trent, and a Memoir. d2mo. 2s. 

Pearson on the Creed. Carefully printed from an Ori^nal 
edition. With an Analysis and Index. Edited by £ . Walford, M.A. 
Post 8vo. bs, 

A Short Explanation of the Epistles and Gospels of the Christian 
Year, with Questions for Schools. ' Royal 32mo. 2s. 6d. ; calf, 4s. 9d. 

Welchman on the Thirty -nine Articles of the Church of England, 
with Scriptural Proofs, Sec. I8mo. 2^. or interleaved for Students, 3f. 




HISTORY of England during the Early and Middk 
Ages. By C. H. Pearson, M. A., Fellow of Oriel College, 0>- 
ford, and late Professor of Modem History, King's Colleges, 
Loudon. Second Edition, revised and enlarged. 8vo. Idr. 
Vol. II., to the Death of Edward I. 8vo. lis. 

Historical Maps of England during the First Twelve Centuries. 
By C. H. Pearson, M.A. Second Edition. Folio. 1/. ll«. 6d. 

History of England, from the Invasion of Julius Caesar to the end 
of the Reigu of George II., by Hume and Smollett. With the Continua- 
tion, to the Accession of Queen Victoria, by the Rev. T. 8. Hughes, B.D. 
late Canon of Peterborough. iVhf Edition^ containing Historical Illns- 
trations. Autographs, and Portraits, copious Notes, and the Authcer^ 
last Corrections and Improvements. In 18 vols, crown 8vo. 4s. each. 

Vols. I. to VI. (Hume's portion), 1/. As. 

Vols. VII. to X. (Smollett's ditto), 16s. 

Vols. XI. to XVIII. (Hughes's ditto), 1/. 12*. 

The History of the Kin^ of Rome. B^ Dr. T. H. Dyer, 

Author of the " History of Modern Europe," with a Prefatory Disserta- 
tion on the Sources and Evidence of Early Roman History. 8vo. I6s. 

Pall Mali Gazette.—** It will mark, or help to mark, an etAixv vVv^VvviNssr^ 
of the subject to which it is devoted. It is one oli X\\« u\o%\. v\«^\^\iv\%A'«.«?^ 
»s one uf the ablfst rvsults of the reaction wUicU i» ttON« "\u v^mv^** Tk.tL^vQ»^. 
the iaOuKiiCt: of Niebuhr»** 
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A Flea for Livy : throwing a new light on some passages of the 
First Book, and rectifying the German doctrine of the imperative mood. 
By Thomas H. Dyer, LL.D. 8vo. Sewed, price 1*. 

Boma Regalis ; or, the Newest Phase of an Old Story* By 
Thomas H. Dyer, LL.D. In 8vo., price 2s. 6d. 

I<nig*8 Decline of the Roman Republic. 8vo. 

Vol. I. From the Destruction of Carthage to the end of the War with 

Jagurtha. lis . 
Vol. II. From the Defeat of L. Cassias Longinns to the death of Qet~ 

torins. 14s. 
Vol. III. From thethird MithridaticWar to theConsnlship of J. Cssar. 

14s. 
Vol. IV. History of Caraar*s Gallic Campaigns and Contemporaneous 

Events in Rome. lis. 

Outlines of Indian History ; comprising the Hindu, Mahomedan, 
and Chiistian periods (down to tne Resignation of Sir J. Lawrfoce). 
With Maps, Sialistical Appendices, and niimerons Examination Qn^'Stions. 
Adapted specially for Schools and StaHents. By A. W. Hughes, Bom. 
Uiicov. Civil Sei vice, and Gray's-inn. Small post 8vo. 3t. 6d, 

**Tn the increasing number of students of Indian History this inannal 
will prove very useful, so clear and methodical is its arrangement.''— iuft»> 
emtional Times. 

An Introduction to the Old Testament. By Friedrich Bleek. 
Edited by Johann Bleek and Adolf Kamphansen. Translated firom the 
German by G. H. Venables, and edited by the Rev. £. Venables, Canon 
Residentiary of Lincoln Cathedral. Post 8vo. 2 vols. 18s. 

A History of the Intellectual Development of Europe. By John 
William Draper, M.D., LL.D., Professor of Chemistry and Physiology 
in the University of New York. 2 vols, demy 8to., 1/. Is. 

Author*8 Preface. — " Social advancement is as completely nnder the 
control of natural law as is bodily growth. The life of an indiridnal is a 
miniature of the life of a nation. These propositions it is the special 
object of this book to demonstrate." 

Civilization considered as a Science, in relation to its Essence, 
Its Elements, and its End. A new Edition, with considerable Additions. 
By George Harris, of the Middle Temple, Barrister-at-Law, F.S.A., 
author of ** The Theory of the Arts," &c. Post 8vo., 6s. 

Lives of the Queens of England, irom the Norman Conquest to 
the Reign of Queen Anne. By Agnes Strickland. Abridged by the 
Authoress for the use of Schools and Families. Post 8vo. 8s. OtL 

Lives of the Last Four P^rincesses of the Royal House of Stuart. 
By Miss Agnes Strickland, forming an appropriate Sequel to the 
" Lives of the Queens of England." with a pnott^n^ph of the Frince» 
Mary, after a picture by Honthorst. Crown 8vo., 12s. 

The Life of Las Casas, the Apostle of the Indies. By Sir Arthur 
Helps, Author of ** Friends in Council." Second Edition. Crown 8vo. 6s. 

The Life of Columbus. By Sir* Arthur Helps. Second Edition. 
Crown 8vo. 8s. 

The Life of Pizarro. By Sir Arthur Helps. Second Edition. 
Crown 8vo. 6». 

The Life of Hernando Cortes, and the Conquest of Mexico. By 

Sir Arthur Helps. 2 vols. Crown 8vo. 15/. 

Experimental Chemistry; founded on the veork of Dr. Julius A. 
£(toc]chardt. A Handbook for t\ie ftluAy ot W^ Scveuce by Simple Ex- 
periments. By C. "W. Heaton, ¥.C.a., Yrolewwc o^ C^ctMAXxi vol ^Sxa 
IfedJcal School of Charing Cross Tiowp\X»X. -PoaX^xo.l*. 
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Carpenter's (Dr. W. B.) Zooloffv ; a Systematic View of the 

Stmctnrd, Habits, Instincts, and Uses, of the principal Families of the 
Animal Kingdom, and of the chief forms of Fossil Remains. New 
Edition, revised and completed to the present time (under arrangement 
with the author), by W. 8. Dallas, F.L.S. With a (General Index. 
JUustratcd with many hundred fine Wood J&igravings. In two vols, 
(nearly 600 pages each.) 6s. each. 

Carpenter's Mechanical Philosoph v, Astronomy, and Horology, 
A Popular Exposition. One hundred and eighty-one lUustrationa. bs. 

Carpenter's Vegetable Physiology and Systematic Botany. 
A complete introduction to the Knowledge of Plants. New edition, re- 
vised (under arrangement with the Author), by £. Lnnkester, M.D., &e. 
Several hundred Illustrations on Wood. 6s. 

Carpenter's Animal Physiology. New Edition, thoroughly re- 
A-ised, and in part re-written; by the Author. Upwards of three hun- 
dred capital Illustrations. 6s. 

The Entertaining Naturalist. By Mrs. London. Enlarged and 
carefully revised, and illustrated with nearly five hundred Wood En- 
gravings. An amusing and instructive book for children. Post 8to. 
elegantly bound, 7s. 

Mrs. Loudon's First Book of Botany. Bevised and enlarged by 
David Wooster. With nearly 250 lUustrations. Fcap. 8vo. 2s. &. 

The Botanist's Pocket Book. By W. R. Hayward. Fcap. 8vo* 

flexible binding, 4s. 6c{. 

Animal and Vegetable Physiology considered with Eeference to 
Natural Theology. By P. M. Roget, M.D., F.R.S. Fourth Edition, with 
additions. 8vo. 2 vols, illustrated, I2s. 

A Manual of Human Culture." By M. A. Garveyj LL.B. Crown 

8vo. 7s. Qd. 

" Those who make education a study should consult this volume.'*— > 
Athenaum. 

Practical Hints on Teaching. By John Menet, M.A., Per- 

fetual Curate of Hockerill, and late Chaplain of Hockerill lYaining 
nslitution. Third Edition. With Plans of Schools. Crown 8vo. 2s.. 
sewed ; 2s. Qd. cloth. 

Test Lessons in Dictation : for the First Class of an Elementary 
School. Crown 8vo. Is. 6rf, 

Lectures and Lessons on Art. Being an Introduction to a 
Practical and Comprehensive Scheme. By F. W. Moody, Instructor 
in Decorative Art at South Kensington Museum. With Diagrams to 
lUusti'ate Composition and other Matters. Demy 8vo. 

Delamotte's Drawing Copies. Ninety- six Original Sketches in 
Architecture, Trees, Figures, Foregrounils, Landscapes, Boats, and 8e»- 
pieces. Royal 8vo. oblong, half-bound, 12s. 

The Scheie Master. By Roger Ascham. Edited, with copions 
Notes and a Glossary, by the Rev. J. E. B. Mayor, M.A. Fcap. 8vo. 8s. 

Philological Essays. By T. Hewitt Key. Professor of Com- 
parative Grammar in University College, London. 8vo. IDs. 6cf. 

The Origin and Development of Language. Founded on thft 
Course of Lectures on Comparative GrammaT AeWvete.^ ^xjlTvtv^ ^Jckfe \ftsX 
twenty years in University College. By T. Hfi^ntX. "BLftij »"^,oI.»^ ^5^.» 
Head Master of University College School. 
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Sjmanyms and Antonyms of the English Langaage. Collected 
»ad Cootrasted. Bj the late Yen. C. J. Smith; M.A. Post 8ro. 5s. 

Synonyms Discriminated : a Catalogue of Synonymous Words 
in llif English LHiign<ge, with their various Shades of Mt-aniiie, IScc. IUds- 
traied b\ Qnoi -11101111 truiii StandAid Wiitera. ^y the Ven. C J. Smith, 
M.A. DeiM> 8vu. lOr. 

Wheelor's (W. A.) M.A., Dictionary of Names of Fictitious 
PenfODS and Places, bs. 

Wright's (Thomas) Dictionary of Obsolete and Provincial English 
(1048 pages). In two vols, hs, each ; or half-boand in one vol. 10«. 6(/. 

Select PHrcibles from Nature, for Use in Schools. By Mrs. 
Aifired Gatty, Anther of "Proverbs lUnstrated," "Worlds not Bealised," 
itc. Frup. l5. 6d. 

BesiJes beinff reprinted in America, selections from Mrs. Gatt/c 
Parables have been translated and published in the German, French* 
Italian, Russian, Danish, and Swedish languages. 




lEliucational ^Saor&ss bs Ot. tP* MMtm^ iS.^* 

(Fellow of University College, London). 

NGLISH GRAMMAR: including the Principles of 
Grammatical Analysis. Containing a New Etymologicai. 
Appendix. Eighteenth Edition, Post 8vo. 3s. 

Outlines of English Grammar. Feap. 8vo. cloth, Is. 6d. 
This work is an enlarged and improved edition of the Author's " First 
Steps in English Grammar/' which, however, can still be obtained from 
the Publishers. 

First Notions of Grammar for Yoimg Learners. Demy 18ma 

Cloth, 8^. 

The Analysis of Sentences Applied to Latin. Post 8vo. 2t. 6<f. 

Analytical Latin Exercises : Accidence and Simple Sentence ^ 
Composition and Derivation of Words, and Compound sentences. Post 
8vo. '68. td. 

Euclid : the First Two Books Explained to Beginners. Second 
Edition. Enlarged. Fcap. 8vo. ^ice 2s. 6d. 

EDITED FOR MIDDLE-CLASS EXAMINATIONS, with Notes on the 
Analyses and Parsing, and Explanatory Remarks. 

Milton's Paradise Lost Book I. With a Life of Milton. Third 
Edition. Post 8vo. 2$. 

Milton's Paradise Lost. Book IT. With a Life of the Poet. 
Second Edition. Post 8vo. 25. 

Milton's Paradise Lost. Book HI. Post Svo. 2«. 

Qold smith's Deserted Village : with a Short Memoir of the Poet. 
Post 8vo. Is. 6d. 

Goldsmith's Traveller; with a Short Life of the Poet. Post Svo. 
Is. 6d. 

Cowper's Task. Book U., with an outline of the Poet's Life. 

Post 8vo. 28. 

Tj&oxnson's" Spring," with a S\ioT\.lAfe. 'So«X.%^o. 2«, 
Mon'B " Winter," with a SihonlAfe, "fio^x. v«ii. ^. 



Books for Young People, IS- 

WORKS OF ELEMENTARY INSTRUCTION. 

CoiTRSE OF Instruction for the Young, by Horace Grant^ 

RITHMETIC for Young Children. A Series of 
E\f rcises exemplifj'ine the manner in which Arithmetic should* 
be I aught to young children, U. 6d. 

Arithmetic. Second Stage. For Schools and Fa- 
milies, exemplifying the mode in which Children may be led to discover 
the main principles of Figurative and Mental Arithmetic. 18mo. ar. 

Exercises for the Improvement of the Senses; and providing; 
instruction and amusement for Children who are too young to learn to 
read and write. 18mo. Is. 

Geography for Young Children. With Illustrations for Ele- 
mentary Phn Drawing. IRmo. 2x. A Coloured Model desi|;n('d to teach 
the Elements of Ph> sical Geography may be had with this, price 9^. in box. 

The ChihPs First Book of Geography. By the Rev. C. A. Johns^ 
B.A., F L.S., Author of " Botanical Rambles," *' Flowers of the Field,'* 
&c. Illustrated with Twelve Woodcuts. 18mo. 2s. 6d. 




A SERIES OF READING BOOKS FOR SCHOOLS, ENTITLED 
BOOKS FOR YOUNG READERS. 

Part I.— Containing-THB Cat and the Hen. A Cat in a Bag. Sam a.no his 

Doo It ED Leg. Bob and Tom Lre. Sd. 
Part 11. -The Nkw Born Lamb. The Good Boy» Bad Boy»and Nice Wisb- 

Girl. Bad Ben and Old Sam Sly. Poor Fan. Hd. 
Part 111.— The Blind Boy. The Mute Girl. A New Tale op Babes in a. 

Wood. Sd. 
Part IV.— A Night and a Day, or The Dey and the Knight. The New 

Bank Note. The Royal Visit. A Kino's Walk, on a Winter's Day. M. 
Part v.— Story of a Oat. Told by Herself. 8d, 
Part VI The Story ok Thkee Monkeys. Sd. 
Part VII.— Queen Bee and Busy Bee. Sd. 

Also in cloth. Is. each. 

BELL AND DALDY'S ILLUSTKATED SEEIES- 

OF SCHOOL BOOKS. 

Grade I. School Primer. 65 Illustrations. Gd. 

Grade II. School Reader. By J. Tilleard, Hon. Mem. and* 

Examiner, College of Preceptors. Numerous Illustrations. Is. 

Poetry Book for Schools. 37 Illustrations. Is. 
Grade III. The Life of Joseph. 16 Illustrations. Is. 
Scripture Parables. By Rev. J. E. Clarke. 16 Illust. It. 
Scripture Miracles. By Rev. J. E. Clarke. 16 Illust. Is. 

Grade IV. New Testament History, in Simple Language. By 
the Bey. J. G. Wood, M.A. 16 Illustrations. Is. 

Old Testament History, in Simple Language. By the Rev. 
J. G. Wood, M.A. 17 Illustrations. 1*. 

Grade V. The Story of Banyaa'aYiigcV3m?^^T05gt«a», \.^"^2ssm^- 

2s. 



16 



Messrs. Bell aiid Daldy^s Publications. 




;R. RICHARDSON'S NEW DICTIONARY OF 

THE ENGLISH LANGUAGE. Combining Explanation with 
Etymoloey, and copinuely illustrated by Quotations from tiie 
best Authorities. New Edition, with a Sapplemcnt containine 
additional words and further Illustrations. The Words, with 
those of the same family, are traced to their origin. The Explanations are 
deduced from the primitive meaning through the various usages. Tiie 
Quotations are arranged chronologicnlly, from the earliest period to the 
present time. In 'i vols. 4to. £'4 \At. Gd.\ half-bound in russia, £5 1.^. Qd, 
russia. £0 \'ls. The Supplement separately, -Ito. Vis. 

An 8vo. Edition, withont the Quotations, \bs.\ half-russia, 20j. 
4ii8sia, 24f. 

** It is an admirable addition to our lexirography, sapplyins a great de- 
«ideratum, as exhibiting the bioerapliv of each word- its birth, parentage, 
and education, the changes that nave befallen it, the company it has kepty 
«nd (he connections it has formed, by lich series of quotations, all in chro* 
noiiigical order. This is siuli a Die'tiunary as perhaps no other language 
could ever boast/' Quarterly Review, 



DR. WEBSTER S DICTIONARIES. 



WEBSTER'S «'NEW ILLUSTRATED" DICTIONARY 

OF THE ENGLISH LANGUAGE, in One Volume, 4to., containing nearly 
one thousand six hundred pages, with three thousand Illufitrations. Strunely 
bound in cloth. *2U. ; half calf, 1/. IUj. ; calf or half russia, 1/. 11*. Qd.\ 
ra-^sia, 2(. 

The p«culiar features of this edition are: 

Fulness and Completeness, : Etymology, 

Scientific and Technical Uniformity in Spelling, 



Words, 
Accmracy of Definition, 
Pronunciation, 



Quotations, 
The Synonyms, 
The Illustrations. 



WEBSTER'S PEOPLE'S DICTIONARY OF THE ENG- 
LISH LANGUAGE, based on Webster's Large Dictionary, and containing 
all English words now in use, with their pronunciation, derivation, and 
meanings. In One Volume, Inrpe hvo., containing more than one thousand 
pages and six bundled 11 lustrations. 10«. Qd.\ half calf, \5s, ; calf or half 
russia, Idr ; russia, I/. 

This edition contains: 
Scientific Words, 



Important Phrases, 
Synonyms, 
Orthouraphy, 
Pronunciation, 
A Glosi^ary of Scottish Words 
and Phrases, 



Vocabn lanes of Scriptural. CI as- 
^ical, and Geographical Proper 
Numes, 

A Vocabulary of Perfect and al- 
lowable Rhymes, &c., &c., 
^c. 



WEBSTER'S COMPLETE DICTIONARY OF THE 

ENGLISH LANGUAGE contains all that appears in the above Diction, 
aries, and also a valuable Appendix and seventy pages of Illustrations, 
grouped and cla»sihe<i One Volume, 4to„ strongly bound in cloth. 
£'1 Us.Od.\ russia, 2/. lOf. ; half russia or calf, 'i/. 'li.\ half calf, 2/. 



CHMWIOK Pltnt -.—VRIKTU) Vt ^HTCTVtlOUkai kXB WIUCUTS, 
TOOKtOOVKT,C\iAMCVKt lAH^, 
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